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Overview

e The Born approximation in the context of inverse scattering is
used to obtain a linear approximation to the forward map from
index of refraction to the far-field pattern.

o |t works well for weak scatterers but tends to fail for strong
scatterers:
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The forward transmission problem
e Let u(x), U'(x, d) and u’(x) be the total wave, the incident wave
and the scattered wave, respectively, and let x, d € R2.
e The time-harmonic scattering problem can be written as

Au+K2n(x)u = 0inR2
u = u+uinR?

S
rué (é)aur -~ ikus> = 0 ae0"— | x50,

where n(x) is the (squared) refraction index, k = w/c is the wave
number, d is the direction of the incident wave, w is the frequency
and c is the wave speed where n = 1.

o Let the scatterer/contrast m(x) = 1 — n(x) have a bounded
support such that suppm c D.
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The far-field pattern

e The total field u satisfies the Lippmann-Schwinger equation

u(x) = u'(x) — K2 /D LA (KX y)m(y)u(y) dAy),  vx € B

where Hé” is the Hankel function of first kind and order zero.
e The far-field pattern can be computed as

_ k2exp(ir/4)
V8rk

where X is the direction of the out-going wave.

e The forward problem is to compute u.. (X, d) for a collection of
(d,X).

U (%, d) = /D exp(—ik% - y)m(y)u(y. d) dA(y)
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“Accurate” numerical approximation
of the forward problem

e We can write
AU + K2n(x)u® = K3(1 — n(x))u' = K2m(x)u/

where the right hand “source” term has the same support as m.

e We use the finite element method with a perfectly matching layer
with a computational domain €2 that is ~ twice the size of the
scatterer.

e The far field pattern is then computed as above.

o Let us denote the respective model predictions as RM > F(m)
where the barred entities refer to “accurate” representations.
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The Born approximation
e The Born approximation in this context is simply the first term of
the Neumann series

u(x) ~ u'(x) K2 /D LA (Kx-yDm(y)d () dAy),  x e B?

o This yields the approximate forward map

 k2exp(i/4)
V8rk

which (linear map) we denote by F(m)

¢ Note: the Neumann series converges usually only for very low
contrasts m ~ 1.07.

» Weak scatterer: (ka)?||m|| = (p) is “sufficiently small”, where ais
the size of the scatterer (D).

Uso (X, d)

Q

/D exp(ik(d — %) - y)m(y) dA(y).
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Bayesian models with auxiliary variables

o All information of the random variables y is decoded in the joint
density 7(x), in our case x = (Y, m, e, ¢) where
e Measurements: Y
e Primary unknowns: m
e Measurement noise: e
e Other secondary unknows: ¢
e So, one is interested in the RV’s m, the RV’s Y have been
measured and the RV’s (e, ) are uninteresting. Then the task is
to model the conditional distribution

7r(m|Y)o<//7r(m,e,e|Y)deds

which expresses the uncertainty of m given Y.
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The measurement model
o We pose the additive measurement error model

Y = F(m+e
F(m) + e+ F(m) — F(m)
e(m)

with e ~ N(e;, Te).
e One can marginalize over e to yield

w(¥ | m) = [ oY = F(m) = e)mim(e| m)

o At this stage, we approximate the joint density 7(¢, m) with a
normal model

T —1
(2, M) & &xP L lee Tem € —&
e 2\ m—m, Tme  Tmm m—m,
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« For the approximate conditional density (s | m) = N (eym, [<m)
we can then write

Exjm = Ex T remr;,;n(m - m*),

Fegm = Tee = el il me-
o Define the normal random variable v so that v | m = e+ ¢ | mthen
vime~N@qm Foim)
where
Vam = € +&x + Teml (M — m,), (1)
Toimt = Ted Mee = Meml il me 2)
e Which yields the approximate likelihood
(Y |m) =N(Y — F(m) — vim, Tujm)
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The posterior model

o For the inversion/inference, we adopt “a normal approximation for

the prior model”
7T(m) = N(m*7 rmm) (3)

e The approximation for the posterior distribution can thus be
written as

a(m|Y) o 7(Y|m)r(m) x exp (—; V(m| Y))

where V(m| Y) is the posterior potential that can be written in
the form
V(m|Y) = ||Lyjm(Y — F(m) = vigm)|? + ILm(m — m)|2  (4)

where I ‘ T T N SR

v|m
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e We aim to compute the conditional mean (minimizer of the
posterior potential) to obtain a “precomputed” estimator since we
can write

E(m|Y)=BY +c¢

e The posterior covariance can also be precomputed
e = -1
L (FTr;ljnF + r;,,‘,,) (5)

where F = F + ., mh. A further approximation, that is referred
to as the enhanced error model, is obtained by setting I'., = 0.

e The overall approach is called the Bayesian approximation error
approach.
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The priors 7(m), =(m), mand m
The actual prior 7(m): 1-3 ellipses (inclusions) with random
centers, orientations, eccentricities and contrasts m € (0, 1).

Draw samples m ) from this prior model and compute
projections m(*) and the approximation errors €()

Compute the joint second order statistics of (e, m)

The prior for the inversion/inference is 7(m) = N(0, [ mm) Where
I'mm is an isotropic homogeneous Ornstein-Uhlenback
covariance with characteristic length A\ (wavelength outside
scatterer) and marginal variances var (my) = 0.42 for all k.

mis discretized in a 50 x 50 rectangular grid.
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Comments

e By carrying out simulations (model predictions) with an accurate
and an approximate (Born) forward model, one can compute the
approximate statistics of the related approximation/modelling
errors

e The approach yields a computational scheme with essentially the
same complexity as the (standard) Born approximation

e The simulations suggest that this approach can be feasible in the
sense that the posterior error estimates are . . . feasible.
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