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The Gauss curvature flow

Q C R"*! bounded convex domain, M = 9Q.
X : M — R™1 position vector, K(x) the Gauss curvature.

The Gauss curvature flow:

dX(x,1)

Introduced and studied under symmetry by W. Firey;

Existence, convergence to a point z., after finite time. (K.S. Chou).
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The Gauss curvature flow

Q C R"*! bounded convex domain, M = 9Q.
X : M — R™1 position vector, K(x) the Gauss curvature.

The Gauss curvature flow:

dX(x,1)
dt

Introduced and studied under symmetry by W. Firey;

= —K(x,t)v (1.1)

Existence, convergence to a point z., after finite time. (K.S. Chou).

The shape of z..?
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The Gauss curvature flow

The normalization (volume preserved to be |Bj|):

X (x,1)

— = (—K(x,t) +u)v, (1.2)

u =< x,V >, the support function.
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The Gauss curvature flow

The normalization (volume preserved to be |Bj|):

IX(x,t

9X(x,) = (—K(x,t)+u)v, (1.2)
at

u =< x,V >, the support function.

For flow (1.2),
@ convergent to sphere when n = 2, (Andrews).
@ convergent to a soliton for n > 3: K = u, (Guan-Ni).

@ Soliton is the unit sphere! (Brendle-Choi-Daskopolous)
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The Gauss curvature flow

Entropy functionals

Q c R"! bounded closed convex body, Vzy € Q, the support function
with respect to zg

Uz, (x) = sup(x,z —2o).
7€Q
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The Gauss curvature flow

Entropy functionals

Q c R"! bounded closed convex body, Vzy € Q, the support function

with respect to zg
iz, (X) = sup(x,z —2o).
z2€Q

Define two entropy functional &(Q), € (Q):

&(Q) = sup ¢ logu, (x)dO(x). (Firey, Andrews)

Uy >0S"

C(Q) = SnKlongO(x). (Chow)
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The Gauss curvature flow

Guan-Ni:

S logV(Q) —logV(By)
- n+1 ’

E(Q)<E(Q), "="ifu=K.
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The Gauss curvature flow

Guan-Ni:
°
£(Q) > logV(Q) —logV(By) ‘
n+1
°

E(Q)<E(Q), "="ifu=K.

e p_(Q) inner radius, p (Q) outer radius,

P1(Q) < Cue® ), p (Q) = CLV(Q)e ).
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The Gauss curvature flow

Guan-Ni:
°
£(Q) > logV(Q) —logV(By) ‘
n+1
°

E(Q)<E(Q), "="ifu=K.

e p_(Q) inner radius, p (Q) outer radius,

P1(Q) < Cue® ), p (Q) = CLV(Q)e ).

@ The entropy point: there exists a unique z,(Q) € Int(Q)

Xj

£(Q) :fgnloguze(x), /S 0 =0.

Pengfei Guan (McGill) Entropy quantities associated to Gauss curvature type flows



The Gauss curvature flow

Guan-Ni:

S logV(Q) —logV(By)

£Q) n+1

E(Q)<E(Q), "="ifu=K.

e p_(Q) inner radius, p (Q) outer radius,

P1(Q) < Cue® ), p (Q) = CLV(Q)e ).

@ The entropy point: there exists a unique z,(Q) € Int(Q)

Xj

£(Q) :fgnloguze(x), /S 0 =0.

o 35(p+(Q),V(Q),n) > 0, d(z.(Q),0Q) > 8.
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The Gauss curvature flow

Along flow (1.2),
o &(L;),%(£;) monotone non-increasing.
o p-(R() C1, p-(Q(1) = Cs >0,
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The Gauss curvature flow

Along flow (1.2),
o &(L;),%(£;) monotone non-increasing.
o p-(R() C1, p-(Q(1) = Cs >0,

@ u > co independent .
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The Gauss curvature flow

Along flow (1.2),
o &(L;),%(£;) monotone non-increasing.
o p4(Q() < Cr, p(Q()) = Cy >0,
@ u > co independent .
® 0<C3<Kg < Ci.
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The Gauss curvature flow

Along flow (1.2),
o &(L;),%(£;) monotone non-increasing.
o PH(QN) < C1y p_(Q(1) = Cr >0,
@ u > co independent .
0 0<C3<Kq < Ca.
@ (1.2) is a quasi-gradient flow.
o Flow (1.2) converges to a soliton u = K.
°

The soliton is a critical point of &(Q) under the constraint
Q)] = |Bi].
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The Gauss curvature flow

Flow by power of Gauss curvature

Consider
X, =K%, a>0. (1.3)
o o1
GalQ): = log < 7{ K de(x)>
o—1 s
Ea(Q): = sup &u(Q,20),
Z0EQ
where
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The Gauss curvature flow

Andrews-Guan-Ni:
@ Vzo € Int(Q), &4 (Q,70) is continuous and increasing in o.
o If |Q = [B(1)|, Va > 15,

Ea(Q) >0, equality iff Q is a ball..
e 1!z, € Int(Q) such that &, (Q) = Ex(Q,2),

/S Y 46(x) = 0.

" ug(x)

o Vo > 5. 3B(at,n) > 0,C(at,n) >0, VQ with |Q| =|B(1)],

p-(Q)>Cle PUl®) p(Q) < CePll®),

o 35(p+(Q),V(Q), a,n) >0,
d(2.(Q),0Q) > &.
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The Gauss curvature flow

Normalized flow

0 K%(x,
—X(x,1) :_fSnl((‘xt)l

5 v(x, 1) +X(x,1). (1.4)
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The Gauss curvature flow

Normalized flow

QX(x, 1) =—

3, v(x, 1) +X(x,1). (1.4)

@ Under the normalized flow (1.4), €5 (Q(7)) and &y (2(?)) are
non- increasing

o Va > &y 1= limy_ye &y (L) exists,

n+2 ’

oo 1+ .
5;-@(9(:@)5-/ [fs"fl doi-Jy 4 _ | 4 <.
Jonfedoy- [suf doy

Here f(x,1) = 50, doy(x) = £ 40 (x).
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The Gauss curvature flow

Convergence of (1.4)

Yo > nl? along flow (1.4),
@ u > cg independent of 7.
0 0<(C3< KQ(,) < Cy.
@ (1.4)is a quasi-gradient flow.
o Flow (1.4) converges to a soliton u = K%, 1 = [o, K% .
°

The soliton is a critical point of &, (Q) under the constraint
Q)] = [Bi].
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The Gauss curvature flow

Convergence of (1.4)

Yo > nl? along flow (1.4),
@ u > cg independent of 7.
0 0<(C3< KQ(,) < Cy.
@ (1.4)is a quasi-gradient flow.
o Flow (1.4) converges to a soliton u = K%, 1 = [o, K% .
@ The soliton is a critical point of &, (Q) under the constraint
Q)| = [B1].

Classification of solitons:

o a= ﬁ, solitons are ellipsoids. (Andrews)
o Va > ﬁ, soliton is the sphere. (Brendle-Choi-Daskopolous)
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Anisotropic flows

Anisotropic flows

Joint work of Andrews-Boroczky-Guan-Ni.

X, = —f*(V)K%, a >0, 0<feC*S"). 2.1)
The normalized flow
F(v)K”

Entropy functionals
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Anisotropic flows

If V(Q) = V(B(1)), Vo > 15, 3B(et,n,f) > 0, C(at,n,f) >0, VQ,

p-(Q) > C e Plr@ p(Q) < CePlas(@),

15} fgn h““(x [)dG[
O s (O o ) —1)dr<0
af( tzaz) (Xf( 15 % /t] <§th(xvt)dat-fthO‘(x,t)dGz ) -

with equality if and only if h(x,1) = const.

1
h(x,1) = (o) (x,1)K (x,1), doy(x) = EEd0 (x) which satisfies
that ¢, doy(x) = $5, dO(x) = 1.
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Anisotropic flows

Non-collapsing estimates

If V(Q) = V(B(1)), Vo > 5. 3B(at,n,f) > 0, C(at,n,f) >0, VQ,

p-(Q)>Cle Plrl®) p(Q) < CePlar®

For solution to (2.2) with V(Q(¢)) = V(B(1)) and o > ﬁ,

1

p+(Q)<C p- ()2, V>0

Q(t) solution to the un-normalized flow (2.1),
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Anisotropic flows

As a consequence, solution to (2.2) sequentially converges to

nu=f*v)K*, onS".

u is a solution of L”-Minkowski problem (p = é)

Oy (ujj +udy) =fu?,on S". (2.3)

Regularity on f can be weakened.

Normalize [g.f = @,, V() = V(B(1)). Set diamQ = D.

V6 >0,zeS" setEs, ={xeS" |<x,z>|<8} Leto bethe
centroid of Q.
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Anisotropic flows

(i) 0<p<1,3¢>0,5€(0,4),D>2and

<(l1—¢)w,, foranyze ", then uép>}/1 dD)'P
s

Eﬁ,z

(i) p=1, 8 €(0,3),D>2and
/ f<— for any z € ", then, i/flogu flogDJrlogB P.
55, 2n oy °=2

(i) 1<p<n+2, {(0,1),f €L (S"), D= diamQ is large
(1-p)(nt1)
enough to satisfy D 22 p) < and

n+2—p

/ fn+2 » < ¢ forany z € §", then, /ucp<y3§ DR
lon N

é
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Anisotropic flows

For each 2 < o < oo, p = —. Under the corresponding
assumptlons on f as in the previous page, there is a solution
u € C%(S") of (2.3) with Q, € R**! bounded and non-degenerate.
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Anisotropic flows

For each 2 < o < oo, p = —. Under the corresponding
assumptlons on f as in the previous page, there is a solution
u € C%(S") of (2.3) with Q, € R**! bounded and non-degenerate.

If 0 < f € L*(S"), then the Gauss curvature of the boundary of Q is
bounded from below and above by two positive constants, and
Qe ClPfor0< B < 1.1f0 < f € CP(S"), then 9Q € C>P.

A parabolic proof of Chou-Wang’s result with weakened assumption.
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Thank you
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