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Introduction: Holographg
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Particle Theory

no gravity

Hologra[:)hic F’rinciple:

Most Prominent example of the
The AAS/CFT Corresponclence
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But, our world is clearlg
Not AdS!

For many astropngsical

purposes, the universe is

well aPProximatecl J'Dg

Flat spaccti mes

Condensed Matter Plﬂgsics chlrodgnamics
(Superconcluctivitg, : : S SR e
Quantum Information C laxcity
s, omplexity in
(Entanglement entropy, I tspace
seuaniiin nologral:)lﬁg?
Complexitg,...) s



Outline of the rest of talk: |

) e ————

o Quantum Computational Complexity: General Notion

< Complexity N AClS/ CEL Hologral:)hgz 2d CFT Revisited
» BMS 3 1n Flat Space Holographg
. Complexity in Flat Holographg

e Limiting aPProach: From CFT to BMS

e |ntrinsic Analgsis

= 5ummar9 and Discussions
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Quantum Computational C

omplexity

P = — = ————

+ The notion of comPutational comolexitg is borrowed from quantum information. [Nielsen et al 2006, 2007]

P

o Describes the minimum number of operations (gates) to reach from one reference state | yp) to the target

state | ;). [Watrous 2008]

» For discrete system: an extremal circuit consisting of quantum gates starting from | ) to | ).
o Forfield theories: a geoclesic distance in the manifold of unitary (group) operators.
+ Also characterises quantum chaos and Zrows linearlg with time in chaotic systems, and responds to

Perturbations clistinctlg. [See ngarskg’s talk and later talks toclag]

< Similaritg with the behaviour of the volume behind the event horizon of a black hole.



Complexity in Holography
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© Conjecturecl Primarilg in the context of AdS/CFT. [Nice review in Chapman, Policastro 2021]
+ New addition to the holographic clictionarg through AdS/CFT, connecting several aspects of black hole
Phgsics, e.g. the interior and information Processing inside the black hole.
C Complexityz\/olume (CV) [Stanford, Susskind 2014]
. Complexitngction (CA) [Brown, Roberts, Susskind, Swingle, Zhao 2015]

o Comp|exity== Geometric action [Caputa, Megan 2018, ‘.irclmenger et al 2020]
o There have been different notions of coml:)lexitg and successful applications in many condensed matter and
quantum field theories.
s Very little progress in extencling the comPutation of hologral:)hic Complexity for non-Lorentz invariant field

theories.



Complcxitg for 2d CFT: Review
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The sgmmetrg generators For Zd CFTs give two Col:)ies o1c the Virasoro algebra.

L0 2] = m-nZ,,, 1 1“2 (13 = 08,00 |Zon 2] = (M-, - 162 (13 = 1), 0.

m+n ! m+n

Group elements of Virasoro ( f(o0),a): f(o) ditteos on S! ,a€eR from central extension.

6 — f(0) : conformal transformations in 2d (¢ € S).

Geometric notion of Nielsen’s coml:)lexitg defines an extremised Patl’I (geoclesic) in the manifold of
the group transformations from |y;) to | ;).

Use infinitesimal symmetry transformations as gates, |yr) = Uyr)lyg)-

Groul:) elements are related bg instantaneous group velocities: f(t + dt, 6) = e . f(1, 5)

Crrcent complexitg functional = Geometric action on Virasoro co~ac§oint orbit

lalso for <ac-Moody aputa, Viagan 20I8; Crdmenger, Gerbernagen, eigel 2020 ]



Clrc:wt Complexfcg for Virasoro: More Detalls
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[CaPuta Magan 2018: Ermeger Gerer agen Welgel ZOZO]

* |yp) =Uspylyg), Tis the time to reach from |yg) to |y). Unitary representations of the group elements: Uy .

@dnl; initial state is the reference

* Decomposing in terms of infinitesimal transformations Usry = UeeryUe(r—ary - - - U

state U f(t=0) —

; ) Lk
In 2d Iz the conserved energg-—momeﬂtum tensor 1(o) 1s used to write the gates, (1) = — | doe(t,0) 1(0).

by 8

s ¢(t, 0) describes the infinite symmetry transformations applging at a given time, denotes time—-clel:)enclent group

velocitg.

s Choice of cost function: & = | tr[p(HO)]| = | (wx | U T(t) O(1) ULD) [ yg) |

» Density matrix p(t) = U)p U'(?) is obtained from the initial clen51t9 matrix po = | wep)(We| -
|
X Complexity functional: Clitl= Jdtf’? = 5 J,dtjda e(t, o){yp| U'()T(o)U(®?) | We) -
T

* (Clf]gves total cost of a constructed Path from | W) to | yr) In the group manifold in terms of group element £(0).
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= -
e e —— - o ! Py
— = — —_— —_— —4—-‘# — — — = T~

[Caputa Magan 7_018 Er&mcng&:r Gerberhagen Wexgel ZOZO]

Transformed current U;}L I'U; s written in terms of inverse cligeomorplﬁism F.: F(t, f(t,0)) = o.
T 3 /2 : C
U/ TU; = F?T(F) + —(F.0}.

of(t, F(t,0))  F(t,0)

: ot LB o)
Choose |yp) = | h,h) (CFT Primaries}.

The contribution due to the central extension modifies the cost function:

Thus) group ve!ocitg: et o)i= =0. |6 resembles Maurer-Cartan form for Virasoro].

F = cf() + Jda e(t,o)(yp| U "OT(e)U(?) | we) . LP(F) is the central extension of the Maurer-Cartan Form].

C[F]—Jd #iogerer - DL 2(“)2
s N 6 I
< e BN P \E

Complexitg Lunctional=Geometric action

Minimise C[f] in terms of the group Path f(t, 6) and solve the ec]uations of motion.
The solution gjves the oPtimal circuit, and we Put it back to C [ /] to find the Complexitg value.

Simplcst solution: i/ = const, C[f](®) x | A 2C4 | £. [Caputa, Magan 2018]
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BMS and Flat Space Holographg
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BMS In Flatsl:)ace Holographg

* Symmetry Plags an important role in nature.

2 53mmetries at the bounclarg of the spacetime are given bg Asymptotic ngmetrg Groups (ASG).

o The asgml:)totic symmetry of AdS 3 is enhanced to two copies of infinite dimensional Virasoro
algebra. [Brown, Henneaux 1986]

o ASG of asgmptotic flat sPacetimes at the null boundarg (FY) is Bondi-Metzner-Sachs (BMS)
groul:) [Bondi, Burg, Metzner 1962, Sachs 1962]

» For Minkowski sPace’clme in bulk dimensions D=3, the dual field theorg lives on its null bounclarg 18
cl‘*Z, and the ASG is BMS 3, also declared to be the symmetry of the dual field theorg. [Bagchl,
2010]

* BMS group is also iml:)ortant for Soft graviton / Asgmptotic symmetry corresPonclence, Symmetries

on the black hole horizon. [Hawkingj Perry, Strominger 2016].



BMS In F‘latspace
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* BMS group is infinite~dimensional in bulk dimension $D=% 43
» We concentrate on the asgml:)totic symmetrg of 5D bulk flat sPace‘cimej

the BMS 5 algebra
= ks 3
[Ln’ Lm] o (n 0 m)Lm+n ! 19 5n+m,0(n s n)

C
L. M 1=0n-mM, _ . 1]\24 0, +m,0(n3 ) PM ML = )

* The structure on null boundarg FtisIR xS

* Here, M, generates supertranslations: angle clepenclent translations on
the null direction

* L, generates suPer-rotations: Digeomorphisms on S! at null bounclarg

For Einstein gravity, ¢, = 0, ¢, = P [Barnich, Compere 20071

o We call the dual BMS 3 invariant field theory in 2d bounclarg as BPMSIT.

U
!

Penrose Diagram of Minkowski

Spaceti me



Flat - space holographgrom AGIS/ Cf:T

The asym[:)totic symmetry algebra for AdS % are given bg % Col:)ies of the Virasoro algebra.

C C
[2  Fl=nem T = Sppmo® =), [L Ll = n—mZ,,,, A 125n+m,0(n3 — n)
- 31
[ L =0, =6~
2G

Here, [1s the AdS radius and G is Newton's constant.

2 1
Next, we take thelmit. L, =2, - % M =e(Z,+ Z_), ande = o =Y [Bagchi 2010]

The contracted generators L, M, generate BMS 3 algebra, the asgmptotic symmetry algebra of 3D flat

spacetime.

The central terms for BMS 3 become ¢; = ¢ — ¢ =0and ¢y, = e(c + ¢) = %
The e = 0 limit corresponcls to the flat space limit on bulk AdS spacetime. [Bagchi) Fareghbal 12]
The flat space limit in the bulk corresponcls to taking Ultra Relativistic (UR) limit (also known as Carrollian limit)

on the boundarg dual field t‘neorg.



EMS lnvarnant (Carro”:an Comcormal) ﬁelcl Theo:es
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Carrollian limit : x! —» Y. ot =0 Then G > 00, — ¢ — 0.
6 D e

Ralaniscecriy Carrollian limit

s Carrollian CFT (GO [Bagclm Mehra, Nandi 2019, Bagchl Basu, Mehra, Nandi 2020]
The (Pseuclo) Riemannian structure fails on the null surface as the metric clegenerates and the Iight cone

closes up: emergence of Carrollian Structure. [LeV9~ch|oncl 1965, Sengupta 1966]

CCFTs live on the null manifold (event horizon, 7% of the asymptotica”g flat sPacetimes) , non-Lorentzian in
nature.

BMS group and Carrollian Conformal Group are isomorphic. BMS,,, = CCFT,.

For dual field theorg in 2d, isomorl:)hism arises between the Carrollian and the Galilean limit of relativistic CFTs.
The Galilean limit is the OPPosite to the UR limit and here ¢ —» o0 and the light cone opens up.
This is the Non-Relativistic (NR) limit realised in terms of spacetime contractionas: x> ex =t e =0

The isomorlo]ﬂism between NR and UR limit exists onlg in2d, as only one of the directions (sPatial or time) gets

contracted. (We use this isomorp]*xism during our calculation.)
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Relativistic

Lightcone opens up Lightcone closes down
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Circurt Complexitg in BMS 3
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rcuxt Comlexnt f:rom CFT 2 to F)MS 5
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» The structure on .+, for 3d asgmptotica”g flat space’time, isR xS

o BMS; = DifSH X Vec(SH . Elements are denoted by (f, ¢, a, ¢)): f(o + 27) = f(0) + 27, f(6) > 0, a(o +2x) = a(o).

Sul:)er-rotation Supertranslatlon

+ Take both holomorphic and anti~holomorphic contributions to the complexitg calculation for 2d CFT.

| 5
* Start with the cost functional defined for TR 2 Jdt F = T Jdt[da e(t, 0)<l/fR ‘ UT(t)( T+ T) U(t) ‘ 1//R> :
T
o Take the Non-Relativistic (NR) limit: T, = T+ T¢, T, = lime(T¢ — T°)
e—0

. & . C
» 1,15 are the BMS_3 stress tensors, and on the cglincler: Lito) — Z (L, — incM )e ™ + 1_3’ T,(t, 6) = Z M e~ 4 1_1\24

» Choice: BMS Primaries in the highest weight rePresentation: lyg) = | A, E).

. BMSPrimariGS: Lol ATE)y = ALA ), Mol A E—=EC1 ALy B &y =M | A Eyr=0N.n> 0.

* |yp) = | A, h)—>|A ) mtheNRlxmlt(L = +§Z M —€<$p—3p>, e = 0)

IImlt

*» Due to the structure of the cost function, onlg L, modes contribute while taking the trace.



BMS Complexfcg From the |lm|t
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F (T 0) .
+ Inverse di H:eomorphlsm FEosEtRi o)y =0, Groul:) Velootg e(1,0) =
F'(z, 0)
1 " 27T : 1 " 27T
s Generators of BMS 3 in terms of conserved currents - e — 5 doe’7j(o) M. = 5 doe™°p(o)
T Jo T Jo

s Under the finite BMS 3 transtormations 6 = F(o), T = tF'(¢) + a(c), the currents transform as,

C
L (F.0) [Only, this contributes!]

> a(F)) + F (0)i(F) S

Uj0f@UD) = /() = F (@) (9pp(F)a(F) + 20paF)p(F) = =

Ui Op(@)ULr) = p(f) = F(0)p(F) — =——{F. 0}, where, ¢ = = 2nc;. ¢y = — 2mcy,
247

2 ; / et b i }? : Ci F" 2
» Contribution due to central term: (Maurer-cartan extension for BMS 3): C, = - dt | do r e ;
(58 Es

7/

Cyoade

: R § :
(j:: CH_+‘(22:= (ittdﬁ' IﬁFﬁb(fﬁ)l

o7 18 B &4 ’(0Fpo(F Ya(F) + 20,a(F)py(F)

2?7: ()%a(F) ) ]

¥ ircuit complexity functional for BMS 3= geometric (co-adioint orbit) action of BMS 3 [from the limiting analysis]
ey 5 ' S

No contributions from the 5uper~transaltions in the complexit9 calculation!!



Comlexutg n ch BMSFT (Reﬁnecl lntrm51c Analgsus}

- —— = — ————— e = —— it TN EC Y
B ——————— S —_— " “—-r"—— — — = == — ==

Take contrlbutlons From bo’th super—-translatlon and super~rotatlon generators.

C:Ja’t&?:—
290

instantaneous velocities correspondin f(t,0) (ditteomorphism) and a(t, o) (su ertranslations).
P & P P

dtJda [eL(t, o)Wy | U'(1)j(o)U(?) | W) + €,(t, 0){ysp | U'(H)p(o)U(?) | WR>] , (€7,€) = two ditterent

(fl al) (019 tl) (f2 aza) (629 tz)

Find the group velocities from BMS 2%, transformations: ¢ — f(o),t — tf'(o) + a(o), So that: o) e
For two mﬁnlteama”g close Pomts in the Path of the circuit: (f(t + dt, 0), a(t + d&t, 0)) = elaboento)dt (f(1 q),. alt, o))

of(t,F(t,0))  F(t,0) = B E
= o 6),€M(l‘, o) = a(t, F) + a(t, F)(F, = ).

fixpanding in the first orcler, €;(t,0) =

F‘ina”gj add the contribution due to Maurer-Cartan extension for BMS 3 to write the complexitg functional

- EF[0ppo(F)atP) + 20,a(FYpF) - ~=3halF) + igP)] -t E ) (Forr® - F.01)
S SeEa 247 F : 487 F' T : 4r

The BMS complexitg functional #+ Geometric Action for BMS A [Blﬂattacharga) Nandi 2025]

Extremizing C[F] and so ving with the Perioclicitg conditions: simP e oPtima Pat : flo,t) =0+ ait,a = a,(?).

)

C
And, CIT] = ay T + po(as(T) = ax(O).jo = | A = 1. py = £ = ==

247
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~or Direct Procluct groups (Virasoro,Kac Moodg) “Complexitg functional= Geometric Action” holds [Caputa) Megan 2018,
‘irclmenger et al 20201].

Starting from two coPies of the Virasoro algebra, it is Possible to reach BMS 3 algebra, the asymptotic symmetry algebra for
5(:1 asgmptotica”g flat sl:)acetimes using the Carrollian limit.

From the limiting Perspective Complexitg functional resembles the geometric action for BMS 3 group.

However, the limit fails to capture contributions from suPer~translations while deriving BMS complexitg from its relativistic

Virasoro counterl:)art.

From the intrinsic analysis (using symmetry transformations) , we found that the proposal “Complexity functional=Geometric
H Sy Y il ey

Action” is not true for semi-direct Product groups, €.g BMS 5. [And also WarPecJ Conformal Symmetry group
[Bhattachargga, Katoch, Roy 2022]]

Our analgsis for BMS circuit Complexitg functional matches with the deformed geometric action (}:)9 addition of Hamiltonian)
of BMS 3 [Merbis, Reigler 2019] onlg i the group VClOCit9 €y is set to zero.

The simplest solution for the oPtimal Path in BMS complexity matches with solutions to gravitational saddle Points with
constant orbit rePresentatives Jo» Po N [Merbis, Reigler 2019] and Flat Space Cosmologies [ESGls:



’F‘ubini~5tucig construction
(Work in process with
Bhattachargga)
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Future Directions
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Other notions of complexit9

(Krglov, SPreacl. ) for!
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Higher dimensional

generalisation
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WORK
IN
PROGRESS
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Thank you for your attention!
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