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Spherical Harmonics

@ Spherical harmonics of degree k are smooth solutions of the Euler
Xuy + yu, + zu, — ku =0,

and the Laplace
Uxx + Uy + Uzz = 0,

equations
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Spherical Harmonics

@ Spherical harmonics of degree k are smooth solutions of the Euler
Xuy + yu, + zu, — ku =0,
and the Laplace
Uxx + Uyy + uz;; =0,

equations

@ Denote by . _
ENcJli=1,2 .k

the correspondig equations and their prolongations.
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Spherical Harmonics

@ Spherical harmonics of degree k are smooth solutions of the Euler
Xuy + yu, + zu, — ku =0,

and the Laplace
Uxx + Uy + Uzz = 0,
equations
@ Denote by . _
ENcJli=1,2 .k
the correspondig equations and their prolongations.

© Lie group SO (3) is the obvious symmetry group of these equations
and all £0) are affine algebraic manifolds equipped with the algebraic

SO (3) —action.
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Invariants

@ Denote by IH, the vector space of harmonic polynomials of degree
k > 1, i.e. the solution space of the Euler-Laplace equations. It is a

SO (3)-module.
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Invariants

@ Denote by IH, the vector space of harmonic polynomials of degree
k > 1, i.e. the solution space of the Euler-Laplace equations. It is a

SO (3)-module.

@ We say that a rational SO (3)-invariant function on Hy is an
algebraic metric invariant of spheric harmonics.
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Invariants

@ Denote by IH, the vector space of harmonic polynomials of degree
k > 1, i.e. the solution space of the Euler-Laplace equations. It is a
SO (3)-module.

@ We say that a rational SO (3)-invariant function on Hy is an
algebraic metric invariant of spheric harmonics.

© The field of algebraic invariants we'll denote by F7}.
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Invariants

@ Denote by IH, the vector space of harmonic polynomials of degree
k > 1, i.e. the solution space of the Euler-Laplace equations. It is a
SO (3)-module.

@ We say that a rational SO (3)-invariant function on Hy is an
algebraic metric invariant of spheric harmonics.

© The field of algebraic invariants we'll denote by F7}.

© We say that a rational SO (3)-invariant function on affine manifold
EW is a differential metric invariant of spheric harmonics.
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Invariants

@ Denote by IH, the vector space of harmonic polynomials of degree
k > 1, i.e. the solution space of the Euler-Laplace equations. It is a

SO (3)-module.

@ We say that a rational SO (3)-invariant function on Hy is an
algebraic metric invariant of spheric harmonics.

© The field of algebraic invariants we'll denote by F7}.

© We say that a rational SO (3)-invariant function on affine manifold
EW is a differential metric invariant of spheric harmonics.

© The field of differenatial invariants we denote by ]—",-d
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How structure on Weyl algebra

@ The Weyl algebra Aj is the associative algebra of linear differential
operators on IR® with polynomial coefficients.
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How structure on Weyl algebra

@ The Weyl algebra Aj is the associative algebra of linear differential
operators on IR® with polynomial coefficients.
@ The Lie algebra s[(2) C As, is generated by the following operators
r? 3 A

X,=— H=6+>X_=>
T o 2"

where
r’=x"+y*+2°, §=xd+yd, +20;, A=0;+0,+03,

and operators (X4, H, X_) form the Weyl basis in s[(2) :
[H, Xy = 2Xy, [H, X_] = —2X_, [X_, X;] = H.
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How structure on Weyl algebra

@ The Weyl algebra Aj is the associative algebra of linear differential
operators on IR® with polynomial coefficients.
@ The Lie algebra s[(2) C As, is generated by the following operators
r? 3 A

_H=5+>X_=2
2" T

X, =
+ 5’

where
r’=x"+y*+2°, §=xd+yd, +20;, A=0;+0,+03,

and operators (X, H, X_) form the Weyl basis in sl (2) :
[H, X:] =2X4, [H, X_] = =2X_, [X_, X;] = H.

@ The Lie algebra so (3) C Ajz generated by the angular momentum
operators

L, = xdy, — yox, L, = x0, — 20y, Ly = yd, — z0,.
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How structure on Weyl algebra-2

© These two Lie algebras mutually commute and
the universal enveloping algebra U (s1(2)) C As is the subalgebra of
so (3)-invariant operators in As3.
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How structure on Weyl algebra-2

© These two Lie algebras mutually commute and
the universal enveloping algebra U (s1(2)) C As is the subalgebra of
so (3)-invariant operators in As3.

@ Casimir operator in Lie algebra so (3) is the orbital angular
momentum operator
M=12+L]+ L2

and it coincides with Casimir operator in Lie algebra sl (2) :

M=r’A—5§—0.
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How structure on Weyl algebra-2

© These two Lie algebras mutually commute and

the universal enveloping algebra U (s1(2)) C As is the subalgebra of
so (3)-invariant operators in As3.

@ Casimir operator in Lie algebra so (3) is the orbital angular
momentum operator

M=12+L]+ L2
and it coincides with Casimir operator in Lie algebra sl (2) :

M=r’A—5§—0.

© The restriction of operator M on the unit sphere is the spherical
Laplace operator.
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Harmonic polynomials

@ The following sequence
0—Hy =P 2 Pro—0

is exact, and dimH, = 2k + 1.
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Harmonic polynomials

@ The following sequence
0—Hy =P 2 Pro—0

is exact, and dimH, = 2k + 1.
Q Splitting P : for any homogeneous polynomial p, € Py there are
(and unique) spheric harmonics hx_p; € Hy_;, 0 < i < [é] such

that

5]

2

p=1Y_ r*hca;.
i=0
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Harmonic polynomials

@ The following sequence
0—Hy =P 2 Pro—0

is exact, and dimH, = 2k + 1.
Q Splitting P : for any homogeneous polynomial p, € Py there are
(and unique) spheric harmonics hx_p; € Hy_;, 0 < i < [é] such

that
51
p=Y rh_s.
i=0
© We have
for all h, € H,.
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Harmonic polynomials

@ The following sequence
0—Hy =P 2 Pro—0

is exact, and dimH, = 2k + 1.
Q Splitting P : for any homogeneous polynomial p, € Py there are
(and unique) spheric harmonics hx_p; € Hy_;, 0 < i < [é] such

that
51
p=Y rh_s.
i=0
© We have
for all h, € H,.

@ The restriction of spheric harmonics on the unit sphere S> C R? are
eigenfunctions of the spherical laplacian Ag with eigenvalues
—k (k + 1) and any continuous function on S? could be approximated
(with any accuracy) by linear combination of spherical harmonics.
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Harmonic projections

@ Harmonic projections 17, ,; : P — Hjy_5; are the following

Mioi = inQin (M),

where

A= —(k—2i) (k—2i+1).
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Harmonic projections

@ Harmonic projections 17, ,; : P — Hjy_5; are the following
77;(’2,':” ’Qk,ZI(M),
where

%1
A=A
A=A

Qk,2/ /\,:—(k—2/)(k—2/+1)

J#l

@ The following sequence 0 — Py _» 5 IPk T H, — 0 is exact.
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Harmonic projections

@ Harmonic projections 17, ,; : P — Hjy_5; are the following
77;(’2,':” ’Qk,ZI(M),
where

%1
A=A
A=A

Qk,2/ /\,:—(k—2/)(k—2/+1)

J#l

@ The following sequence 0 — Py _» 5 IPk T H, — 0 is exact.

© Define the following product of spheric harmonics h, € Hy, hy € H;
he x hy = Nkt10 (hkh/) € Hyyy.
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Harmonic projections

@ Harmonic projections 17, ,; : P — Hjy_5; are the following

Mioi = inQin (M),
where

%1
A=A

Qk,2l A, )\J ’

Ai=—(k—=2i)(k—2i+1).
J#l

@ The following sequence 0 — Py _» 5 IPk T H, — 0 is exact.

© Define the following product of spheric harmonics h, € Hy, hy € H;
he x hy = Nkt10 (hkh/) € Hyyy.
@ Here
(£ . ,
M+ (k+1—2j) (k+1—-2j+1)
2j(2j—2k—21—-1) '

Mkv10 =
Jj=1
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Algebra of spherical harmonics

@ Spherical harmonics
H, = ®x>oHk

form a graded commutative algebra with respect to the product .
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Algebra of spherical harmonics

@ Spherical harmonics
H, = ®x>oHk

form a graded commutative algebra with respect to the product .

@ Algebra (H., %) generated by linear functions (x, y, z) satisfying the
relation
x¥x+yxy+zxz=0.
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Algebra of spherical harmonics

@ Spherical harmonics
H, = ®x>0Hx
form a graded commutative algebra with respect to the product .

@ Algebra (H., %) generated by linear functions (x, y, z) satisfying the
relation

x¥x+yxy+zxz=0.

© The complixification H, = H ® C is the algebra of regular functions
on the null cone {x2 +y? 422 = O} in C3.
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Algebra of spherical harmonics

@ Spherical harmonics
H, = ®x>oHk

form a graded commutative algebra with respect to the product .

@ Algebra (H., %) generated by linear functions (x, y, z) satisfying the
relation

x¥x+yxy+zxz=0.

© The complixification H, = H ® C is the algebra of regular functions
on the null cone {x2 +y? 422 = O} in C3.

© Example.

r2

x*x:xx—g,x*y:xy.

Lychagin (IPU, RAS, Moscow & UiTo, Trom November 25, 2021



Algebraic invariants

© The space Hy of spherical harmonics is a vector space of dimension
2k + 1. The Lie group SO (3) acts in algebraic way on Hy, and in
Hy, all irreducible representations of the group SO (3) are realized .
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Algebraic invariants

© The space Hy of spherical harmonics is a vector space of dimension
2k + 1. The Lie group SO (3) acts in algebraic way on Hy, and in
Hy, all irreducible representations of the group SO (3) are realized .
@ Due to Hilbert theorem polynomial invariants of this action (i.e.

polynomial invariants of spherical harmonics) form a finite generated
commutative algebra.
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Algebraic invariants

© The space Hy of spherical harmonics is a vector space of dimension
2k + 1. The Lie group SO (3) acts in algebraic way on Hy, and in
Hy, all irreducible representations of the group SO (3) are realized .

@ Due to Hilbert theorem polynomial invariants of this action (i.e.
polynomial invariants of spherical harmonics) form a finite generated
commutative algebra.

© Due to Rosenlicht theorem rational invariants of this action (i.e.
rational invariants of spherical harmonics) form a field of trancedence
degree equals to the codimension of regular orbit.
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Algebraic invariants

© The space Hy of spherical harmonics is a vector space of dimension
2k + 1. The Lie group SO (3) acts in algebraic way on Hy, and in
Hy, all irreducible representations of the group SO (3) are realized .

@ Due to Hilbert theorem polynomial invariants of this action (i.e.
polynomial invariants of spherical harmonics) form a finite generated
commutative algebra.

© Due to Rosenlicht theorem rational invariants of this action (i.e.
rational invariants of spherical harmonics) form a field of trancedence
degree equals to the codimension of regular orbit.

© Regular orbit has codimension (2k — 2) ,when k > 2, and
codimention 1, when k = 1. Therefore, in order to define a regular
orbit, we need 2k — 2 algebraicly independent rational invariants, for
k > 2, and only one invariant, for k = 1.
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Differential invariants

@ Equations EU) are affine manifolds of dimension 2/ +4,if2<i<k.
The regular SO (3) —orbits correspond to smooth points of the
quotient gl /SO( ) ) Thus, due to Hilbert theorem, the quotients
are affine manifolds of dimension 2/ 4 1. Rational difFerentiaI
invariants of order < i are rational functions on £() /S0 (3) and
therefore the trancedence degree of field f,d equals to 2i + 1.
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Differential invariants

@ Equations EU) are affine manifolds of dimension 2/ +4,if2<i<k.
The regular SO (3) —orbits correspond to smooth points of the
quotient gl /SO( ) ) Thus, due to Hilbert theorem, the quotients
are affine manifolds of dimension 2/ 4 1. Rational difFerentiaI
invariants of order < i are rational functions on £() /S0 (3) and
therefore the trancedence degree of field f,d equals to 2i + 1.

@ As we have seen, the trancedence degree of field 77 equals 2 (k —1).
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Differential invariants

@ Equations EU) are affine manifolds of dimension 2/ +4,if2<i<k.

The regular SO (3) —orbits correspond to smooth points of the
quotient gl /SO( ) ) Thus, due to Hilbert theorem, the quotients
are affine manifolds of dimension 2/ + 1. Rational difFerentiaI
invariants of order < i are rational functions on £() /S0 (3) and
therefore the trancedence degree of field f,d equals to 2i + 1.

As we have seen, the trancedence degree of field 77 equals 2 (k —1).
Take a regular harmonic h € Hy. Then it is easy to check that the
SO (3) —orbit of the 2-jet j, (h) into £() is a 6-dimensional
submanifold into 8-dimensional manifold £2) and therefore we need 2
differential invariants of order 2 to describe the orbit (compare with

2 (k — 1) algebraic invariants).
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linvariant coframe

© Total differentials of the obvious invariants J_; = 2 and Jo = u give
3 g
us two SO (3)-invariant horizontal 1—forms:

w1 = xdx+ ydy + zdz,
wy = uxdx+ u,dy + u,dz.
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linvariant coframe

© Total differentials of the obvious invariants J_; = 2 and Jo = u give
3 g
us two SO (3)-invariant horizontal 1—forms:

w1 = xdx+ ydy + zdz,
wy = uxdx+ u,dy + u,dz.

@ Their cross product gives us

w3 = (yu, — zuy) dx + (zuy — xu,) dy + (xu, — yuy) dz.
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linvariant coframe
. . . . . 2 .
© Total differentials of the obvious invariants J_; = % and Jy = u give
us two SO (3)-invariant horizontal 1—forms:

w1 = xdx+ ydy + zdz,
wy = uxdx+ u,dy + u,dz.

@ Their cross product gives us

w3 = (yu, — zuy) dx + (zuy — xu,) dy + (xu, — yuy) dz.

© Then coframe (w1, w2, w3) is SO (3)-invariant.
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linvariant frame

o
Dy = xi+yi+zi,
dx dy d.
D, = ui—I—ui—l—ui
Ydx  Ydy “dz’
Dy = (yu, zuy)i—i—(zux XUy ) +(xuy—yux)i.
dx dz
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First invariants

2
r
J1 = ?.JOZU.
h = DQ(J())IU)%—FUE,"FUE,
D
J21 = M:U)%Uxx+u)2/uyy+uguzz+

2

2 (uxuy Uy + Uxlz Uy, + Uyu uy,).
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Invariant symmteric forms and operators

@ Symmetric differenatial i-forms

dx"  dy? dz
©i= ). Unhb T
n+ir+iz=i 1 2 3

are invariants with respect to Lie group of affine transformations in
R3.
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Invariant symmteric forms and operators

@ Symmetric differenatial i-forms

dx"  dy? dz
©i= ). Unhb T
n+ir+iz=i 1 2 3

are invariants with respect to Lie group of affine transformations in
R3.
@ Differential operators
dk

@, } : Uiy iy, i3
! g g ' ; B
1o 12! ndy2dzi3
b= itz dxhdydz

are SO (3)-invariant.
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Invariants

Let
dx = tiwi+ tipws + tizws,
dy = tiwi+ trwsr + tsws,
dz = 31w+ t3pws + t33w3,

where t;; are rational functions on N (]R3) , and let

i in
w w w
_ 1 2 3
©i= Y Tihioy o
L= n! ! 13
n+in+tin=i

Functions Tj, j, i, are rational differential SO (3)-invariants of order
i = i + iy + i3 and any rational differential SO (3)-invariants of order i is
a rational function of them.
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Remark that invariants

2
~ us . .
G =0,(u) = ot
! i (u) ’.1+I.22+I.3:i i i3!
are squares of lengths of symmetric forms ®;.
Thus,
N d d d
® = x - z )
! udx+uydy+udz
PN 1 d? d? d? d? d? d?
O = g \"ga Thgz Tz ) T gay T T Y dydz
and
0, (v) = u>2< + u}2, + uf,
2 2 2
~ ug, +uy, + us,
O1(u) = hp=—"7T—"+ U3y + gl + uy,.
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The field of rational differential SO (3)-invariants of spherical harmonics is

generated by invariants <J_1 = %2 J = u, Jgg) and derivation V = @1.

Lychagin (IPU, RAS, Moscow & UiTo, Trom November 25, 2021 17 / 20



Monoid of invariants

@ SO (3) —Invariants <= SO (3) —invariant differential operators:
p € (I (RY)) = a1 C* (RY) — € (RY),
Dy (F) =i (F)" (9).-

Lychagin (IPU, RAS, Moscow & UiTo, Trom November 25, 2021 18 / 20



Monoid of invariants

@ SO (3) —Invariants <= SO (3) —invariant differential operators:
p € (I (RY)) = a1 C* (RY) — € (RY),
Dy (F) =i (F)" (9).-

@ Monoid structure on SO (3) —invariants is defined by the composition
of invariant operators, and id = u.
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Monoid of invariants

@ SO (3) —Invariants <= SO (3) —invariant differential operators:
p € (I (RY)) = a1 C* (RY) — € (RY),
Dy (F) =i (F)" (9).-

@ Monoid structure on SO (3) —invariants is defined by the composition
of invariant operators, and id = u.

© Thus, the field F¢ is the monoid.

Lychagin (IPU, RAS, Moscow & UiTo, Trom November 25, 2021 18 / 20



Q Let
W = x0y + y0d, + 29, + kud,,

and let W* be its oo-prolongation.
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Q Let
W = x0y + y0d, + 29, + kud,,

and let W* be its oo-prolongation.

@ We say that a polynomial differential invariant | has weight w (/) if
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Q Let
W = x0y + y0d, + 29, + kud,,

and let W* be its oo-prolongation.
@ We say that a polynomial differential invariant | has weight w (/) if

© In other words, if h is a homogeneous polynomial of degree k then
I (h) has degree w (/).
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Differential or Algebraic invariants

@ Algebraic invariants on IH, are differential invariants of order k.
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Differential or Algebraic invariants

@ Algebraic invariants on IH, are differential invariants of order k.

@ Let / be a polynomial differential invariant of weight w, and h € Hy.
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Differential or Algebraic invariants

@ Algebraic invariants on IH, are differential invariants of order k.
@ Let / be a polynomial differential invariant of weight w, and h € Hy.
© Then / (h) € Py , (1,,5,04) (h) € Hy—2/ and its length

(g, 5 ©1, 2 ©A1) (h) is a scalar, i.e invariant G201, 501 is
an algebraic invariant.
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