Asymptotically hyperbolic 3-metric with Ricci flow foliation

Asymptotically hyperbolic 3-metric with Ricci
flow foliation

Hyun Chul Jang
University of Connecticut

May 17, 2018



Asymptotically hyperbolic 3-metric with Ricci flow foliation

Constraint Equations with cosmological constant

A triple (M3, g, k) where g is a Riemannian metric on M and k is a
symmetric (0, 2)-tensor on M is considered as an initial data set if
(M, g, k) satisfies the following equations:

Rg + (trgk)® — [kllg = 2 + 16,

(CE)
Vj(kij — (trgk)gij) = 8mJ.

where p and J are the energy density and the momentum vector
respectively.
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Foliation method with prescribed scalar curvature

In 1993, R. Bartnik introduced a quasi-spherical foliation approach.
Consider a metric g on Rt x S? of the form

g = uPdr* + (Budr + rd0)? + (Badr + rsin 0d¢)?.
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Foliation method with prescribed scalar curvature

In 1993, R. Bartnik introduced a quasi-spherical foliation approach.
Consider a metric g on Rt x S? of the form

g = uPdr* + (Budr + rd0)? + (Badr + rsin 0d¢)?.

One can get a semi-linear parabolic equation of the unknown function
u by considering the Gauss equation for each slice {ry} x S2.

By solving the PDE with prescribed functions /3; and scalar curvature R
on R* x S?, one can get an AF 3-metric with nonnegative scalar
curvature.
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In 2002, Y. Shi and L. -F. Tam proved an interesting result about certain
type of compact manifolds with boundary by using the foliation
technique.

Let (2", g), 3 < n <7 be a compact manifold with smooth boundary
and with nonnegative scalar curvature. Suppose OS2 is connected and can
be embedded in R" as a strictly convex closed hypersurface. Then

/Hdag/ Hp do.
(2,9} o0

Moreover, if equality holds then 2 is a domain in R".
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|dea of proof of Shi-Tam'’s result

1. Consider 02 embedded in R"”. One can foliate the unbounded region
of R" by the distance function r from 0.

2. From Bartnik’s idea, with prescribed zero scalar curvature, one can
construct an AF metric g on that region, which is of the form

g=u’dr’* +g
3. Let ¥, be level sets of r. Prove that
mBy(r) = / (Ho — H) do
Zr
is decreasing.

4. Prove that mgy(r) converges to the ADM mass of g. Hence the
result follows by the positive mass theorem.
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Foliation by Ricci flow on a closed surface

C. -Y. Lin, 2014 : using foliation by a solution to the Ricci flow on a
closed surface.

Let (X, go) be a closed Riemannian surface. For some technical reason,
we will consider the modified Ricci flow:

o)
58 = (r — Rg())g + 2Hess, f =: 2Mj;,

g(1) = g.

Here, r = |Tlt\ J5 Re(t)d1ig(ry and f is the Ricci potential, i.e.,
Af=R—r.
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Ricci flow on a closed surface

Theorem (R. Hamilton '86, B. Chow '91)

Let (X, go) be a closed Riemannian surface. Then there exists a unique
global solution g(t),t € [0,00), to the modified Ricci flow. As t — oo,
the metric g(t) converges exponentially fast in any CK-norm to a smooth
metric g, With constant curvature.

Assume that (X, go) is diffeomorphic to S? and has area 4. Then by the
uniformization theorem, g, is isometric to the standard metric on S2.
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Let (X, go) be a closed surface diffeomorphic to S? with area 4.
Consider a metric g on [1,00) x X of the form

g= vAdr? + rzg(r)

where {g(r)} is a family of metrics on T which solves the Ricci flow
equation. Similarly, one can get a parabolic equation of a function w.

By solving the derived equation and investigating the behavior of v, it
has been proved that the metric is AF (assuming some conditions).
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AH extension using Ricci flow

Recall one expression for a hyperbolic metric:

g = 57 dr® + rzggz.
Inspired by this and Lin's result, one might consider constructing AH

3-metrics on [1,00) x S? of the form

U2

1+r?

g= dr* + r’g(r)

by an analogous procedure.
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Theorem (J—, 2018)

Let (X, g) be a closed surface diffeomorphic to S with area 4w and let N
be the product manifold [1,00) x X. Then for any H € C*°(X) with
H > 0, there exists an asymptotically hyperbolic 3-metric on N of the

form

u2

T3 dr® + r2g(r), (1)

E:

with the scalar curvature R = —6 where u € C>¥(N) is positive
everywhere, and g(r) is the solution to Hamilton's modified Ricci flow.
Here H is the mean curvature in direction O, on {1} x ¥.
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ldea of Proof

From the Gauss equation for each slice {r} x X, we have

_ __(VITP. VIR
R:R,+2Ric<\/ g, Yitr a,) Ik = H2,
u

u

where R, is the scalar curvature on {r} x X with the induced metric
r?g(r), h, is the second fundamental form, and H, is the mean curvature
in direction 0,.
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Computation

By direct computation, we obtain

V14 r2?

hrij = T(fgij+f2M:j)a
H_2\/1—i—r2 A 2 2(1+7r?) 1+r2M2
r= T, [[he]|= = 1202 + 2 | |g(r)'
_ 14 r2 1+ r2 1 1+ r2 OH,
Ric (‘/ i, YItr a,) = —ZAg, yi YIH O ||| 2,
u u u 4 u or
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The semi-linear parabolic equation of u is obtained as the following:

ou A u —
r(l + r2)5 = 75( ) — I(Rg(,) — I’2R)
1432 rP+r?)IME,
+u 5 + 2 .

The local existence is automatically guaranteed from the parabolicity of
the equation.
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CO estimates : Let w = u~2 then we get

ow 1 [3 1 1 -
= —— EUVU -Vw + ﬂAw—i— ~(Rg(ny — r"R)

ar — r(1+1?) 2
P+ r2)|/\/l|2)] |

—w (1437
W(+r+ 5

Using the maximum principle, one can get the global existence.
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To get the estimates for derivatives, let v = u — 1 and use a change of

coordinate as s = log (\/1;7#) + 1 then

ov  u? . 0%v u? 0 N\ Ov
gvr_Z g cv 2 ./ iy v
Os 2 £ Ox1OxI 2 Oxf ( lele ) OxJ

3 2 2 2 2
u = 1+3rf  r3(1+ r?)|M|
_I(Rg(,)—r R)+U< 5 + 4
1 = 1+37 21+ 2)|MP?
= Lv— (R, — r’R
v 4( g(r) — T )—I— 5 + 4

Now by the usual Schauder estimates, we can prove that the obtained
metric is asymptotically hyperbolic.
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The mass integrals of asymptotically hyperbolic manifolds

(Chrusciel, Herzlich 2001)
Let V be a C! function on [R,00) x S?. Set

1 . .
Hy(V) = m r|l>r‘r;o /5, [V(divgs h — dtrgsh)

—h(VigsV, ) + (tres h)dV] (v)doys

where h = g — gys, v is the gys-unit outward normal to S, and doys is
the volume element on S, of the metric induced from ggs.
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The mass integrals of asymptotically hyperbolic manifolds

The mass integrals are
po = Hy(Vo) and pi=Hy(V;)fori=1,...,n,

where

Vo=+1+4x]2 and V,=x'fori=1,...,n.
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Hawking mass

Definition

Let (M3, g) be a 3-dimensional asymptotically hyperbolic manifold, and
let ¥ C M3 be a closed 2-surface. Then the Hawking mass my(X) of &

is defined as
VB (1= L [ o
mp(X) = 16m 1- Tom H* do t (2)

where do is the induced volume form with respect to g.
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Rigidity of the Hawking mass

Theorem (J-, 2018)

Let (X, g1) be a surface diffeomorphic to S? with positive mean curvature
(not necessarily constant) and let N = [1,00) x ¥ be an asymptotically
hyperbolic extension obtained by Ricci flow foliation. Then my(%,) is
increasing, where ¥, = {r} x X. Furthermore, if

po = my(X) (3)

then ¥ is isometric to the standard unit sphere, and N is rotationally
symmetric. If my(X) = 0 then N is isometric to a rotationally symmetric
region in a hyperbolic space. If my(X) = m > 0 then N is isometric to a
rotationally symmetric region in anti-de Sitter Schwarzschild space of
mass m.
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On the manifold we constructed, for each level surface ¥, we have

1~ 1 / 2 x|
)=/ 1—— [ Hdo,+1
() =\ Tor tor Jy, | 97" an

4rr? 1 41+r?), 47r?
_ 1— —~ ‘e d
167 ( 167 Jy  r?u? rdot 47
1 2 1
— M 1— 7/ u2do
2 4 Y
1 r(1+r?)

- = [T 2y,
), 2 (mur)de
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Monotonicity of the Hawking mass

d 1 3rr +1 r(1+r?) Ou
—my(%,) = — 1—u )+ oy 3 —d
dr (%) 47 /): 2 ( uT) + 2 “ ar
1 3rP+1 wlAu R PR r*(1+r%),
== I A VI
ar Jy 2 2 27 4z IMPdo
_ 1 (R+6)r> ulAu n r?(1+r?) \M[2do
4t Js 4 2 442
1 (R+6)r> |Vul? r?(1+r3),
= - M|“do >0
87r/Z st t e IMPdez
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Theorem (P. Miao, L.-F. Tam, N. Xie, 2016)

Let (M3, g) be an asymptotically hyperbolic manifold. Let ¥, be the
hypersurface in M corresponding to the geodesic sphere of radius r in
H3. Then the following estimate holds:

po = lim my(Z,).

r—o0

If we assume the Hawking mass of the initial surface my(X) is equal to
po, my(X,) must be constant by monotonicity. This means that R = —6,
u is constant on each X,, and |[M| = 0.
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Thank you for your attention.



