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THE PROBLEM Let : - G=U(N - a. a) defined
in terms of EIF

QUESTION :
- p a prime of F

How fast does
- ftp.t.cocompact, full - levelhicpn) :-. dim HYMPY.cl ) congruence subgroups .

grow as n → • ?
(VERNAL QUESTION ! ) SOME FACTS

→ ✗ Lpn) := ftp.HG/K is a 2. a- (N - a) - fold .

→ volcxcpn)) ✗ [Mph) :C)] = Nmlpn)N"

→ (de George - Wallach
'78 ) fi(pn)
n→-É={k > 0 i=a(N - a)
limo otherwise
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THEOREM (6-6,20) Let ftp.YCUCN - a. a) as before .

Assume N is odd & p is large enough . Thenh4pn)⇐NmLp
Example : If G- V12.1) . .
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then Xlpn) is a f. In general , i=a i
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WHY THIS HAPPENS : ENDOSCOPY

specifically , our instance of Langlands Functionality
classes in Hd come → here

,
desou

" classes in Hon

bes how cohomology
from classes "come from smaller groups

"
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associated to V4 )
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REPRESENTATION THEORY UN -a. a) = Gsk = UCN -a) ✗ U (a)

of > k Lie alg .

MATSUSHIMA 'S FORMULA (special case)

dim Hd (Rpn) , d) = MITao , pn) + m Haa , pn)

• Tao & To ,a : the two unitary irreducible representations of UN
-a.a)w/

→ trivial infinitesimal character (harmonic)
→ Homie ( Mlg/b) , it ) to (a-forms on 61k )

• mat , pn) = multiplicity of it in L2 ( ftp.n)) G)

THE ADEL 1C PICTURE

→ replace Xlpn) by → replace milt . in Lymph)\G )
Kcpn)

GCFNGVAHK-kcpybymult.in LYGCFNGCA))
t compact- open subgroup



AUTOMORPHIC REPRESENTATIONS .

z
GUA) ant -

1 WE
WANT TO COUNT :

rep .

@

LZCGCFIIGCIA ) ) -_ ⑤ mut) I hdfpn )= [mat)dimñgkG"IT
•

with each ! F- Taio④If
/

or Iona④ 1T£a-

=T•④ÑfDGCAg)on
•

GCR) 1

ENDOSCOPIC CLASSIFICATION OF REPRESENTATIONS (Arthur, Mok , KMSW)

→ attaches to each it → if pit factors → pit / snag
is

a
"

Galois rep
"

: through determined

µ :
" Galle /F)

"

✗ SHE)→GLn④) GIM ✗ " ' ✗ Gtm
locally atthen # comes from& a local version any place .

Ptv :
"

Gallfitrr )ÉSLz④)→GLn(e)
UNIX - " ✗ UCNR )



we have it 1-☐ ft :GIKE/F) ✗ SLID→ GLN (a)

¥AÉ) (assume a-- 1)
to cohomo logical ⇒ Pita / slide) contains the
"

Lefschetz S4
"

representation spanned by the cohomology classes .

in our case . . .

⇒ pit =

LN
- 1) N -I

www.n-i
vi.☒× .
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i. f- von - ni

'

r
⇒pit factors through

hi" go.oh.at
irrep of Slz of
dimension N - I GLN - , (e) ✗ GL , (f)



SKETCH OF PROOF

→ Cohomology classes → fixed vectors in automorphic reps.

→ low degree of cohomology ⇒ big Slz piece in the
Galois rep at infinity .

→ big Slz piece in the Galois rep at infinity ⇒
the whole representation comes from UCN - 1) ✗VCD

.

→ make this precise using the stable trace formula -

→ hd'°⇐ Nmcpn)N
-1
. Nmcpn) = Nm Cpi )

N

t
fundamental

t classes on U a)

lemma



SOME LINGERING QUESTIONS

→ Can one extend this to other
groups ?

Other degrees ? Lower bounds ?

→ Can one give a geometric proof leg . counting
cycles ? )



thank
you!

Many thanks to Ipsita Datta for the slides inspiration !


