The Role of the Energy Scalar Product in the QNM
Spectral Instability Problem

Edgar Gasperin

based on Class. Quantum Grav. 10.1088/1361-6382/ac5054
arXiv:2107.12865

work in collaboration with José Luis Jaramillo

edgar.gasperin@tecnico.ulisboa.pt

At the Interface of Mathematical Relativity and Astrophysics
Banff, Canada, April 2022

Miﬂ@ W TECNICO

INSTITUT DE MATHEMATIQUES |_ | S B O A
DE BOURGOGNE

Edgar Gasperin QNMhyp Scalar Product 1

/12


mailto: edgar.gasperin-garcia@u-bourgogne.fr

. . Non Self-Adj w = wf +iw!, w! >0
Motivation ! L
T — +00 P(w,z) ~ T Tetwe

QNMs in a nutshell

o Eigenmodes of a non-self adjoint
operator. Lu = \u

o Dissipative systems: Optics,
Seismology, ..., Linearised GR.
BH pert.

2
(w2 + i
dz?

— V(2))¢(w,) =0,

outbc : z = +00 P(w,z) ~ T
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Motivation

) IR oy eligs ve 1lyp sz Non-normal & Non-self adjoint

o QN modes are divergent at ° operators
@ ~ “problem at %" ~ (Pen, Fri) @ Adjoint «— Scalar Product
@ Sol: don't go to ! Go to .# T @ Pseudospectrum <— Norm

QNMs Instability

@ Nollert & Price: evidence of
instability in Schw QNM
spectrum (Cauchy)

@ Jaramillo, Panosso-Macedo,
Al-Sheikh: Introduction of
pseudospectrum in GR (Hyp)

Main Ingredients

@ Hyperboloidal slices

@ Pseudospectrum
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The ABC operator < An illustrative example

Let @ defined on x € [z, z1] be (a # 0)

Domains
d? d
Q=% D = (¢ € H | $(z0) = d(zr) = O},
Formal Adjoint : Qf D(Q)=D(@Q") =D

D(QQ") # D(Q'Q) formally normal.

<¢T7 Q¢> = <QT¢T7 ¢>

Q is Formally Normal if : I

[@.Q1=0Q"-Q'Q=0

L*-inner product

|

(b7, d)1 = drod

|
S
ST
+
o

O =

@ is not self adjoint respect to I.
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The ABC operator < An illustrative example

Let @ defined on x € [z, z1] be (a # 0)

Domains
d? d
Q=% D = (¢ € H | $(z0) = d(zr) = O},
Formal Adjoint : Qf D(Q)=D(@Q") =D

D(QQ") # D(Q'Q) formall I
(61,Qd) = (QTor, ) (QQ") # D(Q'Q) formally norma

Q is Formally Normal if :
0 QT] _ 0t —QfQ = Sturm-Lioville inner product

Let w = a lexp(a=tbz) p = aw and

)
=

L*-inner product

q = —Ccw.
T _ B d d
.0 = [ Grode o= (£ () -4)
Q= adiz = bdi te (b7, P)w = drowdx
XL ap zo

I = Q. Self adjoint!
@ is not self adjoint respect to I. @ = Q. Self adjoint
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Pseudospectrum & the impact of the choice of norm

e-pseudospectrum of an operator A

(Reso'vent) RA(A) = (A _ )\]I)_l . Pseudospectrum using the Lz—inner—produci
(Spectrum) o(A) = {A € C: ARA(N)} | 1500 104
o (A)={AeC:||Rs(N)|| > 1/¢} Sxizj e
o (A) = {\ € o(A +5A), [|6A4]| < €} o H...

ABC operator example e H 12
o=—(z—m)z—a)p, Q-Q | o
. d2 d 0 -1x10? —2x;3(lwn)—3x102 -4x10? -5x107 10
=A(z)-— + B C
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Pseudospectrum & the impact of the choice of norm

e-pseudospectrum of an operator A

_ 1 Pseudospectrum using the L2-inner-product
(Resolvent) R4(\) = (A — Al e T
(Spectrum) o(A) = {A € C: BRA(N)} | 150 o
o (A)={AeC:||Rs(N)|| > 1/¢} . 12 e
x (110
o¢(A) = {\ € o(A + 54), ||64]| < € . 1.
—-5x10! 1 40-
ABC operator example 1x107 N 12
o=—(z—wm)xz—m)p, Q-Q |70 | fe
d2 d 0 -—1x10? —2><;0(Z )—3><102 —4x102 —5x107 107
A e(wn
Q - A(x) @ + B(CU) % + C(‘T), Pseudospectrum using Gram Matrix = SturmLiouville-w
’ 2x10? M
2 1.5x10?
102 =
o 5x10? FF 1.48735 x 100
04XXX X X X X X X X X X X X 0 S A ALNA e @ ® 4 g
—5x10! =
, a0t g 121957 x 107
-1.5x10? g
’ T T o ot ot —Sme 1072
0 -100 ~200 -300 -400 -500 Re(n)
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0,8 =0

g — dS? = —f(r)dt® + f(r)"tdr? + r?dS?,
1
b= lZczaemYem = 00—V 0p=0

i — dS? = —dt* + dr?
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0,8 =0

g — dS? = —f(r)dt® + f(r)"tdr? + r?dS?,

1
d=— nLY'm P — 5 =
, lgm Gom Yo - ani) V(T’ E)(ﬁ 0

n— dS? = —dt* + dr?
QNMHyp (Jaramillo, Panosso-Macedo, Al-Sheikh)

B (o 1/ 0|1
Lu = \u, u<w>, Li<L1 I )7

Ly = w ()8, (p(2)9z) — q(z))
Ly = wil(x)(r)/(x)ar + 81(7(17) : ))
1

BO) =5 [ w0r00,6+10.60.6+ 406 ds
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Physical energy vs effective energy (G. & Jaramillo 21)

Effective Energy E((;b)
03¢ — Ve =0. n=2dim Mink, V = (r,¢)

o 1 /o —o 1, cody T _
Tab:§ (Va¢vb¢277ab77 dvc¢vd¢+v¢¢ + C~C->

BO) = [ w0005+ 10.60.5+ 405 ds

a
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Physical energy vs effective energy (G. & Jaramillo 21)

Relation and Boundary Term
Effective Energy F(¢)

Tb

03¢ — Ve =0. n=2dim Mink, V = (r,¢) ) f B
E :%n: Elm_ <2T¢)lm¢lm>

Za,

o 1 /o —o 1, cody T _
Tab:§ (Va¢vb¢277ab77 dvc¢vd¢+v¢¢ + C~C->

BO) = [ w0005+ 10.60.5+ 405 ds

Za,

Physical Energy E(®)

Og® =0 g — 4-dim, Spherically Sym

1 = 1 =
Tab = 5 <Va<bvb¢> — igabngVaI)Vd@ -+ C.C.)

E(®) = %/ /S2 2 <w8¢<1>8¢<1>

qf

r2

+ p0, PO, D +

QABaAcbaB@) dzdS).

v
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Physical energy vs effective energy (G. & Jaramillo 21)

Effective Energy E(qﬁ)

03¢ — Ve =0. n=2dim Mink, V = (r,¢)
o b e Al ne oo _
Tab:§ (Va¢vb¢277ab77 dvc¢vd¢+v¢¢ + C~C->

5 [ w0606 +0.60.6+ a0 do

a

E(¢)
Physical Energy E(®)

Og® =0 g — 4-dim, Spherically Sym

1 = 1 =
Tab = 5 (VGCPV;}I) — igabngVﬂ)Vd@ -+ C.C.)

:1/ /r2<w5‘T<I>8TfI>
2 z, Js2

g f

+ pdy @O, P + QABGA<I>63<I>) dzdQ.

v
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Relation and Boundary Term

x

E Z Elm ( (blm (blm)

Za,

v

Total energy flux

8,E=F|"

Tq

)

where

F= Z ,ya‘r¢lma7'd;lm+

ilm
p Re(a'r ¢lmax Q_slm)

- iar (¢lmd;lm)




QNM Weak formulation (G. & Jaramillo 21)

In a nutshell

¢
iy

Lu = Au test function up = (

lower the number of derivatives using integration by parts

Weak Formulation QNMs

Ty
/ Wi (ur,u) de + Wg(ur,u
Za

) — (ur, Lu)p = Mur,u)p.

)

Ty Ty
= i)\/ Wg(ur,u) d,
B, Tq

Wi = p(02¢10:) — 0:00:07)

+ q(¢rv — Yr¢) — wpLayr,
Wr = pOe¢rded + wibrt) + qdro
Wg = pr8s¢ + 27079

Proof of concept: Poschl-Teller

V(r,) =V, sech®(r,),ry € (—00,00).
’U}:].,p: 1_:1727(]:‘/07’7: -,

-6 -4 -2 0 2 4 6

Flgu Fe: Poschl-Teller QNM as a weak problem solved in
FEniCS. N=500. Lagrange finite elements function space " CG"”
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Resonant expansions (Jaramillo & Al-Sheikh, G. & Jar. 21)

Keldysh's expansion theorem

Lu, = Mvn,  Liw, = Mw,

wl (2! v;(z
i)~ 3 )

A;EQ

Keldysh + conditioning num + energy norm

_Mwnll lvall 0 we
n I n — 7Un_
(Wn, vn) ||wn| [[vn]
Oy ) (W
RLO\)N g Iin7|)\n><_;|
AnEQ n

Self adjoint case : K, =1 & Conv in C\ o(L)
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Resonant expansions (Jaramillo & Al-Sheikh, G. & Jar. 21)
(1-+is)atsia) = iufe)

Lvn = )\H’UTL? LTwn — ann (to Fourier w) S = W
e wl(@);(2) |
A z) ~ Z A=\ u(r,z) = Z €37 Ky (W] u0) 5 D;
)\jEQ UJ]‘EQ
Keldysh + conditioning num + energy norm + Eq(7;up)
||wn‘| ||U7‘L|| . wn N ,Un Bound on error
=V = Vp = —— _
T wn,vn) " wal]? " Joa]] Ea(Tiuo)lls < Cala, L)e™ 7 [|uol [

Rr(A\) ~ Z linh;:f#;ﬂ a = max{Im(w),w € Q}

An€Q
Original field
Self adjoint case : 5 = 1 & Conv in €\ o(L)
$(1,2) ~ Y T a,gn
QNMs resonant expansion in hyp "

Kj (4
O-u=1ilu, aj = 53 (<¢§7<P0>H(1w)
u(r=0,2) =ug(x) , |Juoll, < o0 A
; - ij<¢]L‘7(Pl>(2,w))'
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Perspectives & future work

BMS, GeoQNM, Normal mds (?77?)

F(r) = [ alo.ofas

+/ NEWIOT
s

1 0 O
T o o _ —
Lt —D4D? | L Z_(O LQ)

5 = 4% (05 — Gs2=)

£ =7k, Liy=0

Edgar Gasperin QNMhyp Scalar Product 11/12



T

«Mes| Mont-Palomarmont fait
bascler dans infiniment grand » &
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Thanks for listening
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