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Theorem (Wold decomposition)
LetT € L(H). Then T*T = 1y iff

T=Tyo® T4 EL(H0®H1)

with
@ To = T|Hy unitary and
e Ty = T|H; = M; € L(H?*(D, D)) for some Hilbert space D.

In this case:
Ho= () TH and Hy =\/ T"(HoImT)
k>0 k>0

Call T pure if Hy = {0}. Define W(T) = H© ImT (Wandering subspace)
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Generalized Bergman spaces

Let Hn(D) be the functional Hilbert space with kernel

1

K:Km:IDJxID)—HC,Km(z,W):W.

Then
@ H{(D) = H?(D) is the Hardy space,
@ H,(D) = L2(D) is the Bergman space and
@ Ho (D) = L3(D, (1 — |z|2)™d)\) are the weighted Bergman spaces.

Question: Is there an algebraic operator identity characterizing:

Bergman shifts (with multiplicity) &  ‘nice operators’ ?
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Theorem (Wold decomposition: m = 1)
Let T € L(H) be left invertible. Then

(T°T) " = a7

ifandonly if T = To @ Ty € L(Ho & Hy) with
@ Ty = T|Hy invertible with %(To) = 0 (invertible coisometry)
e Ty =T|H 2M; € L(H(K) ® D) for some D.
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Call T € L(H) an m-coisometry if +(T) = 0.

Theorem (Giselsson-Olofsson ’12)
Let T € L(H) be left invertible. Then

(T')~" = a7
ifandonly if T = To & Ty € L(Ho & H;) with
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Bergman-type Wold decompositions

Let Hn(D) be the functional Hilbert space with kernel

1

= =z

Call T € L(H) an m-coisometry if +(T) = 0.

Theorem (Giselsson-Olofsson ’12)
Let T € L(H) be left invertible. Then

(T')~" = a7
ifandonly if T = To & Ty € L(Ho & H;) with
@ To = T|Hy invertible m-coisometry
e Ty =T|H 2 M, € L(H(K) ® D) for some D.

Invertible m-coisometry = unitary for m = 1,2, but not for m > 3 (Agler-Stankus 1995)
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Ball case

Let T € L(H)" be commuting. Regard T as a row operator

T H = H,(x)— > Tixi
1<i<n

and write T* : H — H", x — (T;*x) for its adjoint. Suppose that
n
ImT = Z TiH C H s closed
i=1
= T*T:Im T* —1Im T* isinvertible
Define L= (T*T)~'T* ¢ L(H,H") and

P: E;”1H (0) = L(H),P(z) = (T — 2)L(1 — zL)~"

P: B 1 (0) — L(H) is analytic with P(z)? = P(z) andIm P(z) C Im(T — Zz),
LTl

Im(1y — P(z2)) = W(T).
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Regularity replaces left invertibility

T € L(H)Z,, is called regular if for |z| small enough
H=1Im(T — z) @ W(T) algebraic direct sum of closed subspaces,

or equivalently, if Im T is closed and Im(T — z) N W(T) = {0}.

T regular = Im P(z) = Im(T — z) forall |z| < 1/||L]|

Examples of regular tuples: T € L(H)%,,, with
@ Im T C Hclosed and H"~1(T, H) = {0}
@eImT=H
@ dmH/Im(T —z) =N < oo for |Z| < e.
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Multivariable Shimorin model

Let T € L(H)" be regular. Define Q= By (0)

Theorem (n =1 : Shimorin 2001)

The mapping V : H — O(Q, W(T)),

(V)(2) = (11 — P(2))x = Py (14 — 2L) "' x

is continuous linear with VT; = Mz, V and

ker V= > ToH=[)Im(T - 2).

keN |a|=k z€Q

Theorem
H = VH C O(Q, W(T)) is a functional Hilbert space with kernel

K(z,w) = Pw(ry(1n — L)' (15 — L'w*) "1 |W(T)

and

T/ker V=M, e L(H)"

Call T analytic if ker V = {0}.
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Generalized Bergman spaces on the unit ball

Let Hn(B) be the functional Hilbert space with kernel

1

o W

Then

2
Hm(B) = { Z 2% € O(B); ||fH2 _ Z [fe|

< oo}
a€eNn aeNn m( )

and

Hi(B) = Drury-Arveson space

{f € O(B); sup /|f(r§)\2d§ < oo} Hardy space
o<r<ty

Hn(B)
Ho1(B) = L2(B, D) = {f € O(B); / |fl2dz < oo} Bergman space
B

Hni14(B) = {f € O(B):/|f|2(1 — |21%)¢dz < oo}
B
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General scheme

Let ¢ be the coefficients determined by
(1= (zw)" =3 iz, m"

k

For T € L(H)Z,, define (o7(X) = X1<i<n TiIXTY)

o 4(T) =3 ckok(1n),
® Ar =3y (~Ck1)ak(1h)
., Mz,) € L(H(Km))" are regular with

The Bergman shifts M; = (M, ..
(M;Mz)~! = (@Dy,)| Im M;

Ay, ) => a‘;—:‘ f is a diagonal operator wrt the homogeneous expansion
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Pure case

Let T € L(H)" be a regular commuting tuple with

(")~ = (A7) In T*

Equivalent are:
@ T is analytic
@ TisCyq (¢ SOT — limk o&(14) = 0)
o TM,e L(H(Kn)®D)"

Special case: (almost Richter-Sundberg 2010) Ifm=1,then A7 =14 and

T € L(H)" is regular and H" L Hisa partial isometry

ifandonlyif T=Ty® Ty € L(Hy & Hy)" with
@ Ty spherical coisometry
o Ty =M, e L(H(Ki) ®D)" (Drury-Arveson shift)
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Brown-Halmos theorem

Brown-Halmos ’63:  For T € L(H?(D))
T=Tiwithfe [*°(T) < M;TM,=T
Englis '92: No such characterization on L2(D)!
Louhichi-Olofsson ' 08: On Hm(D) define
M, = Mo(M:Mz)~" ("' M;)  Cauchy dual of M,
Thenfor T € L(Hm(ID))
T=T; with fe& ho(D)={f:D— C;fbounded harmonic}
if and only if

m—1

* =1
M TM, = > (—crr)of, (T) ("5 T)
k=0
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Toeplitz operators with pluriharmonic symbols

Define:  Phoo(B) = {f : B — C; f bounded pluriharmonic } and

Tr=Tg+ T; forf=g+he Phe(B)with g, h € O(B)

Theorem (Langendérfer-E. *19)

For T € L(Hm(B)) equivalent are:
@ T = T; with f € Phoo(B)
® MJ*TM, = Pz (©Am,(T)) P mz
e T:B—>C,z— (Tkz, kz) is pluriharmonic
In this case: f =T and [[flleoc < |ITlle (equality for m > n).




Toeplitz operators with pluriharmonic symbol

Toeplitz operators with pluriharmonic symbols

Define:  Phoo(B) = {f : B — C; f bounded pluriharmonic } and

Tr=Tg+ T; forf=g+he Phe(B)with g, h € O(B)

Theorem (Langendérfer-E. *19)

For T € L(Hm(B)) equivalent are:
@ T = T; with f € Phoo(B)
® MJ*TM, = Pz (©Am,(T)) P mz
e T:B—>C,z— (Tkz, kz) is pluriharmonic

In this case: f =T and [[flleoc < |ITlle (equality for m > n).

On the Drury-Arveson space H;(B): Ap,(T) =T and M; = M,

T =T; with f €Phoo(B) & M;TM; = Pryys (®T) Pimu
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Thank you! That’s all.
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