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Minkowski problem: Given a Borel measure µ = fdσSn on Sn, find a
convex body Ω⊂ Rn+1 such that its n-th area measure

Sn(Ω,x) = µ.

Corresponding PDE

σn(Wu(x)) = f (x), Wu(x)> 0, ∀x ∈ Sn, (1.1)

u the support function of Ω

Wu(x) = (uij(x)+uδij(x)), ∀x ∈ Sn.

Necessary condition∫
Sn

f (x)xj dµSn = 0, ∀ j = 1, · · · ,n+1.

Lp-Minkowski problem (Lutwak), try to solve

σn(Wu(x)) = up−1f (x). (1.2)
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The classical Minkowski problem corresponds to p = 1 in (1.2).
We are interested in p < 1.

∀α > 0, define entropy

Eα,f (Ω) := sup
z0∈Ω

α

α−1
log
(∮

Sn
uz0(x)

1− 1
α f (x)dθ(x)

)
.

A variational problem:

Minimize Eα(Ω) under constraint |Ω|= c. (1.3)

A minimizer is a solution to

σn(uij +uδij) = λ fu−
1
α ,on Sn, (1.4)

for some λ > 0.

Problem: solve (1.3).
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Find a path to the minimizer of the constraint problem (1.3).

Candidate

Isotropic flow Xt =−f α(ν)Kα
ν , α > 0. (2.1)

Andrews:

Theorem 1

For any α > 0 and positive f ∈ C∞(Sn) and any initial smooth, strictly
convex hypersurface M̃0 ⊂ Rn+1, the hypersurfaces M̃τ given by the
solution of (2.1) exist for a finite time T and converge in Hausdorff
distance to a point p ∈ Rn+1 as t approaches T.
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Ω⊂ Rn+1 bounded convex, M = ∂Ω, K(x) the Gauss curvature.
Flow by power of Gauss curvature

Xt =−Kα
ν , α > 0. (2.2)

Entropy Eα(Ω) = sup
z0∈Ω

Eα(Ω,z0),

where Eα(Ω,z0) :=
α

α−1
log
(∮

Sn
uz0(x)

1− 1
α dθ(x)

)
.

∃!ze, Eα(Ω) = Eα(Ω,ze), dist(ze,∂Ω)≥ δ (d(Ω),n, |Ω|). (2.3)

Normalized flow
∂

∂ t
X(x, t) =− Kα(x, t)∮

Sn Kα−1 ν(x, t)+X(x, t). (2.4)
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Andrews-Guan-Ni:
Under the normalized flow (2.4), Cα(Ω(t)) and Eα(Ω(t)) are
non-increasing.
∀α ≥ 1

n+2 , E ∞
α := limt→∞ Eα(Ωt) exists,

E ∞
α −Eα(Ω(t0))≤−

∫
∞

t0

[∫
Sn f 1+ 1

α dσt ·
∫
Sn dσt∫

Sn f
1
α dσt ·

∫
Sn f dσt

−1

]
dt ≤ 0.

Here f (x, t) = Kα (x,t)
u(x,t) , dσt(x) =

u(x,t)
K(x,t) dθ(x).

Flow (2.4) converges to a soliton ηu = Kα , η =
∫
Sn Kα−1.

The soliton is a critical point of Eα(Ω) under the constraint
|Ω|= |B1|.

Classification of solitons:
α = 1

n+2 , solitons are ellipsoids. (Andrews)
∀α > 1

n+2 , soliton is the sphere. (Brendle-Choi-Daskopolous)
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∮
Sn f = 1, |Ω|= |B(1)|, the normalized flow

Xt =−
f α(ν)Kα∮
Sn f αKα−1 ν +X. (2.5)

Monotonicity: along (2.5),

Eα,f (Ωt2 ,z)−Eα,f (Ωt1 ,z)=
∫ t2

t1

( ∮
Sn hα+1(x, t)dσt∮

Sn h(x, t)dσt ·
∮
Sn hα(x, t)dσt

−1
)

dt≤ 0,

h(x, t)+ f (x)u
− 1

α
z (x, t)K(x, t), dσt(x) =

uz(x,t)
K(x,t) dθ(x).

Convergence of (2.5)? Entropy point estimate (2.3) fails for Eα,f !
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Theorem 2

For α > 1
n+2 and finite non-trivial Borel measure µ on Sn, n≥ 1,

there exists a weak solution of (1.4) provided the following holds:

(i) If α > 1 and µ = f dσSn is not concentrated onto any great
subsphere x⊥∩Sn, x ∈ Sn.

(ii) If α = 1 and µ satisfies that for any linear `-subspace L⊂ Rn+1

with 1≤ `≤ n, we have

(a) µ(L∩Sn)≤ `

n+1
·µ(Sn);

(b) equality in (a) for a linear `-subspace L⊂ Rn+1 with 1≤ d ≤ n
implies the existence of a complementary linear
(n+1− `)-subspace L̃⊂ Rn+1 such that supp µ ⊂ L∪ L̃.

(iii) If 1
n+2 < α < 1 and dµ = f dθ for non-negative f ∈ L

n+1
n+2− 1

α (Sn).
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Theorem 2 is known. If f is bounded from below and above, it’s a
result of Chou-Wang.

1 α > 1, Chen-Li-Zhu.
2 α = 1, The paper Böröczky-Lutwak-Yang-Zhang characterized

even measures µ . Chen-Li-Zhu for sufficient condition.
3 1

n+2 < α < 1, Bianchi-Böröczky-Colesanti-Yang.

Anisotropic approach was discussed in Andrews-Böröczky-Guan-Ni
under some symmetry assumptions.
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Control diameter by entropy.

∀δ ,τ ∈ (0,1), set D = diam(Ω),

Ψ(L∩Sn,δ ) = {x ∈ Sn : 〈x,y〉 ≤ δ for y ∈ L⊥∩Sn},

If α > 1, and ∮
Ψ(z⊥∩Sn,δ )

f ≤ 1− τ, ∀z ∈ Sn,

then

exp
(

α−1
α

Eα,f (Ω)

)
≥ γ1(n,α)τδ

1− 1
α D1− 1

α . (3.1)

If α = 1, and ∮
Ψ(L∩Sn,δ )

f <
(1− τ)i

n+1

for any linear i-subspace L of Rn+1, i = 1, . . . ,n, then

E1,f (Ω)≥ τ logD+ logδ −4log(n+1). (3.2)
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If 1
n+2 < α < 1, p = 1− 1

α
, τ ≤ 1

2
∮
Sn f ·u1− 1

α and∮
Ψ(z⊥∩Sn,δ )

f
n+1

n+1+p ≤ τ
n+1

n+1+p , ∀z ∈ Sn−1,

then

either D≤ 16n2/δ 2, or D≤
(

1
2

∮
Sn

f ·u1− 1
α

) 2
p

. (3.3)

Moreover, if τ ≤ 1
2 exp

(
α−1

α
Eα,f (Ω)

)
, then

either D≤ 16n2/δ 2, or D≤
(

1
2

exp
(

α−1
α

Eα,f (Ω)

)) 2
p

. (3.4)
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As (2.1) contract to a point, we assume it’s the origin.

Lemma 3

Along (2.5),

(a). The entropy Eα,f (Ωt) is monotonically decreasing,

Eα,f (Ωt2)≤ Eα,f (Ωt1), ∀t1 ≤ t2 ∈ [0,∞). (4.1)

(b). ∀t0 ∈ [0,∞),

Eα,f (Ωt0 ,0)≥Eα,f ,∞+
∫

∞

t0

( ∮
Sn hα+1(x, t)dσt∮

Sn h(x, t)dσt ·
∮
Sn hα(x, t)dσt

−1
)

dt,

(4.2)
where

h(x, t)+ f (x)u
− 1

α

0 (x, t)K(x, t), Eα,f ,∞ + lim
t→∞

Eα,f (Ωt).
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Assume f satisfies condition in Theorem 2, it follows from (4.1 ) and
(3.1)-(3.4),

D(Ω(t))≤ C. (4.3)

Since |Ω(t)|= |B(1)|, we have non-collapsing estimate

ρ+(Ω(t))
ρ−(Ω(t))

≤ C,

where ρ+ and ρ− are the outer and inner radii of the convex body.

Set
η(t) =

∮
Sn

h(x, t)dσt. (4.4)

As
∮
Sn h(x, t)dσt is monotone and bounded from below and above by

diameter estimates,

C ≥ lim
t→∞

∮
Sn

h(x, t) = η ≥ 1
C

(4.5)
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Holder’s room

(4.2) implies that ∃{tk}∞
k=1, limk→∞ tk = ∞ and

lim
k→∞

∮
Sn hα+1(x, t)dσt∮

Sn h(x, t)dσt ·
∮
Sn hα(x, t)dσt

= 1. (4.6)

Lemma 4

Let p, q ∈ R+ with 1
p +

1
q = 1, set β = min{1

p ,
1
q}. Let (M,µ) be a

measurable space, ∀F ∈ Lp, G ∈ Lq, ‖F‖Lp‖G‖Lq > 0,

∫
M |FG|dµ

‖F‖Lp‖G‖Lq
−1≤−β

∫
M

(
|F|

p
2

(
∫

M |F|pdµ)
1
2
− |G|

q
2

(
∫

M |G|qdµ)
1
2

)2

. (4.7)

We use the extra room in above improved Holder inequality to deduce
weak convergence of flow (2.5).
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Proposition 1

Denote uk = u(x, tk), σn,k = σn(uij(x, tk)+u(x, tk)δij). Then

lim
k→∞

∮
Sn
|u

1
α

k σn,k−
f
η
|dθ = 0, (4.8)

where η is defined in (4.4) which is bounded from below and above in
(4.5). As a consequence, there is convex body Ω⊂ Rn+1 with o ∈Ω,

|Ω|= |B(1)|, Eα,f (Ωt)≤ Eα,f (B(1)),

and its support function u satisfies

u
1
α SΩ =

1
η

fdθ . (4.9)
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We only need to verify (4.8), it is equivalent to prove

lim
k→∞

∮
Sn
|u

1
α

k σn,k− f η
−1(tk)|dθ = 0. (4.10)

∮
Sn
|u

1
α

k σn,k−
f

η(tk)
| ≤

∮
Sn
| f

η(tk)u
1
α

k σn,k

−1|1+αdσtk

 1
1+α (∮

Sn
u

1
α2

k σn,k

) α

1+α

.(4.11)

Since D(tk) is bounded,∮
Sn

u
1

α2

k σn,kdθ ≤ (D(tk))
1

α2

∮
Sn

u
1

α2

k σn,kdθ ≤ (D(tk))
1

α2 |∂Ωtk | ≤ C.
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By Lemma 4, with p = α +1, F
1

1+α = h(x, tk), G = 1

lim
k→∞

∮ (
(
h(x, tk)
η(tk)

)
1+α

2 −1
)2

dσtk = 0. (4.12)

For tk fixed, let

γk(x) = f η
−1(tk)u

− 1
α

k σ
−1
n,k = h(x, tk)η−1(tk)

and set
Σk = {x ∈ Sn | |γk(x)−1| ≤ 1

2
.}

It is straightforward to check that ∃Aα ≥ 1 depending only on α such
that

Aα |γ
1+α

2
k (x)−1| ≥ |γk(x)−1|, ∀x ∈ Σk;

Aα |γ
1+α

2
k (x)−1|2 ≥ |γk(x)−1|1+α , ∀x ∈ Σ

c
k.
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Since |γ
1+α

2
k (x)−1| ≤ 21+α , ∀x ∈ Σk, let δ = min{1+α,2},∮

Sn
|γk(x)−1|1+αdσtk ≤ C

(
(
∮
Sn
|γ

1+α

2
k (x)−1|2dσtk)

δ

2 +
∮
Sn
|γ

1+α

2
k (x)−1|2dσtk

)
.

By (4.12),

lim
k→∞

∮
Sn
|γ

1+α

2
k (x)−1|2dσtk = 0.

It follows (4.10).
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Thank you
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