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Key property: C is semisimple

no nontrivial junction: |~ no nontrivial extensions
L ANS How (£, LY

of Wilson lines! 1 of simple objects
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Quantum groups U,(g)-mod ¢q=c¢e*

A

non-s.s. rep theory + vanishing quantum dim’s

invariants of links/3-manifolds w/ flat G¢ connections
(& spin struc'’s)
Rational VOA Y
~+ log-VOA's and their module categories FTk(g)

deformations by flat connections
[Kausch '91], [Gaberdiel-Kausch '96] triplet Wi, = FT(sla)
[Feigin-Tipunin "10]
Feigin-Gainutdinov-Semikhatov-Tipunin ‘05, '06]
'Nagatomo-Tsuchiya '09]

Creutzig-Milas-Rupert "16]
[Creutzig-Gainutdinov-Runkel "17]
[Creutzig-Yang-McRae '20] [Sugimoto '20]
Creutzig-Lentner-Rupert '21] [Gannon-Negron '21]
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Quantum groups U,(g)-mod ¢g=-¢e*

A

non-s.s. rep theory + vanishing quantum dim’s

invariants of links/3-manifolds w/ flat G¢ connections
(& spin struc'’s)
Rational VOA '

~+ log-VOA's and their module categories FTk(g)

deformations by flat connections
triplet Wi, = FT(sla)

Chern-Simons QFT 27
~» cohomological 3d theories (twists of SUSY) ? [Witten '88]

with flavor symmetry ?

cf. [GHNPPK "20]
[Cheng-Chun-Ferrari-Gukov-Harrison '18]
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7 y * unroll for braiding
Te, = (TG]/Gg)

.

e topological A-twist of a 3d N=4 theory cf. [Gaiotto-Witten '08]
expect it's 3d-mirror to B-twisted theories of [GHNPPK '20]

e action (BV) cf. [Aganagic-Costello-McNamara-Vafa "17]
(for G = SU(n))

A
e boundary VOA Vé k
via [Costello-Gaiotto '18] [TD-Costello-Gaiotto '20]
[Gaiotto-Rapcak '17], [Creutzig-Gaiotto "17]

e simpler checks: Ky(C) XIH(2,))
via [Benini-Zaffaroni '15,'16], [Closset-Kim '16]

free fermions

FTi(g)




17T

Reps of Uq (5[2) q = e *  [deConcini-Kac-(Procesi) ‘91, Beck '94]

UC](ﬁ[Q) — C<E7F7 K>/
K — K1
q—q !

KE=¢’EFK KF=q °FK [E,F]=



17T

Reps of Uq (5[2) q = e *  [deConcini-Kac-(Procesi) ‘91, Beck '94]

UC](ﬁ[Q) — C<E7F7 K>/
K — K1
q—q !

KE=¢’EFK KF=q °FK [E,F]=

There's a large center, including  E* F* K?2F



ks
k

Repsof  U,(sla) ¢g=c¢e

Uq(ﬁ[g) — <C<E, F, K>/
K- K1

KE=¢FEK KF=q’FK |[E,F]= p—
There's a large center, including  E* F* K?2F

o rep category C := U,(sl3)-mod
"fibers” over Spec C[E®, F* K?*] ~ PGL4(C)

f e.s. g = (6; (1))

PGL4y(C) C, = [Uq(sly)/ (K = e*, E¥ = F* = 0)]-mod
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Reps of  U,(sla) ¢g=-e* [deConcini-Kac-(Procesi) ‘91, Beck '94]

Uq(slz) = C(E, I, K)/ ]]??igf?]{ [E’F]:[Zié(—_l

(l: e.8. g = <€; 2)

PGLy(C) Cy = [Uqg(sla)/(K?* = e*, E¥ = F* = 0)]-mod

e fibers only depend on conjugacy class, up to iso
[Kashaev-Reshetikhin '02], CGP, [Blanchet-Geer-PatureauMirand-Reshetikhin "18]:

Leads to invariants of (spin) 3-manifolds w/ flat PGL,(C) conn's!
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Reps of  U,(sly) g=e*
Leads to invariants of (spin) 3-manifolds w/ flat PGL,(C) conn’s!
Z(M, A)
e a3l % fE0 B
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Physics: expect a topological 3d QFT w/ global symmetry

~s couple to background G¢ = PGL5(C) connections A

flat? complexified?
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Reps of  U,(sly) g=e*

Leads to invariants of (spin) 3-manifolds w/ flat PGL,(C) conn’s!

Z(M,A)
5 s BN
C //,_. , g |/ aa\ O "\\ /// é) / ,/:t,i; ::7) .j 81 . ‘\\‘ ,:. l‘ /)
4 )3\ % ¢ S | B )
) B ’ )T ®
o7
. ‘ (
PGL5(C) L€l Cy) 9} 2
N " A

R :Ce X Cyr — Cyyr

Physics: expect a topological 3d QFT w/ global symmetry

~s couple to background G¢ = PGL5(C) connections A
flat? complexified?

C, = {line ops} in the background of a holonomy defect

a 0
cf. [Mikhaylov "15] A ~ (O O) df
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Reps of  U,(sly) g=e*

Generic diagonal holonomy: g = (60 (1)> K2k — 2

. . : : + 1k—1
C, is semisimple, w/ 2k simple objects { V4 n}n—0
K
. Lot - vanishing quantum dims dim V5, = 2k
E (.)F :|: a-+2n—2 dlmq VC\{j:n p— O
L. ) E [CGP] ’
Van® o fgatan—d ~s ADO inv't of links in S
( ) ~ inv'ts of (M, Agper)
<.) :I:qoz—l—2n—2k—|—2 _ qa—|-2n_|-2
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Reps of  U,(sly) g=e*

. . “ 0
Generic diagonal holonomy: g = (6 ) K2k — 2

0 1
: . . : + 1k—1
C, is semisimple, w/ 2k simple objects {Vi n}n—o
K
° :I:qo‘+2n [CGP]
E(.>Fiqa+2n—2 ~s ADO inv't of links in S°
Vozj,:n: ;.3 :tqa+2n—4 N |nVItS Of (M, Aabel)
<.) + qa+2n—2k+2 _ qa+2n+2
Simple monoidal structure OV @Véia =2
= dimH(T?, Agper) = dim H (X o1, Agper) = 29973

Cc@ @ @
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.. 1
Trivial holonomy: g = (0 (1)) K2k —1q

small qu. group  u,(sly) = Uy (sl,)/(K?* —1 = EF = F* = 0)

Kashaev inv't,

C1 = uy(sle)-mod is NOT semisimple 1volume conjecture

~~ RT semisimplification/WZW
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Reps of  U,(sly) g=e*

. 1
Trivial holonomy: g = (0 (1)) K2k —1q

small qu. group  ugy(sly) = Uy(sl,)/(K** —1 = E¥ = F* = ()

Kashaev inv't,

C1 = uy(sle)-mod is NOT semisimple 1volume conjecture

~~ RT semisimplification/WZW

2k|simple objects

Vite £+l

entire category ~~ Lyubashenko's TQFT [deRenzi-Gainutdinov-G-P-Runkel 19, '20]



Reps of  Uy(slz)

s
k

g =¢€

Trivial holonomy:  C; = uy(sly)-mod g = (1

derived Hilbert space

H(T? A=0)=HH,(C:)
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Reps of  U,(sly) g=e*

Trivial holonomy: C; = u,(sle)-mod  g= (0 1) K* =1

derived Hilbert space  #H(T%, A =0)= HH,(C;)

B3k—1

(
—

R
p—

11941 g [3]55"
3 @2(]{:—1)
3
5

bk—1 @ [5]@k—1

N N N N /N
QA O
= =

N— e N N

3

D2(k—1)

T T T T T
EEEEE

in| := n-dimensional rep of
PGL4(C)



Reps of

Uq(ﬁ[g)

17T

q:ek

Trivial holonomy:  C; = uy(sly)-mod g = (

derived Hilbert space

1
0

H(T? A=0)=HH,(C;)

HHy(Cy) = [1] BP3k—1 ~~ Lyubashenko + much of TQFT literature
HHl(Cl) — :1:6%—1 D [3]6%—1

HHy(Cy) = [3]®2+~D

HH;(Cy) = [3]"" " & [5]""

HHy(Cy) = [5]%20"

in| := n-dimensional rep of
PGL4(C)
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Reps of  U,(sly) g=e*

Trivial holonomy: C; = u,(sle)-mod  g= (1 O) K* =1

derived Hilbert space  #H(T%, A =0)= HH,(C;)

HHy(Cy) = [1]@3’“_1 ~~ Lyubashenko + much of TQFT literature

H(T?,0) ~ C2 @ HY®(T*[2]P!) 2+
Arkhipov-Bezrukavnikov-Ginzburg ‘03]

[Bezrukavnikov-Lachowska '06]
Lachowska-Qi '19]

s.t. x[H(T?,0)] =2k = dimH (17, Agpe:)

Ko(Cr) = C[X] /(X2 — 4) k]_]l (X —2cos ”—;)2 X = [V5]



QFT

We're looking for a topological QFT that...
- is labelled by G, k € Z

- is Chern-Simons like



QFT

We're looking for a topological QFT that...
- is labelled by G, k € Z

- is Chern-Simons like

Category of line ops has a finite # (~k) of inequivalent "Wilson lines”

also: ADO invariants obey same recursions as colored Jones
[GHNPPK ‘20], [Brown-TD-Geer-Garoufalidis '20]



QFT

We're looking for a topological QFT that...
- is labelled by G, k € Z

- is Chern-Simons like

Category of line ops has a finite # (~k) of inequivalent "Wilson lines”

also: ADO invariants obey same recursions as colored Jones
[GHNPPK ‘20], [Brown-TD-Geer-Garoufalidis '20]

- IS not semisimple

Line ops must have nontrivial junctions
(e.g. there exist bulk local operators other than 1)



QFT

We're looking for a topological QFT that...
- is labelled by G, k € Z

- is Chern-Simons like

Category of line ops has a finite # (~k) of inequivalent "Wilson lines”

also: ADO invariants obey same recursions as colored Jones
[GHNPPK ‘20], [Brown-TD-Geer-Garoufalidis '20]

- IS not semisimple

Line ops must have nontrivial junctions
(e.g. there exist bulk local operators other than 1)

. has GV global symmetry
~ background G¢ flat connections
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QFT Unigue minimal answer:

1. Start with T'|GG] [Gaiotto-Witten '08]

S-duality interface for 4d N=4 SYM
has 3d N =4 SUSY and G x GV global symmetry

2. Gauge G at Chern-Simons level k Te k= T[G]/Gg

Subtle! In general, such CS gaugings only preserve N = 2 SUSY
[Gaiotto-Witten '08 (2)1: M = 4 preserved as long as Tr(y*) = const

(Y global symmetry still acts

3. Topologically twist  two options deformed by...
Téélk A: reduction of [Witten '88]'s Donaldson twist flat G?C/ conn’s
B: [Blau-Thompson '96], [Rozansky-Witten '96] GY monopoles

¥ [Kapustin-Saulina '09] TGBk
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QFT 74 := (T[SU(n)]/SU(n);)"
For G = SU(n), there are some other perspectives

Quiver gauge theory

n—1

V = ][ Hom(C?,C™*")

- OO0 !
/K y , r=Ilot

Wilson lines 3d N =4 T|G]

~ Nak. quiver variety  T*V//I" = nilp. cone

T¢ flat conn. < triple of complexified Kahler params

- A-twist (nontrivially) has a Lagrangian BV action

- expect Coulomb branch ~ X space of [GHNPPK 20]
Cl ~ DbCOh(Xk)
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Simple verifications, using "twisted index” of
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Simple verifications, using "twisted index” of

(after deforming holomorphic-topological twist to A-twist)

- expectation values of Wilson loops ~» K(C;)

- partition functions Z(X, X St) ~ X[H(Zg)}

(

~

\

extra structure: X|H(Xy)| as G characters

2k g=1
293973 g > 1

[Benini-Zaffaroni '15,'16]
[Closset-Kim '16]

G = SU(2)



o= (OHe ) 2020
< F:gGL(z)

More interesting: spaces, algebras, categories

via (generalizations of) modern methods
[Rozansky-Witten '96] [Kapustin-Rozansky-Saulina '08]
[Braverman-Finkelberg-Nakajima '15,'16,'18] [Webster '19] [Hilburn-Yoo], [Raskin]

Bullimore-TD-Gaiotto-Hilburn-Kim '16] [TD-Garner-Geracie-Hilburn '19]
[Gaiotto '16] [Bullimore-Ferrari-(Kim) 18] ...




1=1
More interesting: spaces, algebras, categories
via (generalizations of) modern methods
[Rozansky-Witten '96] [Kapustin-Rozansky-Saulina '08]
[Braverman-Finkelberg-Nakajima '15,'16,'18] [Webster '19] [Hilburn-Yoo], [Raskin]
[Bullimore-TD-Gaiotto-Hilburn-Kim '16] [TD-Garner-Geracie-Hilburn "19]
[Gaiotto "16] [Bullimore-Ferrari-(Kim) 18] ...
A
b /'\
C COhLGk (pt) D COhLGk (T*L(V/F))
(trivial flat conn'n) t

quantization (D-mod)
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More interesting: spaces, algebras, categories

via (generalizations of) modern methods
[Rozansky-Witten '96] [Kapustin-Rozansky-Saulina '08]
Braverman-Finkelberg-Nakajima '15,'16,'18] [Webster '19] [Hilburn-Yoo], [Raskin]

Bullimore-TD-Gaiotto-Hilburn-Kim '16] [TD-Garner-Geracie-Hilburn "19]
[Gaiotto '16] [Bullimore-Ferrari-(Kim) 18] ...

CSp .k T2, G=SL,(C)
C Cohyg, (pt) DPCohyq, (T*L(V/T))
(trivial flat conn'n) t

quantization (D-mod)

H(X) H§’°(Bung(2), LR Hg"(Bung(Z),Ek R Eriar)



QFT 7.4 := (T[SU(n)]/SU(n)1)" -
V = H Hom(C*,C*™1)

n—1
" r=]]GLi)
1=1
More interesting: spaces, algebras, categories
via (generalizations of) modern methods

CS,..x T2, G=SL.(C)
c Cohrg, (pt) Cohr, (T*L(V/T))
H(E)  HS*(Bung(®),£Y  HY*(Bung(T), L' ® &)
H(S®) C C[T*[2)(G/B)]
H(T?) Clmk) ~ CUR) @ H2*(T*[2)(G/B))

d(n, k) ~ L



QFT T4, := (T[SU(n)]/SU(n))"

[Hanany-Witten '96] [Aharony-Hanany-Kol '97]
[Gaiotto-Witten ‘O8] [Gaiotto-Rapcak "17]

4d sandwiches & brane webs

A

Tng = ;L SU s ~ i

Y

Nquma‘uﬁ ‘T LSUC“\\ N ;&hw\

D erehl et
s A



QFT T4, := (T[SU(n)]/SU(n))"

[Hanany-Witten '96] [Aharony-Hanany-Kol '97]
[Gaiotto-Witten ‘O8] [Gaiotto-Rapcak "17]

4d sandwiches & brane webs

A

~ = P B
7f-n,lc — Su(,ms SYH ~ Vi
NQLC*WM \Ij N O Tisued) Nc«\mm\Ij B OO'ZD et
(A “recer (B)

[Kapustin-Witten '06]
. 4d A (resp. B) twist induces boundary A (resp. B) twist



QFT T4, := (T[SU(n)]/SU(n))"

[Hanany-Witten '96] [Aharony-Hanany-Kol '97]
[Gaiotto-Witten ‘O8] [Gaiotto-Rapcak "17]

4d sandwiches & brane webs

A

A ‘ v
Tty = S S1v ~ mom
Ndumc«m \Ij — O TLSUCM\‘ N a\:\m\Ij . OO
{-!'L C!g ®| N‘tL\LIA‘
(A) ‘“vece (B)
Wilson fines flat PGL, (C) connection

[Kapustin-Witten '06]
. 4d A (resp. B) twist induces boundary A (resp. B) twist



QFT T4, := (T[SU(n)]/SU(n))"

4d sandwiches & brane webs

[Hanany-Witten '96] [Aharony-Hanany-Kol '97]
[Gaiotto-Witten '08] [Gaiotto-Rapcak "17]

A . 4
7;2, ; k =~ SU(MB SY H ~ 'P@.U(N\B
ol 20 i RS U
FelE o (A) “vece (B)
Wilson lines flat PGL, (C) connection

[Kapustin-Witten '06]

. 4d A (resp. B) twist induces boundary A (resp. B) twist

- expect S-dual (B) setup to reproduce RW theory of [GHNPPK 20]

generic W : B-twisted sigma-modelto 717 Grg



QFT T4, := (T[SU(n)]/SU(n))"

4d sandwiches & brane webs

[Hanany-Witten '96] [Aharony-Hanany-Kol '97]
[Gaiotto-Witten '08] [Gaiotto-Rapcak "17]

A - £
7;2, ; k =~ SU(MB SY H ~ 'P@.U(N\B
N*C’*f“""‘ \Ij o O TSGR No&w\\Ij B OO:D erehal et
LGS (A) “vece (B)
Wilson lines flat PGL,(C) connection

[Kapustin-Witten '06]

. 4d A (resp. B) twist induces boundary A (resp. B) twist

- expect S-dual (B) setup to reproduce RW theory of [GHNPPK 20]

generic ¥ : B-twisted sigma-model to T Grg
originates in 6d theory on R? x D? ¥ S!) generic ¥
hopefully:

cf. [Witten "11], [Gukov-Pei-Putrov-Vafa '17]



VOA's, two ways

3d N = 2 realization of CS,, 1 :
4 a pair of holomorphic boundary conditions supporting VOA's

Vk—|—n (5[n) Vk—l—n (5[k)
N\ V4
| o

mutual commutants (cosets) ~~ level-rank duality [Nakanishi-Tsuchiya '92]
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VOA's, two ways

3d N = 2 realization of CS,, 1 :
4 a pair of holomorphic boundary conditions supporting VOA's

vk—|—n (5[n) Vk—l—’n (ﬁ[k)
N 4
FF®""

mutual commutants (cosets) ~~ level-rank duality [Nakanishi-Tsuchiya '92]

TAk . same phenomenon arises!

Vn,k .FTk(ﬁ[n) [Feigin-Tipunin 10]
Conjecture: N\ V%
FF@nk
want
reminder:  FTk(sl,)-mod ~ u,(sl,)-mod ~ Cy=1

[Feigin-Gainutdinov-Semikhatov-Tipunin ‘05, '06] [Nagatomo-Tsuchiya '‘09]
... [Creutzig-Yang-McRae '20]
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N 4
FF@nk

+ Vn.k IS derived directly from 7;;‘},C quiver (+BV action)
[Costello-Gaiotto 18] [TD-Costello-Gaiotto '20]




VOA's, two ways

Y

N 4
FF@nk

+ Vn.k IS derived directly from 7;;‘},C quiver (+BV action)
[Costello-Gaiotto 18] [TD-Costello-Gaiotto '20]

Vi = (Alst,] @ FES" D) [VEGst,)
Alsly] = (By@FF)[V] J gly x - x gl,_4

BRST
limit of "Langlands kernel” VOA [Creutzig-Gaiotto 17]

Alslo| ~ psu(2]2

[ 2] psu( ’ )1 q:,bp‘\h (1)
) =
{\ P8

-

\
- B B
/; @ - /G-’&
L A »

S




VOA's, two ways
7;:?]€ : Vn,k —> FF®nk Lo ka(g[n)

+ Vi is derived directly from 7,7, quiver (+BV action)
Vik = (A[ﬁ[n] ® FF@n(k_1)>/Vk(5[n) Tors ’> |

)
4
x
4 \
3 - . (
/-7 @ '/Qa
Yok .

S

« FTr(sl,) is derived more readily from S-dual 4d sandwich

collision of corner VOA's [Gaiotto-Rapcak '17] [Creutzig-Gaiotto'17]
cf. [Frenkel-Gaiotto 18] [Feigin-Gukov 18]

N adaw | 7 i &
Weegr) PRI [ Dreedde
o v
@ ( l\kwn
" (En) ) V\P (5[n)



VOA's, two ways
7;:?]{ : Vn,k — FF@mk 5 .FTk(ﬁ[n)

+ Vi is derived directly from 7,7, quiver (+BV action)
Vik = (A[ﬁ[n] ® FF@n(k_1)>/Vk(5[n) Tors ’> |

9
4
>
e T
. 1"} “ (
/9 1 v/cc,a
Yo >

S

« FTr(sl,) is derived more readily from S-dual 4d sandwich

collision of corner VOA's [Gaiotto-Rapcak '17] [Creutzig-Gaiotto'17]
cf. [Frenkel-Gaiotto 18] [Feigin-Gukov 18]

" B T
L P f—ngU"B " D rrehlet 1 | 1 — L
¢ N . V
WP(sl) " VY (ol
UV — 0o

extension[W® (s,) @ v (s1,)] ~> FTr(sl,) [Sugimoto '20]



VOA's, two ways

A .
Tk Vi < FFE®™ <o FT(sl,,)
b 5 é M i J
Ry “ecer | POl vl
/. = F '/cr,& il

W (sl,,) Mewmane 0 (sl,)

mutual commutants (conj.) => equivalent module cat's



VOA's, two ways

A .
Tk Vi < FFE®™ <o FT(sl,,)
b 5 é M i J
Ry “ecer | POl vl
/. = F '/cr,& il

W2 (sl,) " VY (s1,)

mutual commutants (conj.) => equivalent module cat's

Lots left to do

- S & T matrices (from QFT), general 3-manifold invariants

- derived TQFT  cf Kontsevich, Lurie,..

[Schweigert-Woike "19], [Kapustin-Rozansky-Saulina '08]....

Thank youl



