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Introduction of optimal liquidation in target zone model

@ Introduction of optimal liquidation in target zone model
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Introduction of optimal liquidation in target zone model

Optimal liquidation in target zone model

We study the optimal buying and selling strategies when the price of an asset is in
a target zone.

@ Price is modelled by a diffusion process which is reflected at one barrier or
two.

o Reflected stochastic differential equation with a pair of solutions (y_, L)
20 =yt [ B ds+ [ 6B WL+ L, e 0.7

0 0

yr > a,a.s. forallr € [0,T].

T
/ (y>* —a)dL, =0, (Skorohod condition)
0
@ The process L. is endogenous. It is a nondecreasing process with Ly = 0.

Refer to: Andrey Pilipenko, An Introduction to Stochastic Differential Equations
with Reflection, Potsdam University Press, 2014
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Introduction of optimal liquidation in target zone model

EUR/CHF exchange rate from Sep. 1, 2011 through Dec. 31, 2012
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@ On Sept. 6, 2011, the Swiss National Bank announced that it would enforce
a minimum exchange rate of 1.20 EUR/CHF.
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Introduction of optimal liquidation in target zone model

USD/HKD exchange rate from Sep. 2009- Sep, 2019
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@ The prices are in [7.75,7.85]
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Optimal liquidation in target zone model (Continue)

@ An agent try to close a position of x shares of asset before the terminal time

T Om_x_/ gsds—/ /ps n(dz,ds), re0,T],

xT

o {&, s €[0,T]}: trading continuously with rate £, such as high frequency
trading

o {ps, s €[0,T]}: transact large blocks of shares at discrete time. e.g, trading
in the dark pool

o 7 Poisson random measure: Dark pool executions
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Optimal Liquidation in target zone model (Continue)

@ Assume that the transactions (HFT and dark pool) of agent has no effect on
the price

@ Then the overall liquidity costs entailed by the liquidation strategy can be
written as

T
(i 6,p) = [ / (MUY E]7 & A (0) 20760 ]7) ds

/ / o507, 2)|ps ()7 p(d2)ds

where ¢ > 1.
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Optimal Liquidation in target zone

° (,.7, (ﬁt)tE[O,T],P) be a complete filtered probability space
@ two independent Wiener processes W and B.

@ an point process J on a non- empty Borel set Z C R! with finite characteristic
measure p(dz)

0z,gp_x_/ §5d8—/ /ps n(dz,ds), re€][0,T],

03:75/)

yﬂ—y+/ 8, ysvy>ds+/ o, (y0) dW, +/ 5. (y*¥) dB, + L,

yr > a,a.s. forall r € [0,T].

T
/ (y>* —a)dL, =0, (Skorohod condition)
0
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Dynamic System

To use the dynamic program principle, we consider the dynamic system, for
t €10,T],

l‘th’f P

T T
yﬁ,y :y+/ ﬁs(yﬁ’y)ds+/ JS(y?y)dWS"’/ 6S(y§7y)st+Lra
t t

t
yr > a,a.s. forall r e t,T].

T
/ (y* —a)dLs =0, (Skorohod condition)
¢

@ Denote by (F;);c[0,1) the augmented filtration generated by W.
e [3,0,0 are all adapted to (F):eo,1)-
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Introduction of optimal liquidation in target zone model

Value function

Define the dynamical cost function

T
Ji(e.y: &) = B / (e (oY) [Ea]7 + Au ()]t 5019) ds

/ / vs (oY, 2)|ps(2)|? u(dz)ds ’jt} , te[0,T],
where the coefficients 75(y), As(y) and v4(y, z) are .#-adapted.
The value function is given by

Vi(z,y) = essinf Jy(x,y;&,p) te€[0,T),

(& p)es

where &7 is the set of admissible controls.
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Introduction of optimal liquidation in target zone model

Admissible control

An admissible controls is (&, p) € L:(0,T;R) x L%(0,T; L1(Z)) (g € (1,00))
that satisfy almost surely the terminal state constraint

t,z;6,p _
T =0

Lemma
Given any admissible control pair (¢, p) € EqﬁA(O,T) x L9(0,T;LY(Z)), we may
find a corresponding admissible control pair (&, ) € L9:(0,T) x L%(0,T; L4(2))
satisfying:

(i) the cost associated to (£, ) is no more than that of (¢, p);

(i) the corresponding state process 2074 is a.s. monotone;

(iii) it holds that for each ¢ € [0,T],

q

0,z:€,p
E | sup |z,

s€ft,T]

1< C(T—-t)1'E

ytl _ ‘xg,w;fyﬁ

T ~ —
/ |£5|q ds yt .
t
where the constant C' > 0 is independent of (x,¢&, p).
V.
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Hamilton Jacobi Bellmann (HJB) equation

Outlines

© Hanmilton Jacobi Bellmann (HJB) equation
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Hamilton Jacobi Bellmann (HJB) equation

HJB equation for the Value function

The gth-power structure of the cost functional suggests a multiplicative
decomposition of the value function of the form

Vi(z,y) = w(y)|z|9.

Here the processes u, together with another adapted process 1), satisfies the

following backward SPDE of Neumann type with singular terminal term:

*

q

—dut(y) = {aDzu + 0T Dy + fDu+ A — [u =T — w(Z)u

(¢" = Dnl*

7'(" Z)”

Dui(a) =0, t€]0,T).
ur(y) =00, yeD,

where ¢* = qﬁl is the Holder conjugate of ¢ and

ouly) = 3 [oF Wou(w) + 5T W)aw)]
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+/z (I7.C 2)|a" =1 + [ula = 1)a-1 p(d2) | (t,y) dt = Pi(y)dWe, (1)
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Hamilton Jacobi Bellmann (HJB) equation

Notations

we denote by % (s, t;H) the set of all the H-valued and .%,-adapted continuous
processes (X, )re[s, such that

sup || X |
re(s,t]

< Q.
Lr(Q)

HX”V;(s,t;H) =

By .Z% (s,t; H) we denote the class of H-valued .%,-adapted processes (u),c|s
such that

lull 22 (s,tm) == lluC)El Lo @x(s,g) < O°-

H*([s,t] x O) := (Yé(s,t;Hk(O)) ﬁf;(s,t;HkJrl(O))) X ﬁ;(s,t;Hk(O)),

where O C D, and H*(O) being Sobolev space.
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Hamilton Jacobi Bellmann (HJB) equation

Definition of the strong solution

A pair of processes (u, ) is a strong solution to equation (1) if for all 7 € (0,T)
and b € R with b > a, it holds that (u,v)1[ 1]x[a] € H'([0,7] X [a,b]), and with
probability 1, for all ¢ € [0, 7],

ui(y) = ur(y) + /t [;QDQU + 0" DY+ BDu+ A — (Q*_hf;nqm —p(Z)u
+ [ e ) | ds = [T, o

with

Duy(a) =0, fort € [0,7], and Tlgr%uT(y) =00, forallyeD, as.

4

We would note that the zero Neumann boundary condition is holding in the sense
that with probability 1, for each ¢ € [0,T),

1 a-+0
lim — Duy(z) de = 0.
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Assumptions

@ (Measurability and boundedness) The function
7:Qx[0,T] x RT x Z — [0, +00] is 2 x B(R?) x Z-measurable, and
the functions

B,0,5,mA:Qx[0,T] xR —RxRYxR™ xRy xRy

are & x %(R?)-measurable and essentially bounded by A > 0.

e (Lipschitz-continuity) For h = \,n,3,0%,67, i=1,...,d, j=1...,m, it
holds that for all y1,y2 € R and (w,t) € 2 x [0,T7,

|he(y1) — he(y2)] + es3SUp e (Y1, 2) — Ye(y2, 2)] < A Jyr — 2|,
zE

where A is the constant in (A1).
@ There exist constants x > 0 and kg > 0 such that ns(y) > ko and

(Superparabolicity) Z |5é(y)|2 >k, as., VY(s,y)€[0,T]xR.
i=1
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Outlines

© Neumann problem of semilinear BSPDEs
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Neumann problem of semilinear BSPDEs

Newmann problems

For any y € [a,+00), u;(y) is bounded. To consider it in Sobolev space
H*([a,+00)), we introduce a weight function

0:R—R, y»—>(1—|—|y—a|2)_1,

and we may analyze fu instead of w.
(u, ) is a solution to (1) if and only if (v, () := (fu, 61)) solves

o]’ -
@ oM

9~(-
[ e e ) + (6 Do, O )

- Ct(y) th» (t, y) € (0, T) X Da
Duvi(a) =0, forte0,T],

vr(y) = oo,

—dv(y) = |:CVD27) + 0T DC+ N —

()
with f being linear.
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Solution of (2)

Two difficulties:
@ ¢*th-power growth in v in the drift term
@ the terminal term is oo
To deal with them
@ Step 1: Lipschitz continuous equation with finite terminal condition

@ Step 2: truncations on the quadratic growth and the infinite terminal value
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Neumann problem of semilinear BSPDEs

—dvy(y)

[aD*v + 0" Dy + F(t,y, Dv,v,¥)] dt — ¢ (y) dW,,
(t,y) € (0,T) x D,
Duvi(a) =0, te€][0,T],
vr(y) = G(y), VyeD.

Existence and Uniqueness theorem

The BSPDE (3) admits a unique strong solution (v, ¢) lying in M?, and

1@, Ol < C(IGH L s o)) + 1Fo Lz o152 )

with the constant C' depending on s, A, T and K.

Comparison theorem

Suppose that (v!, 1) and (v2,1?) are strong solutions of (3) with (G, F'!) and
(G2, F?), If G* < G? and F'(t,y, Dv',vt,¢t) < F2(t,y, Dvt vt t), then

v (y) <vi(y), as.

v
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Neumann problem of semilinear BSPDEs

Step 2: Truncation of the ¢*-power term in the drift term

(0~ ) AN
R |v| instead of

0~ o|T
(¢ = D)l

Let N — 4o0.

Step 3: Truncation of the singular terminal term
vr(y) = MO(y) instead of Vp(y) = +.

Let M — +o0.
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Outlines

@ Verification theorem and feedback control
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Verification theorem and optimal feedback control

Theorem

Suppose that (u, 1)) is a strong solution to BSPDE (1) that

(Ou, 0910, € H'([0,t] x D), te(0,T), (4)
and ‘ c
ﬁ <wuy(y) < m as. Y(t,y) €[0,T) x D, (5)

with ¢y and ¢y being two positive constants. Then,
V(ty,z) = w(y)lzl!, (tz,y) €0, T]xRxR,

coincides with the value function. Moreover, the optimal (feedback) control is
given by

*_1q *_q
(5* p*(Z))* |ut(yt)|q Tt |ut(yt)|q Ty—
tr Mt - * _ ) * *
()l ey )| T+ )|

> , forte|0,T).
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Verification theorem and feedback control

Thank you for your attention!

(U of C) Optimal Liquidation September 28, 2019 26 / 26



	Introduction of optimal liquidation in target zone model
	Hamilton Jacobi Bellmann (HJB) equation
	Neumann problem of semilinear BSPDEs
	Verification theorem and feedback control

