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Multi-marginal Optimal Transport

Given ρ1, . . . , ρN probability measures over Rd , and a cost function
c : (Rd)N → [0,+∞], the Kantorovich formulation for the multi-marginal
optimal transport problem is to minimize∫

(Rd )N
c(x1, . . . , xN)dP(x1, . . . , xN)

where P ∈ Π(ρ1, . . . , ρN) :=
{
P ∈ P

(
(Rd)N

)
| πj#(P) = ρj for all j

}
.
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Multi-marginal Optimal Transport

Fix p > 1.

We say that ρ is W 1,p-regular if ρ is absolutely continuous w.r.t. the
Lebesgue measure Ld , and(

dρ

dLd

)1/p

∈W 1,p(Rd).

We denote P1,p(Rd) the space of W 1,p-regular probabilities.

When p = 2 we recover the well-known space

R :=

{
ρ | ρ ≥ 0,

∫
Rd

ρ = 1,
√
ρ ∈ H1(Rd)

}
.

H. Lieb, Density Functionals for Coulomb Systems (1983)
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Multi-marginal Optimal Transport

The space P1,p is a metric space with distance

δ1,p(ρ1, ρ2) =

∥∥∥∥∥
(
dρ1
dLd

)1/p

−
(
dρ2
dLd

)1/p
∥∥∥∥∥
W 1,p

.

Theorem

If P ∈ P1,p
(
(Rd)N

)
, then its marginals belong to P1,p(Rd).

Moreover, the map

π : P1,p
(

(Rd)N
)
−→ P1,p(Rd)N

P 7−→ (ρ1, . . . , ρN)

is continuous w.r.t. the δ1,p metrics.
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Goal

Let ρ1, . . . , ρN ∈ P1,p(Rd) and P ∈ Π(ρ1, . . . , ρN).

If P is not regular, we want to approximate P with (Pε)ε>0 such that:

Pε is W 1,p-regular;

Pε ∈ Π(ρ1, . . . , ρN);

as ε→ 0, Pε converges to P (in a suitable sense).

Since P in general is only a measure, the “suitable sense” is the weak
convergence of measures (in duality with Cb).
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Smoothing operator: definition

Let ρ1, . . . , ρN ∈ P1,p(Rd) and P ∈ Π(ρ1, . . . , ρN).

For every ε > 0 consider a Gaussian kernel on Rd

ηε(z) =
1

(2πε)d/2
exp

(
−|z |

2

2ε

)
,

and define

Pε(X ) := Θε[P](X ) =

∫∫ N∏
j=1

ρj(xj)η
ε(yj − xj)η

ε(yj − zj)

(ρj ∗ ηε)(yj)
dP(Z )dY .

Remark The marginals are recovered: Θε[P] ∈ Π(ρ1, . . . , ρN).
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Properties of Θε: regularity

Θε[P] is W 1,p-regular, with a kinetic energy control:

T (Θε[P]) ≤
N∑
j=1

(
T (ρj)

1
p +

c(d , p)√
ε

)p

.

If in addition P ∈ P1,p
(
(Rd)N

)
, then

T (Θε[P]) ≤
N∑
j=1

(∥∥∥∇xj (P ∗ η
ε)

1
p

∥∥∥
p

+ cp∆(ε, p, ρj)

)p

where

∆(ε, p, ρ) =


[
(T (ρ) + T (ρ ∗ ηε))

1
p−1 − 2T (ρ ∗ ηε)

1
p−1

] p−1
p

1 < p < 2

(T (ρ)− T (ρ ∗ ηε))
1
p p ≥ 2.
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Properties of Θε: continuity I

Proposition

Let P ∈ P
(
(Rd)N

)
. Then Θε[P] ⇀ P, i.e., for every φ ∈ Cb

(
(Rd)N

)
lim
ε→0

∫
φ(X )Θε[P](X )dX =

∫
φ(X )dP(X ).

If P is itself W 1,p-regular, then we get:

Proposition

Let P ∈ P1,p
(
(Rd)N

)
. Then

lim
ε→0

δ1,p(Θε[P],P) = 0.
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Properties of Θε: continuity II

Consider Θ as an operator

Θ : (0,+∞)× P
(

(Rd)N
)
−→ P1,p

(
(Rd)N

)
.

Remark. The Propositions above give “continuity” with respect to the
first argument ε. What about continuity in the second argument?

Theorem

Let Pn ∈ Π(ρn1, . . . , ρ
n
N) and P ∈ Π(ρ1, . . . , ρN) such that Pn ⇀ P.

Suppose moreover that ρnj , ρj ∈ P1,p(Rd), and δ1,p(ρnj , ρj)→ 0.
Then, for every ε > 0,

lim
n→∞

δ1,p(Θε[Pn],Θε[P]) = 0.
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Applications: the semiclassical limit of the HK functional

Consider the Hohenberg-Kohn functional

FHK
~ (ρ) = inf

ψ 7→ρ
〈ψ|~2T + Vee |ψ〉.

Theorem

As ~→ 0, the functional F~
HK Γ-converges to the Optimal Transport

functional

C(ρ) = inf


∫ ∑

i<j

1

|xi − xj |
dP(X ) | P ∈ Π(ρ, . . . , ρ)

 .

Cotar-Friesecke-Klüppelberg (2013), B-De Pascale (2017),
Cotar-Friesecke-Klüppelberg (2018), Lewin (2018)
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Applications: Lieb’s open map question

Consider the map from H1
Sym

(
(Rd)N

)
to R which sends ψ to its marginal

ρψ(x) =

∫
|ψ(x , x2, . . . , xN)|2 dx2 · · · dxN .

Theorem (Lieb-Brezis 1983)

The map is continuous.
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Applications: Lieb’s open map question

Theorem (B-De Pascale 2019, to appear)

Let ψ ∈ H1
Sym

(
(Rd)N

)
(real-valued), and ρn ∈ R such that ρn → ρψ.

Then there exist (ψn)n∈N such that:

1 ψn maps to ρn;

2 ψn → ψ in H1
Sym

(
(Rd)N

)
(complex-valued).
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Thanks for your attention!
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