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The inviscid Boussinesq modulation @ i
equations MS-GWaves

Horizontally homogeneous modulation equations for nonlinear inviscid
Boussinesqg waves in uniformly stratified atmosphere

otk + az(d\)(kz) + KXU) =0

ara+az(@'(kz)a)=0

aTU + 9z7(@'(kz)Kxa) =0 (1)
where

NK
Okz) = —— (2)

is the non-hydrostatic intrinsic frequency (Muraschko et al., 2015).
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Spectral stability of the inviscid Boussinesq @ i
plane wave MS-GWaves

» Modulation equations in vector
form for y = (kz, a, u)T € R3 3M)

|
|
ary +0zF(y)=0 (3) |
|
|

R(N)

Figure: Stable (®”/(Kz) = 0) and

unstable (0" (K;) < 0) spectrum
of operator Ly. This is known as
modulational instability.
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Spectral stability of the inviscid Boussinesq @ i
plane wave MS-GWaves

» Modulation equations in vector
form for y = (kz, a, u)T € R3 [ 3%
I
oty +9zF(y)=0 (3) I
I
I

» Has plane wave solution
y=Y=(Kz, A U)T =const.
» Linearize for stability

: R(A)
aTy +DF(Y)ozy=0  (4) :

|

|

» Must have solution

Yz T )=y  (5) )
Figure: Stable (®”/(Kz) = 0) and
unstable (0" (K;) < 0) spectrum
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Spectral stability of the inviscid Boussinesq @ i
plane wave MS-GWaves

» Modulation equations in vector
form for y = (kz, a, u)T € R3 3M)

|
|
ary +0zF(y)=0 (3) |
|
|

» Has plane wave solution
y=Y=(Kz, A U)T =const.
» Linearize for stability

: R(A)
aTy +DF(Y)ozy=0  (4) :

|

|

» Must have solution

vz =y2e  (5) )
Figure: Stable (®”/(Kz) = 0) and
» Translates (4) to eigenvalue unstable (Q”(Kz) < 0) spectrum

_ of operator Ly. This is known as
Eiogle_rg}:(ﬁg))gz (?\r{'Lgor operator modulational instability.
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Absolute instability of the inviscid Boussinesq @ i
plane wave MS-GWaves
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The inviscid pseudo-incompressible @ _
modulation equations MS-GWaves

Boussinesq does not account for varying background density but
pseudo-incompressible (Durran, 1989) can:

aTkz +9z(@(kz) + Kxu) = 0
ara+az(@'(kz)a) = —nd’(kz)a
oTu + aZ(d),(kz)Kxa) = —r)(:)/(kz)Kxa (6)
where the background density is
p(Z) = poe'? (7)

in the isothermal atmosphere.
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Spectral stability of the upward-traveling @ i
wave front MS-GWaves

» The pseudo-
incompressible
modulation equations
are solved by
traveling wave fronts.

R(A)

Figure: Unconditionally unstable essential
spectrum of operator Ly.
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Spectral stability of the upward-traveling @ i
wave front MS-GWaves

» The pseudo-
incompressible
modulation equations
are solved by
traveling wave fronts.

» Assess stability be
linearization as
before.

RA)

Figure: Unconditionally unstable essential
spectrum of operator Ly.
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Spectral stability of the upward-traveling @ i
wave front MS-GWaves

» The pseudo-
incompressible
modulation equations
are solved by
traveling wave fronts.

» Assess stability be
linearization as
before.

RA)

» Solve eigenvalue
problem for Ly in

terms of Fredholm Figure: Unconditionally unstable essential
operator theory. spectrum of operator Ly.
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Absolute instability of the upward-traveling @ i
wave front MS-GWaves
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The dissipative Grimshaw modulation @ i
equations MS-GWaves

» Inviscid spectra allow for arbitrarily large instability growth rates R(\)
which is evidence for ill-posedness.
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The dissipative Grimshaw modulation @ i
equations MS-GWaves

» Inviscid spectra allow for arbitrarily large instability growth rates R(\)
which is evidence for ill-posedness.

» Regularization is found by including dissipation.
ara+0z(&' (kz)a) = —nd’(kz)a —\(K? + k?)a
aTu + az(d)’(kz)Kxa) = —f](:),(kz)Kxa (8)

Mark Schlutow, Stability of nonlinear gravity waves in the atmosphere 8



Spectral stability of the traveling wave packet @MS-G\/\/BVGS

» The dissipative
Grimshaw modulation
equations are solved by

. Ax ] RS 10}
up(down)ward-traveling P ! ! »
wave packets. T i :

A A A ; ;
0 1 1 2 i 1 io R(A)

Figure: Stable essential spectrum of operator
Ly in weighted space L2.
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Spectral stability of the traveling wave packet @MS-GWaves

» The dissipative
Grimshaw modulation
equations are solved by

up(down)ward-traveling I i P
wave packets. I : i
> Upward-traveling_wave v — | A A A
packets are transient 5 5
unstable if 0 1 2 1 1 o] R
A~/ + AL —_ i i
C>w'(K))>w(K;)>0 i i

and absolute unstable

otherwise. ) )
Figure: Stable essential spectrum of operator

Ly in weighted space L2.
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Spectral stability of the traveling wave packet @MS-G\/\/BVGS

» The dissipative
Grimshaw modulation
equations are solved by

up(down)ward-traveling I i P
wave packets. I : i
> Upward-traveling wave v — | A A A
packets are transient : 5
unstable if 0 1 2 1 1 o] R
A~/ + AL —_ i i
C>w'(K))>w(K;)>0 i i

and absolute unstable

otherwise. . _
. Figure: Stable essential spectrum of operator
» Downward-traveling Ly in weighted space Lg.
wave packets are
unconditionally transient
unstable.
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Transient instability of the upward-traveling @ i
wave packet MS-GWaves
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Transient instability of the
downward-traveling wave packet
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Thank you for your attention!
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