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0.

EIT inverse problem

o Let QCR", o€ CHQ)N C(Q), and let u € H*(Q) be the solution of

V-(oVu) = 0inQ,
ou

oo f e Hy?(09),

oN

where

Hy?(09) = {f € HY?(89) ) fdS = 0}.

)
@ Neumann-to-Dirichlet map,

W = W[o] : HY/2(8Q) — H¥2(0Q), o%-

o Calderén problem: From the knowledge of W, reconstruct o
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0.

Layer Stripping and Invariant Imbedding

Background: One-dimensional (zero energy) Schrodinger equation:

=" (x) + V(x)i(x) = 0.

Define the wave impedance n(x),

Differentiate:
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0.

Layer Stripping and Invariant Imbedding

@ The wave impedance satisfies a Riccati equation

@ The wave impedance represents the Dirichlet-to-Neumann map:

wl}x:a = n(a)w|x:a'

@ Moving the boundary {x = a} is tantamount to solving the Riccati equation.

@ The Neumann-to-Dirichlet map v = 1/n (wave admittance) satisfies also a
Riccati equation:
V(x)=1- V(x)v(x)>.
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0.

Layer Stripping and Invariant Imbedding

Extension to EIT: Let
D={(r,0)|0<r<1} CR?
and u satisfies

V-(oVu) = 0in D,
ou

gd ~ f
Uar s

Neumann-to-Dirichlet map
Wy : H3(8D) — H**Y(OD), f— ul,

=1

where s > —1/2.
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0.

Layer Stripping and Invariant Imbedding

@ Define a family Wg of NtD operators over circles of radius R
@ Propagate the boundary data W,
© Evaluate the conductivity while marching in
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0.

Layer Stripping and Invariant Imbedding

1. Extension of the boundary data: Define
ur(t,0) = u(Rt,0), ogr(t,0) =0c(Rt,0), 0<R<1,

satisfying
Vf . (O’RV5UR) =0in D,

where £ = (tcosf, tsin6).

Wk : HY2(8D) — H32(8D), Wk [UR%“:‘] = ug(1).
t=1
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0.

Layer Stripping and Invariant Imbedding

2. Propagation: Define

v

U=U(R,0) = [ " ] € H32(dD) x HY2(dD),

where

8uR
v=I[url,.y, W= |OR—F " .
t=1
Differentiate with respect to R:

ov

. 1
" 9R ~ Ro(R.0)

[o(Rt,G)gtu(tR,@)] = Ra(lR,e)W,

or

V= %GW, G : HY2(8Q) — HY2(0Q).
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0.

Layer Stripping and Invariant Imbedding

ow 0 ou .
10 0
— g [R O gulR0)]
10 0
= —E% |:0-(R70)86V:| y
or
w=—=Sv, S:HY2(0Q)— HY2(0Q).
Hence,
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0.

Layer Stripping and Invariant Imbedding

Differentiate
v=Wgrw,
giving
: . . 1
Wrw = v— Wrw = E(Gw—i— WgrSv)
1
= E(G + WrSWgr)w

Riccati equation:

‘RWR: G+WR5WR‘

HE?(0D) 25 H3*(0D) 2 Hy Y2(0D) 25 HE/?(0D),
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0.

Layer Stripping and Invariant Imbedding

3. Reconstruction: High frequency asymptotics:

(Wr)j = (€%, Wre™?),

we have

lim |k|(WR)n+k,k =

|k|— o0

1
27R

/ e|1n0

a(R,0)

df = D,

where p = 1/c is the resistivity.

1
05
0

-0.5
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0.

Layer Stripping

Layer stripping algorithm:
@ Fixradiil=rg>nr >...>r; > 0. Denote

Ap={(r,0) | n<r<ri}, 1<j<J

@ Setj=0

@ Forj=1:J repeat
(a) Estimate 0'|Aj from the high frequency components of W, _,;
(b) Propagate W,,_, — W, using the Riccati equation.

Somersalo E, Isaacson D, Cheney M and Isaacson E (1991) Layer stripping: A direct numerical
method for impedance imaging. Inverse Problems 7 899-926.

Cheney M, Isaacson D, Somersalo E and Isaacson E (1995) Layer stripping process for
impedance imaging. U.S. Patent no. 5 390 110, February 14, 1995.
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0.

Layer Stripping

lll-posedness: The ill-posed nature of the EIT inverse problem shows up as
instability of the (backwards) Riccati equation.

Special case: Radial conductivity o = o(r): The Fourier modes of Wg decouple.
With o = 1, we have

1
(W) = wie(R) = R
The backwards Riccati initial value problem:
de 2 92
Rd—R =1—k°wg, w(l) = b= data.
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0.

Layer Stripping

Explicit solution:

k| RZF + M([k|b)’ 1+|k\b

wi(R) =

o Exact solution is recovered if the data are noiseless, that is, b = 1/|k|,
implying that M(|k|b) = 0.
@ Noisy data with relative error € # 0,

(1 te), el <1

L
The solution either becomes singular (¢ > 0) or negative (¢ < 0) at a radial
value

R x — 1, as |k| = .

| [1/2IK]
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0.

Layer Stripping
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Solutions |k|wg(R) of the backwards Riccati equation, with positive (red) and
negative (blue) error. |¢| = 0.01. On the left, kK = 2, and on the right, k = 10.
The correct solution is |k|wg(R) = 1.
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0.

Reformulation

Forward problem in an annular domain: Given an R < 1, denote
Ar={(r,0) | R <r<1}.
Consider the mapping

\UR . (WR,O'}AR) — Wl.

The forward problem is well-posed, as the forward Riccati propagation is stable.

Inverse problem: Given a noisy observation of W, estimate (WR,a]AR).
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0.

Sequential estimation

@ Sequenceof radiil > Ry > R, > ...
o Using W, estimate (Wg,, 01), where o1 = o’AR
1

o Using W, and the estimate for o1, estimate (Wkg,, 02), where o = o Ar,
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0.

Discretization

o Radii
1=Ry>R;>...>R; >0,

defining rings
Aj:{(r79)|Rj<r<Rj,1}7 1<5< U

@ Approximation:
0’|Aj(r,9):0'j(9), Rj<r<Rj,1.

@ Logarithmic parametrization of each o;:

(Aj)e = IOgM, 1<0<n, A= |og@,
oo o

where
2mr;
nj = 7/7 .
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Discretization
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0.

Discretization

@ Parametrization of the conductivity in R; < r < 1:

AL
/\U)Z ERNJ, Ni=n+...4+nj,
Aj

where 1 <j < J.

@ Interior boundary value:

w; = vec(Wg,) (stack the columns in a vector)

@ Exterior boundary value: Numerical Riccati solver,

¥i(w;, Ay) = wo.
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0.

Sequential estimation

State vectors, evolution model
Xo = X| —> Xp —> ...
Indirect observations,
bj = F(x) +¢j.
@ Given the probability distribution 7x(xk), propagate (push forward)
(%) = Thar (Xut1)
@ Using 7,41 as prior, use Bayes' formula to update
o1 (Xkt1) X Theg1 (Xu41)T(Brr1 | Xkg1)

© Repeat
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0.

Sequential estimation

Define the state vector
Wo
Xk = Wi
Ak)
For Bayesian filtering algorithm, we need

@ State evolution model: A stochastic model
Xk — Xk+1-
@ Observation model: A stochastic model

X — by.
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0.

Sequential estimation

1. State evolution model:

ol e [ ow ) | "
Xk = Wi — |: A :+I :| — Wia1 = Xk41-
Ak (k) Afk1)

(a) Given the current /\(k), draw Aky1 from the conditional prior distribution
Tpr(Akt1 | Aky) (smoothness prior for ),
Draw wy, 1 from the prior distribution W;r(Wk+1).

(b) Propagate wy; through the k + 1 layers using the first order M&bius
propagator.
Add innovation with variance estimated from the second order Mabius
propagator (numerical modeling error).
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0.

Sequential estimation

2. Observation model:

bk = PXk + €k,
where
wo
P = [ I O O ] Wk — Wp
Ak)
Gaussian observation error:
Ek ~ N(O, ):).
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0.

Ensemble Kalman Filtering (EnKF)

@ Propagation step: Given a sample

[V, <@ (3

s Xp Ly ey Xg

from the current posterior, generate a predictive sample using the
propagation model,
{/\(1) <(2) /\(’V)}
X1 k+1’ c X
@ Calculate the empirical mean X1 and covariance Gy.1.

@ Given the observation b1, generate a data ensemble

1 2 j i i
(60,62, By B = b+ e, eV ~ (0, E).

@ Analysis step: Generate a sample from the posterior by setting

X,E{)H = argmin{”x k+1||Gk+1 +||Px — bg}rl”%} )
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0.

Ensemble Kalman Filtering (EnKF)

Some observations:
@ The forward model P is linear, and therefore the solution X,E‘?_l
a linear operation,

is obtained by

XIEJ-&)-I = Al?ll + K(bg}q - PAI(<J-§)—1)

where K is the Kalman gain matrix

@ The information about b,(i)rl is passed to the parameter A\(,11) through the
cross covariance matrix

cov(wo, A(k+1))-

@ The algorithm, despite of nonlinearity, is derivative-free.
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0.

Likelihood model revisited

@ The data b are formally used J times.
@ A family of forward models,

b =My, wj) +¢j, g~ N(0,C).

@ Mean likelihood model (cf. Sequential Monte Carlo),
12
(b | Ay, ws)) o< exp Y] Z 16— 1 ( Ay, w)lI2
j=1

X H”Jlkh(b|)‘ w;),

J=1

where

1
a6 30y ) < ex (=216~ 0w ).
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0.

Posterior model

Bayes’ theorem: (posterior o prior x likelihood):

J
Tpost (W()s Ay | B) o< e (w(ay, M) T [ wlien (B | Agiys w)-
j=1

Introduce the kth approximation of the posterior:

k

T8 st (Wekys Adiy | B) o e (Wi, ) [ [ e (B | Ay wg)-
j=1
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0.

Posterior model

(a) A priori, wy1 is independent of wx) and \(xy1).
(b) A priori, Aky1 is independent of wj,) but may not be independent of (.

Tor (Wit 1)s A1) = T (Wi )T (ke | Ak ) Tpr (W(ky» Aky)
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0.

Posterior model

Recursive updating:

k+1
Sislt(w (k+1)» )‘ (k+1) | b) o 7Tpr(W(k+1 (k+1) H 71J11<h(b \ >‘(J WJ)
j=1
k+1
= 0 (Wi 1)Tpr (k1 | ) Tpr (Wik)» Ak)) H e (B | Ay, w))
j=1

= T (Wi 1) mpr (Mgt | A(k))ﬂ{kh(b | A(kt1)> Wig1)™ post(W(k Ak | b)

= {7 (Wit ) Tpr Vet | M) Thost (Wi Ay | 6)} et (B | Ay, Wicr1)-
()

where () can be thought of as an updated prior for the next round.
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0.

Posterior model

Marginalize with respect to the initial values:

Ty 15) = [ mhos (Wi Aty | D)o

Integrating the recursive formula with respect to w;:

Taat A1) | B) = Tor(Akt1 [ A Tpost (M) | b)

X (/ e (Wi )i, (B | A1) Wk+1)de+1> :

Basis of the EnKF updating.
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0.

Solver for the Riccati equation

Action of GL(2n) in the symplectic space R?",

Zal ’ Aun A zy
z [22} z i |:A21 Azz}[b}

Assume that

Z1 = WZQ.
We have
Z{ = A1121 + A1222 = (A11W + A12)22
zy = Aoizi +Anz = (AW + Ax)z,
implying that

21 = (AW + Ap) (AW + Ap) 12,
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0.

Solver for the Riccati equation

Conclusion: The action of A € GL(2n) induces a transformation

‘W = W = (AW + Ap)(AnW + Ayt ‘

on the Grassmannian Gr,(2n).

Differential equations: Assume that z = z(R) € R2" satisfies

z=Cz= [ Cun G ][Zl}, z1 = Wz,

Cy Cx» b))
Then, _
21 =Wzn + Wz,
or _
W22 = 21 — W22
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0.

Solver for the Riccati equation

Substitution:

W22 = 21 - W22
Ci1z1 + Ciozo — W(Cr1z1 + Co2)
= (Cio+ CuuW — WCy — WC1 W) 2,,

that is, W satisfies the Riccati equation

W = Cp + CiaW — WG — WCo W. |

Conclusion: A linear evolution model in R?" induces a Riccati a flow on the
Grassmannian Grp(2n).
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0.

Solver for the Riccati equation

First order scheme: Set
z(R+ h) = z(R) + Cz(R)h = (1 + hC) z(R).
——
=A

Then, by the previous analysis, the first order propagation of W is obtained by

Q

W(h) (A2 + A1 W) (A + Ay W)t

(hCiz + (I + hC11)W(R))(I + hCap + hCoyW(R)) ™!

For the NtD problem, comparing the Riccati equations,

10 G
C_R{S 0]'

Erkki Somersalo (CWRU) A Stable Layer Stripping Algorithm for Electrical Impe: June 26, 2019

35 / 50



0.

Solver for the Riccati equation

First order Mobius propagation scheme:

W(R + h) = (W(R) + Z,G(R)) <| - IZS(R)W(R)) -

The eigenvalues of the matrix matrix S(R)W(R) are all real and negative.

Forward propagation (h > 0) stable, while backwards propagation (h < 0) may
encounter singularities.

Erkki Somersalo (CWRU) A Stable Layer Stripping Algorithm for Electrical Impe: June 26, 2019 36 / 50



0.

Solver for the Riccati equation

@ The Grassmannian is a compact manifold, so the singularities of the Riccati
equation are removable coordinate singularities.

@ The Mobius solver, unlike standard RK of LMM solvers, have no problems
going through the singularities.

@ It is easy to define higher order solvers (error control for modeling
approximation errors).
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0.

Computed examples

EnKF with 1000 particles

Number of frequencies = 60 (30 sines, 30 cosines)
NtD map generated using a FEM approximation
Additive white noise added

Forward map: First order Mobius solver, accuracy controlled by using a
second order Mobius solver.

Radial case: Second order AR model to generate ;1 | Ag).

@ Non-Radial case: Use second order Gaussian smoothness prior, conditioning.
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Computed examples

Radial conductivity

Credible interval (noise level 0.1 %)

conductivity value

3
Approximated

25

2

_l—'_‘_'_l ]

15 [, ] h

1
0.5

0

0 0.2 0.4 0.6 0.8

space discretization
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0.

Results

2
e “ -
23 _ 29 True 13
»
;

. . . 05
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0.

Results

2
- .
23 29 True 15
.
;

.« « .
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Results

3
1 9 16
2.5
2
23 29 True 15

.« « .
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0

Adding electrodes

@ The layer stripping assumes that the data consist of the continuous
Neumann-to-Dirichlet operator

@ In reality, the EIT data is collected by using a finite number of contact
electrodes

@ Passing from electrode data to continuous data is in itself an ill-posed
problem.
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0

Complete Electrode Model (CEM)

V-(cVv)=0 inQ,
c— =0 on 51\ Ue and S,

V+Zgal:Vg oneg,l</<L

a@dS:Jg, 1<e<L,
on

Conservation of charge requires

L
> J=0.

(=1

Data: Give J € RL, measure VV € RL. Resistance matrix R, : J — V.
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0.

Connection with DtN

Theorem

Given J € RS and f € HY/2(0Q), let (v, V) € # = H(Q) x R be the solution
of the CEM problem with applied current pattern J. Then

L L
/ vAdeS—i—Zzl/(f—Wg)(v—Vg)dS—ZJgWZZO, 3)
o0 —1 L Jey

(=1

for all W € ]R’d.
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0.

Connection with DtN, Matrix form

Orthonormal basis in H'/2(9Q):

1 1 . 1 . .
wo(0) = Wors v2(8) = ﬁcosﬂ, p2j—10 = ﬁsmﬂ, j=12....

Matrix representation of A,:
(Lo)i = /a $ihopdS = (o5, Apr), 0k < oo,

where
L, : 0% — ¢2.
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0.

Connection with DtN, Matrix form

Orthonormal basis for current/voltage patterns:

2—6n, 2
(Pm), = #cos Tﬂm(f— 1), 1<e6<1L,

Representation of the resistance map in the basis ®:

ﬁg _ CDTRO-(D c R(Lfl)X(Lfl),
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0.

Connection with DtN, Matrix form

Some auxiliary matrices:

L
1 .
Mjk:Z;Z/ pjpkdS, 0<j,k < oo.

(=1 €e
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0.

Connection with DtN, Matrix form

Theorem

The matrices L, : > — (? and R, € RL*L satisfy the identity
®TD® — (YD®)T (L, + M) ' YD® = R;?, (4)

where ﬁg is the representation of the resistance map in the basis ®,

ﬁg _ ¢TR0'¢ c R(L—I)X(L—l),

o Computing R, from L, or its inverse is a well-posed problem
@ The converse, estimating L, from R, is an ill-posed problem.

@ For the stable layer stripping algorithm, only the stable form is necessary:

(Aky> wi) = wo = Ly = Ry
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