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Introduction

e Throughout this talk, let X and ) be two real Hilbert spaces and L : X — ) be a bounded,
linear operator.

e We consider the inverse problem
Lr =y

to determine for a given approximation y € Bs(y*) of the exact data y* € ) a good approxima-
tion of the minimum norm solution z* € L~'({y*}) characterised by

|| = nf{[]| | Lz =y}

e A classical way to solve this is by Tikhonov regularisation where regularised solutions X, (y),
y € Y, a >0, are defined via

Tya(Xa(y)) = inf Ty (),

zeX

with the functionals
Tyo : X = [0,00), Tyalz) = |1Lz — y|* + aflz|,

e These regularised solutions are well-defined and we can write X, (y) explicitly in the form

Xaly) = ('L + )" L7y.



Regularisation by Bounded Approximations of the Inverse
e In the following, we want to focus on regularisation methods of the form
Xa(y) = Ra(L° L)Ly
for some family (R, )q~0 of continuous functions R,, : [0,00) — [0, 00).

e Hereby, R, (L*L) should be considered as a bounded approximation of the inverse of L* L| sz,
which converges to it for a« — 0.

e For this kind of methods, we want to study how fast the regularised solution converges to the
exact solution as the error in the data disappears.

o If we choose the regularisation parameter o optimal, this means to estimate the best worst case
error

sup inf [ Xa(y) — 27"
yE€Bs(y*) *~

e As an intermediate step, it is helpful to consider the regularisation error which is introduced by
the regularisation for exact data y*:

* * (12
[ Xa(y™) — 2"
H. W. Engl, M. Hanke, and A. Neubauer A. Neubauer
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Example: Regularisation Error for Tikhonov Regularisation

e Tikhonov regularisation corresponds to the choice 107
1 8
R,(0) = .
(o) o+«
6 ES
e Consider as an example the operator A
L: 62 — EQ, L(l‘k)zozl = ()\kﬂik)zozl, 5|

with a monotonically decreasing sequence Ay | 0.

e Then, the singular values of L are o}, = )\i and

o] % 2
-3 |]

k=1

1Xaly") 2| = | Ra( L L)Ly — 2| = || (Ra(L* L)L — 1)

e For those k£ where o, > a, we get Gk‘ia = O(a«), that is, as the regularisation parameter «

vanishes, the components X, ;(y*) belonging to large singular values converge linearly to those
of the exact solution.

e For those k with 0}, < «, we have on the other hand _%— = O(1). Therefore, the error from

the components corresponding to the small singular values behaves as the values z7}.




Example: Regularisation Error for Tikhonov Regularisation and Spectral Tail

We thus define the spectral tail

e:(0,00) = R, e(0) = > (27)”

{klow<o}
Proposition: Regularisation Error for Tikhonov Regularisation
Let ;o < 2. Then, there exists a constant C'; > 0 with
e(o) < Cyo* for all o > 0 [spectral tail]
if and only if there exists a constant C'y > 0 with
| Xa(y*) — 2*||* < Caa for all o > 0 [regularisation error].

That the spectral tail estimate follows from the convergence rate part can be seen from

(e
o +o

1
5 for all o, < «,

which implies

HOEEDS (Ha Y it = X)) -

{klox<a} {k\0k>0¢}



Example: Error for Noisy Data for Tikhonov Regularisation

e To get from this an expression for the best worst case error, we use the triangular inequality to
estimate

1Xa(y) = 7 < (I1Xa(y) = Xaly) + 1Xaly) — 2"

e The first term can be bounded by a multiple of ||y — 3*||* because of the boundedness of the
operator R, (L*L)L*:

1 Xa(y) = Xa()|? = |Ra(L*L)L* (y — y*)||* = {y — y*, RZ(LL*)LL*(y — ")) .
With

< LforallaZO,

O'Ri(O') = m dov

we explicitly get
* 2 1 52 D, *
1Xa(y) = Xa(y)|I" < — forally € Bs(y").

e The second term is the regularisation error which we estimated before.



Example: Best Worst Case Error for Tikhonov Regularisation
e Thus, the best worst case error can be estimated by
2
: * (|2 : 1 52 * *
sup inf || Xo(y) —2*[|” < inf | o4/ — 4+ || Xa(y") — 2" | -
yEB(s(y*) a>0 a>0 \ 2 (0

e An order optimal choice for the parameter « in this infimum can be achieved by balancing both
terms 2 and || X, (y*) — 2*||.

0.1 0.2 0.3 0.4 0.5

The error || X o (y) — x*|| is estimated by the sum of the monotonically increasing regularisation error and the

monotonically decreasing term 4/ 2 from the noise.
o



Noise-free to Noisy Transform and the Best Worst Case Error for Tikhonov Regularisation
This leads us to choose « such that §? = || X, (y*) — z*||*.

Definition: Noise-free to Noisy Transform

Let ¢ : (0,00) — [0, 00) be a monotonically increasing function which is not everywhere zero.
We define the noise-free to noisy transform

O[] : (0,00) = (0,00), ®[p](d) =

¢(a) = Vap(a) and ¢71(6) = inf{a > 0 | p(a) > §}.

e We remark that the definition is monotone in the sense that ¢ < ¢ implies ®[p] < ®[1)].
o If we have that
1 Xo(y*) — 2%]|* < ¢(a) forall a > 0

for some non-trivial, monotonically increasing function ¢ : (0,00) — [0, 00), then we can thus
estimate the best worst case error by

sup inf 1 Xa(y) — 2*|* < 4@[a = || Xa(y*) — 2*[]] (8) < @[] (6) forall § > 0.

yeBs(y*)



Generalisation to Monotonic Regularisation Methods
Definition: Monotonic Regularisation Method
A family of continuous functions R,, : [0,00) — [0, c0) is a monotonic regularisation method if
(i) we have R, (o) < % [no overshooting];
(ii) the error function
R, : (0,00) = [0,1], Ra(o) =1 — 0Ru(0),
is monotonically decreasing [the error is smaller for larger singular values];
(iii) the function
(0,00) = [0,1], & — Ro(0)
is for every o > 0 continuous and monotonically increasing [the error decreases as o | 0];

(iv) there exist constants 3,5 € (0,1) such that Ry(0) < \/% and1 — 8 < Ro(a) < f
[normalisation of the regularisation parameter «].

The error function R, is hereby introduced such that

= Xo(y") =1 — Ro(L*"L)L*L)z* = Ry (L*L)z".



Saturation of Convergence Rates

For this type of regularisation methods, we can characterise the convergence rates precisely in terms of
the spectral tail

e:(0,00) = [0,00), e(0) = ||Eqqz*|”
of the exact solution z*. Here, A — E 4 denotes the spectral measure of the operator L* L.

Since the convergence rates cannot exceed the rate at which the components of the large singular values
are restored to its exact values, we only consider convergence functions which do not decay too fast.

Definition: Compatibility of Convergence Rates

A monotonically increasing function ¢ : (0,00) — (0, c0) is called compatible with the regular-
isation method (R, )0 if there exists for arbitrary A > 0 a monotonically decreasing, integrable
function F': [1,00) — R such that

R2(o) SF(%) forall 0 < o <o < A.

For the Tikhonov example, we may consider convergence rates of the form ¢(a) = . Then, with the

error function R, (o) = %, this condition reads

042

1
———— < F((2)") forall0 < o < 0 < A, thatis, ——— < F(z) forall z € [1, 00),
Grap =G (o + 12

which is only possible for ;< 2 (with F'(z) = 2k, for example).

10



Optimal Convergence Rates
Theorem: Characterisation of Convergence Rates

Let ¢ : (0,00) — (0,00) be a monotonically increasing function which is compatible with
(Ra)a>0 and there exists a continuous and monotonically increasing function G : (0,00) —

(0,00) with p(ya) < G(y)¢(a) forally > 1, a > 0. Then, the following statements are
equivalent:

(i) There exists a constant C'; > 0 with
HE(OJ]:E*Hz < Chrp(o) for all o > 0 [spectral tail].
(ii) There exists a constant Cy > (0 with
| Xa(y*) — 2*||* < Cap(a) for all @ > 0 [regularisation error].
(iii) There exists a constant C3 > 0 with

sup 11;% | Xa(y) — z*||? < C3®[ip](6) for all § > 0 [best worst case error].

y€Bs(y*)
A. Neubauer R. Bot, G. Dong, P. Elbau, and O. Scherzer
On Converse and Saturation Results for Tikhonov Regularization of Convergence Rates of First and Higher Order Dynamics for Solving
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SIAM Journal on Numerical Analysis 34.2. 1997 arXiv:|1812.09343, 2018


http://arxiv.org/abs/1812.09343

Choice of Convergence Rate Functions

e The most common choices for the convergence rate function ¢ are the Holder rates ¢,,,
¢u(a) = O‘Ma > Oa

for which we have with ¢, (a) = \/ag,(a) = a'3" that

52 En
[pu)(0) = — = 6T+
O 1+u

e But also, for example, logarithmic rates v, ,,

log(a)|™ ifa<e v,

y(a) = with > 0, v > 0,
Yurla) {(g)ﬂ ifa>et, N

are a valid choice for ¢.

Because of the estimate

Yuw(0) < <g)y forall0 < a < o,
Vup(a) ~ \a

the compatibility condition for 1, , can be easily derived from the ones for ¢,,.

And for its noise-free to noisy transform, we get with some constants C', ¢ > 0:

P (0) < @lp,,)(6) < C,,(9) forall 6 > 0.



The Standard Source Condition

e One of the first conditions on the source z* to obtain convergence rates was the range condition

N[

ot € R(p3(L7L)).

e This condition implies (by plugging in z* = 2 (L*L)¢ for some € € X) that
|E.02*]]* < Cip(o) forall o > 0
for some constant C; > 0.

e Thus, this standard source condition is sufficient to guarantee with some constants C';, > 0 and
C5 > 0 the convergence rates

| Xo(y*) — 2%||* < Cop(a) forall a > 0
and

sup in% | Xa(y) — 2%||* < C3®[](0) for all § > 0.

yEeBs(y*) ¢

e However, the condition is not optimal in the sense that the method can converge at these rates
without z* fulfilling the standard source condition.

C. W. Groetsch A. Neubauer
The Theory of Tikhonov Regularization for Fredholm Equations of On Converse and Saturation Results for Tikhonov Regularization of
the First Kind Linear Ill-Posed Problems

Pitman Publishing, 1984 SIAM Journal on Numerical Analysis 34.2. 1997 13



Variational Source Conditions

A way to optimal source conditions was found in variational inequalities, originally introduced in the
general setting of non-linear operators on Banach spaces. For linear operators, we consider here the

homogeneous version.

Theorem: Variational Inequalities and Spectral Tail

Letn € (0,1) and ¢ : (0,00) — (0,00) be a monotonically increasing function.Then, there

exists a constant C'; > 0 with

|E,01z*]|* < Cip(o) for all o > 0 [spectral tail]

if and only if there exists a constant C,, with

(x*,x) < Cn||g0ﬁ(L*L)a:||” |lz||*~" for all x € X [variational source condition].

That the variational inequality is sufficient, is easy to see by evaluating it at v = E 52*.

*

B. Hofmann, B. Kaltenbacher, C. Poschl, and O. Scherzer

A convergence rates result for Tikhonov regularization in Banach
spaces with non-smooth operators

Inverse Problems 23.3. 2007

T. Hein and B. Hofmann

Approximate source conditions for nonlinear ill-posed problems —
chances and limitations

Inverse Problems 25, 035003, 2009

R. Andreev, P. Elbau, M. V. de Hoop, L. Qiu, and O. Scherzer
Generalized Convergence Rates Results for Linear Inverse Problems
in Hilbert Spaces

Numerical Functional Analysis and Optimization 36.5. 2015

V. Albani, P. Elbau, M. V. de Hoop, and O. Scherzer

Optimal Convergence Rates Results for Linear Inverse Problems in
Hilbert Spaces

Numerical Functional Analysis and Optimization 37.5. 2016



Proof of the Necessity

e We estimate the left hand side by choosing a A > 0 so that
1 * * 1 * *
5 [(z*, 2)| < [(E@az*, z)] and§ [(z*, 2)| < (Epo)z®, )]

e The first term is directly estimated by

* * 1
[(Eonz*,2)| < |Eaa™||[|lz]] < Cullz]lpz(A).

e For the second term, we consider the bounded, invertible operator 7' = wﬁ(L*L)IR(E
Then, we have with some C' > 0 that

(1L
[(Bpea”,z)| = (T Ep e’ TEp x7)| < @W,
w2

since we have a C > 0 so that

L 9 1
T de(a) S CT
e (o) )

T Ep 00)z”||* < lim
el0

e Thus, with some constant C;, > 0 (independent of A)

1 - L, -
51 2] < [(Bona2)] " [(Biaooy”,2)[" < Cylle (L L]~

[A,oo))'



Approximative Source Conditions

Another equivalent source condition can be obtained by considering how fast the distance of the solu-
tion z* to the set {/(L*L)¢ | £ € B,(0)} converges to zero as p — o0.

Theorem: Approximative Source Condition and Spectral Tail

Let n € (0,1) and ¢ : (0,00) — (0,00) be a monotonically increasing function which is
compatible with (R, ).~0. Then, there exists a constant C; > 0 with

|E,01z*]|* < Cip(o) for all o > 0 [spectral tail]

if and only if there exists a constant C,, with

ipf( : |lx* — @ﬁ(L*L)Q“H < C’np_# for all p > 0 [approximative source condition].
€€B,(0

That the spectral tail implies the approximative source condition can be directly checked by inserting
1
§ =T 'E( 002", where T = ¢ (L*L)|r(&,, .., Then, we have

e
1 _1
lo* = @21 (L*L)E|1* = B, 2"[|* < ¢(a) and [I€]* < / r— d|[Eq2.]* < Cp' 77 (a).
o« (o)
B. Hofmann and P. Mathé J. Flemming, B. Hofmann, and P. Mathé
Analysis of Profile Functions for General Linear Regularization Sharp converse results for the regularization error using distance

Methods functions
SIAM Journal on Numerical Analysis 45.3. 2007 Inverse Problems 27, 025006, 2011 16



Iterative Regularisation Methods and their Continuous Limits

e A classical example of an interative regularisation algorithm is Landweber’s method, which can

be seen as a gradient descent method for minimising the convex energy S, (z) = 3| Lz — y||*:

2™ D(y) = 2W(y) = 7VS,(aM(y)) = 2 (y) — 7L* (La®(y) — y), k € Ny,

with appropriately chosen 7 € (0, i L2H2) and (9 (y) = 0.

e If we stop the iteration at a certain iteration k, then we may consider z(*)(y) as a regularised
solution for the data y, where k takes the role of the regularisation parameter.

e This can be interpreted as an explicit Euler discretisation of the differential equation

0i£(t;y) + VS, (E(ty)) =0,
which with the initial condition £(0;y) = 0 is known as Showalter’s method.

e Then, {(t;y) is a regularised solution for the data y and ¢ takes the role of the regularisation

parameter.
D. W. Showalter D. W. Showalter and A. Ben-Israel
Representation and Computation of the Pseudoinverse Representation and Computation of the Generalized Inverse of a
Proceedings of the American Mathematical Society 18. 1967 Bounded Linear Operator Between Hilbert Spaces

Atti della Accademia Nazionale dei Lincei. Rendiconti della Classe
di Scienze Fisiche, Matematiche e Naturali 48. 1970 17



Nesterov’s Algorithm
e An accelerated version of this first order method was suggested by Nesterov:

2 ® D () = 30 (y) — 72V S, (3" (y)),

Wy =2W(y) + Z " ;(93('“) (y) — 2" V(y)).

e This has the increased rate of

Sy (y)) — min S, (x) = O(3%)

in the image domain.
e Writing *) (y) = £(k7#;%) and doing a Taylor approximation
~9
o A T A A
2 (y) = 2O (y) = 708 (k75 y) + S 0ut (k73 y) + o(77),
we find by setting ¢ = k7 and plugging this in the algorithm that
~2

20,6 (k73 y) by = (1- PO (k7 y) — — O (ks
T tf( Y +E ttf( 7—7y>_ t+or T tg( Tvy) ? tt§< Ta?])

— 72V, (f(kﬁ'; y) + O(%)) + o(7?).

Y. Nesterov

A method of solving a convex programming problem with conver-
gence rate O( k%)

Soviet Mathematics. Doklady 27.2. 1983



Vanishing Viscosity Flow

Taking the formal limit 7 — 0 of this equation

~2

/\2 A~
ki) + G ousthin) = (1= 1352 ) (Foshin) - Souciiin))

t+4 27

— 72V, (£(k75y) + O(7)) + o(77),
the terms of order 72 give us the vanishing viscosity flow equation

0ut (1) + 0E(119) + VS,(6(1:y) =,

Theorem: Continuous Version of Nesterov’s Algorithm

Let ¢ be the solution of this differential equation with £(0;y) = (% (y) and 9,£(0;y) = 0, and
) (y) be the iterates of Nesterov’s algorithm.
Then, we have for arbitrary 7" > 0 that

lim max ||x(k)(y) —&(kmy)|l=0.

70 <L
— T

W. Su, S. Boyd, and E. J. Candes

A Differential Equation for Modeling Nesterov’s Accelerated Gradi-

ent Method: Theory and Insights

Journal of Machine Learning Research 17.153. 2016 19



Heavy Ball Method

e A physical interpretation of the vanishing viscosity flow

b
Oué(t;y) + Zatf(t; y) + VS, (&(ty) =0, t >0,
£(0;y) =0,

for arbitrary coefficient b > 0 in the case X = R? is that of a particle moving along the curve
t + &(t;y) in the potential field S, suffering from the viscous resistance 29,£(t;y), which is
linear in the velocity and tends to zero as the time ¢ increases.

e An interesting comparision can be the corresponding flow for a non-vanishing resistance term,
that is, considering the heavy ball equation

0ué(t;y) + 00 (L y) + VS, (E(ty)) =0, t >0,
2:£(0;y) =0,
£(0;y) =0
for b > 0.

e In contrast to the vanishing viscosity equation, where 0,£(0; y) = 0 is enforced by the singularity
at t = 0, we have to specify two initial conditions for the heavy ball equation.

Y. Zhang and B. Hofmann

On the second-order asymptotical regularization of linear ill-posed

inverse problems

Applicable Analysis: An International Journal. 2018 20



Writing Iterative Methods in the Form of Regularisation Methods
e We thus consider a differential equation of the form
N
OE(ty) + Y an(OFE(ty) + L1 (LE( y) —y) = O forall > 0,

k=1

oFe(0;y) =0forallk=0,...,N — 1.

To find the solution, we write

E(ty) = / p(t;o) dE,L*y.
©,)IZ]12]

Then, the equation reduces to the initial value problem

oNp(t; o) —i—Zak OFp(t;o) +op(t;o) =1forallo >0, t >0,

OFp(0;0) =0forallc >0, k=0,...,N — 1.

As before for the regularisation methods, let us introduce the error function

p(t;o) =1 —op(t;o) forallo >0, ¢t > 0.

The function p solves the homogeneous equation with the initial conditions

p(0;0) = 1and 0Fp(0;0) =0fork =1,...,N — 1forall ¢ > 0.



Solutions for Showalter’s, Heavy Ball, and Vanishing Viscosity Methods

Solving the corresponding equations, we have
e for Showalter’s method the equation 0,p(t; o) + op(t; o) = 0 with the solution
plt;o) = e
e for the heavy ball method the equation 0yp(t; o) + b0:p(t; o) + op(t; o) = 0 with the solution

e=% (cosh (B_ (o)) + 5o sinh (5_(0)%)) if o € (0,2),
pt;0) = e % (cos (Br(0)2) + y sin (5+(0)%)) ifo e (%7‘30)7
e T (1+ %) ifo="2

4o
\/1—1)—2andﬁ4r \/

e and for the vanishing viscosity method the equation d4(t; o) + 20,5(t; 0) + op(t; 0) = 0 with
the solution

where

L)
it o) = u(ty@) withu(r) = (2) TG0+ D)0



Showalter’s Method
If we thus identify
l—ea - o
Ru(0) =p(t;0) = —e, and correspondingly, R, (o) = p(1;0) =¢ =,
o
we find that (R, )q~o fulfils all requirements of a monotonic regularisation method.

Corollary: Convergence Rates of Showalter’s Method

Letn € (0,1), u > 0. Then, the following statements are equivalent (X, (y) = Rn(L*L)L*y)

(i) There exists a constant C'; > 0 with

€t y*) — || = HX%(y*) —z*||? < Oyt *forall t > 0.

(ii) There exists a constant C'y > 0 with

: ) — 22 = _ |2 _ |
inf [|€(t;y) — 27" = inf [ X1 (y) — 27" < Cofly — ||+ forall y € .

12

(iii) There exists a constant C,, > 0 with (z*, z) < C,||(L*L)21z||" ||«||*~" for all z € X.

R. Bot, G. Dong, P. Elbau, and O. Scherzer

Convergence Rates of First and Higher Order Dynamics for Solving
Linear Ill-posed Problems

arXiv:|1812.09343] 2018

H. W. Engl, M. Hanke, and A. Neubauer
Regularization of Inverse Problems
Kluwer Academic Publishers, 1996
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Heavy Ball and Vanishing Viscosity Methods as Regularisation Method

e The solution for the heavy ball method has the following form
1 -

1%

. ——t > p(t;0.5)
] --=t= Bt 1) 4
0.5 1% " N_ [ 5(t: 0.5 {2

5 10

—0.5 —05 |

e Similarly, the function u, and thus p(+; o) and f5(¢; -), for the vanishing viscosity flow are oscil-
lating functions.

0.5 1

VAN — T

\/ 1‘0 26 ;O

e Therefore, these methods do not fit our definition of a monotonic regularisation method.



Non-Monotonic Regularisation Methods

We thus generalise our convergence rates results to regularisation methods with non-monotonic error
functions.

Definition: Non-Monotonic Regularisation Method

A family of continuous functions 7, : [0,00) — [0,00) is a non-monotonic regularisation
method if

(i) we have r,(0) < % [overshooting allowed but not more than 100% error];
(ii) the error function
To : (0,00) = [—1,1], 7o) =1 — or,(0),

is non-negative and monotonically decreasing on (0, «) [monotonic for small singular
values at least up to the regularisation parameter];

(iii) there exists a monotonic regularisation method (R,,)q>0 With
ol < Ra
[there exists a monotonic envelope for the error];

(iv) there exists a constant § € (0, 1) such that r, (o) < \/% [normalisation of the regularisa-
tion parameter].



Convergence Rates of Non-Monotonic Regularisation Methods

Let (74)a>0 be a regularisation method and (R, )0 be a monotonic regularisation method with |7, | <
R,. We denote the regularised solution by z,(y) = ro(L*L)L*y.

Theorem: Convergence Rates of Non-Monotonic Regularisation Methods

Let ¢ : (0,00) — (0,00) be a monotonically increasing, G-homogeneous function which is
compatible with (R, )a~0. Then, the following statements are equivalent:

(i) There exists a constant C'; > 0 with

| E,012*]|* < Cip(o) for all o > 0 [spectral tail].
(ii) There exists a constant C'y > 0 with

|lza(y*) — z*||* < Cyp(a) for all a > 0 [regularisation error].

(iii) There exists a constant C3 > 0 with

sup inf ||z4(y) — z*||> < Cs®[p](8) for all § > 0 [best worst case error].
yeBs(y*) 0

R. Bot, G. Dong, P. Elbau, and O. Scherzer
Convergence Rates of First and Higher Order Dynamics for Solving Linear Ill-posed Problems
arXiv:|1812.09343] 2018 26
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Proof for Exact Data
o We write e(0) = [|E»z*|]*.

e Since 7, is monotonically decreasing for small singular values, we have that

Ta(a)e(a) < /Oa Ta(0)de(o) < [[Fa(L*L)a|* = llo™ — za(y")|I* < ll2* — Xa(y)]I*.

e On the other hand, we have with 0 < Ra < 1 that

/0 " B2(0) de(o) < /0 " de(o) = e(a)

and thanks to the compatibility of ¢ to (R,):

[ B [ (2D ao) <@+ e

p()
e Putting this together, we find

Cre(a) < [l2" — za(y)II* < |27 — Xa(y)|I* < Coe(a) + Cp(a).

e This shows that for exact data, the convergence rates of the non-monotonic and its monotonic
envelope as well as the spectral tail are equivalent to each other.



Proof for Noisy Data

e For the upper bound, we use (exactly as in the introductory example) the boundedness of the
operator 7,

1Xa(y) = XaW)? < l2aly) = za(y)? = (y = y" ra(LL)LL* (y — y7))
52
< &supor’(o) < B,
o (6%
which gives us from convergence rates ¢ for the exact data that

sup inf || Xo(y) — o[> < ®[g](d) and  sup inf [|za(y) — z*|? < D[g](6).
y€Bs(y*) y€Bs(y*) *~

e For the lower bound, we write

26 (y) — 2*|” = llza(y*) — 2*|]* + (y — v, r2(LL*)LL*(y — y*))
+2(ra(LL*)(y — y*), ra(LLY) LLy" — y*) .

e We pick the special value iy = ¢71(9), é(a) = /ae(a), and assume that a5 € o(L*L) \ {0}.

(We can later do an interpolation argument to get the result also for values ¢ without this prop-
erty.)



Proof for Noisy Data
e Then, for the interval [a;, 2c5] with Ra(a(g) < B, we pick an element

Za,8
[ Za,s]

y=y"+0 with Zas € R(F[a&ga(g]),

where F is the spectral measure of L L*, in such a way that the last term in the previous equation
becomes non-negative, and we find

[2a(y) — 21> > [|2a(y*) — 2** +6* min orl(o).
o€las,2as]

e By using the equivalence of the regularisation error to the spectral tail and Ra(a(g) < B, we can
estimate this further by

52
. 2 > mi 2
infla(9) = o° = min fexefas). 2 |

e However, since as = ¢71(§), we have by definition of the noise-free to noisy transform & that

inf |za(y) — 2" > co®le](9).

e Analogously, we get the lower bound for inf - || X, (y) — x|



Convergence Rates for the Heavy Ball Method

If we set with the solutions p and p for heavy ball method

ro(0) = p(£;0), and correspondingly, 7o (0) = p(; o),

then it can be shown that (7,),~0 fulfils all requirements of a non-monotonic regularisation method.

Corollary: Convergence of the Heavy Ball Method
Letn € (0,1) and p > 0. Then, the following statements are equivalent:

(i) There exists a constant C'; > 0 with
€t y*) — 2*||* < Oyt * forall t > 0.
(ii) There exists a constant Cy > 0 with

2u
inf [|&(6;y) — a*|* < Colly — || 5 forall y € Y.

(iii) There exists a constant C,, > 0 with (z*, z) < C’nH(L*L)ﬁxH" |z||*~" for all z € X.
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Convergence Rates for the Vanishing Viscosity Flow

Let 5(t; o) = u(t/o) be the solution for the vanishing viscosity method. Setting 7, (') = ,6(\%; o), for
a suitable constant ¢ > 0, (74 )a>0 fulfils all requirements of a non-monotonic regularisation method.

In contrast to Showalter’s and the heavy ball method, the convergence for high singular values is not
exponentially fast and the compatibility condition only allows for rates up to some Holder rate.

Corollary: Convergence of the Vanishing Viscosity Solution
Letn € (0,1) and p € (0, ). Then, the following statements are equivalent
(i) There exists a constant C'; > 0 with
[€(t;y*) — 2*||* < Cit= for all ¢ > 0.
(ii) There exists a constant Cy > 0 with

24
inf [|€(6;y) — a*|* < Colly — y*|| 7 forall y € Y.

(iii) There exists a constant C,, > 0 with (z*, z) < C’n||(L*L){?:UH’7 |z||'~" forall z € X.
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Convergence Rates of the Residuum without Source Conditions

e Without a source condition on the solution x*, we do not get any convergence rates for the
regularisation error ||z, (y*) — z*||°.

e However, we have for the convergence in the image domain:
ILwa(y) =y II* = |Lra(L"L)L* La” — La™||* = ||ra(L* L) L* Lz — 2" ||* = |lza(5") — 27|

with 7% = v L*Lx* and y* = Lx".

Therefore, the convergence in the image domain corresponds to the convergence to the minimum-
. _ 1 . . .

norm solution z* € R((L*L)z), which allows us to apply the previous results, even in the case

without source conditions on z*.

e In particular, we find for the vanishing viscosity flow that

ILE(E y) — ¥ = o(t™") + o(t72),

slightly improving the previously known rates of (’)(t‘%b) for b € (0, 3) in the setting of general
convex data terms S,
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Summary
e We have introduced a class of non-monotonic regularisation methods of the form
Ta(y) = ra(L"L) L7y
for a linear inverse problem Lz = y for which the convergence rates of the regularisation error
lza(y”) — ="
and the best worst case error

sup _inf [|za(y) — 27|
veBs(y*)

can be uniquely characterised by the behaviour of the spectral tail |[E ,z*||* of the minimum
norm solution x*, by a variational source condition, or by an approximative source condition.

e We applied this result in particular to the vanishing viscosity flow, which is the second order
dynamical system

b
Out(t;y) + 1 0E(ty) + L(LE(Ly) —y) = 0,

which corresponds for b = 3 to the continuum limit of Nesterov’s accelerated gradient descent
method, and the resulting convergence rates of the residual error show the same quadratic con-
vergence as Nestrov’s algorithm.

Thank you very much for your attention!



