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Fluid-solid interaction

Hemholtz equation for p:

∆p + (w/c)2p = 0,

Linear elasticity: µs > 0,
λs +

(
2
d

)
µs > 0

divσ(us) + w2ρs ũs = 0.

BC’s on the interface:

σ(us)n = −(p + pinc)n,

w2ρf us · n = ∇(p + pinc) · n.

Ωs

us

Ωf

p

pinc

Γ

n

Condition at infinity:

∂p

∂r
− i(w/c)p = o(1/r), r := ‖x‖.

2Hsiao, Kleinman and Roach 2000; Hsiao, Xu and Yin 2017
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Non-uniqueness

Lemma

If (us , p) solves the time harmonic fluid-solid interaction problem then
(us + u0, p) also solves this problem, with u0 a non-zero solution of

divσ(u0) + ρsw
2u0 = 0, in Ωs , σ(u0)n = 0, u0 · n = 0, on Γ.

IsoValue
-0.882452
-0.756388
-0.672345
-0.588302
-0.504258
-0.420215
-0.336172
-0.252129
-0.168086
-0.0840431
1.08247e-15
0.0840431
0.168086
0.252129
0.336172
0.420215
0.504258
0.588302
0.672345
0.882452

IsoValue
-0.884197
-0.757883
-0.673674
-0.589465
-0.505255
-0.421046
-0.336837
-0.252628
-0.168418
-0.0842092
-6.32827e-15
0.0842092
0.168418
0.252628
0.336837
0.421046
0.505255
0.589465
0.673674
0.884197

Vec Value
0
0.0421068
0.0842137
0.126321
0.168427
0.210534
0.252641
0.294748
0.336855
0.378962
0.421068
0.463175
0.505282
0.547389
0.589496
0.631603
0.673709
0.715816
0.757923
0.80003

Eigen  Vector 0 valeur =3.16967e-15

Note

Condition on shear along the interface;

Robin condition in an “artificial” boundary away from the solid;

no eigenpairs for C∞ domains in R3.

HKR, 2000; Gatica et al., 2009; Barucq et al., 2014; T. Hargé, 1990
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The EV problem: Jones modes

This problem is not uniquely solvable when w2ρs is an eigenvalue of

divσ(us) + w2ρsus = 0, in Ωs ,

σ(us)n = 0, us · n = 0, on ∂Ωs .

A non-trivial solution us for some w2 is called a Jones mode.

Note

Over-determined EV:
Elasticity equation + Traction condition + extra constraint on us .

2Jones et al., 1983 and 1984
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shear and compression modes

s−waves: div us = 0 p−waves: rotus = 0

On [0, a]× [0, b],

w2
mn :=


(
π2µ
ρ

)(
m2

a2 + n2

b2

)
,(

π2(λ+2µ)
ρ

)(
m2

a2 + n2

b2

)
,

with eigenfunctions:

umn :=

{
an sin

(
mπ
a x
)

cos
(
nπ
b y
)
î − bm cos

(
mπ
a x
)

sin
(
nπ
b y
)
ĵ ,

bm sin
(
mπ
a x
)

cos
(
nπ
b y
)
î + an cos

(
mπ
a x
)

sin
(
nπ
b y
)
ĵ ,
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Weak formulation (on Ωs)

Consider H1(Ω) := H1(Ω)× H1(Ω) and define

H :=
{
u ∈ H1(Ω) : u · n = 0 on ∂Ω

}
.

FORMULATION: find (w2,u) ∈ C×H such that

a(u, v) = ρw2(u, v) ∀ v ∈ H,

where a(u, v) := µ(∇u,∇v) + (λ+ µ)(div u,div v) or (σ(u), ε(v)).

Note

a(u, v) ≤ (λ+ µ)‖u‖1‖v‖1;

Rayleigh quotient + properties of a(·, ·) and (·, ·) ⇒ w2 ≥ 0.
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Ellipticity of a

We can get

a(u,u) ≥ min
{

2µ, d(λ+ (2/d)µ)
}
‖ε(u)‖2

0, ∀u ∈ H1(Ω).

Theorem (Bauer 2016, Doḿınguez 2018)

Let Ω be a non-axisymmetric bounded and Lipschitz domain in Rd . Then,
there is a positive constant C > 0 such that

‖ε(u)‖0 ≥ C‖u‖1, ∀u ∈ H.
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Ellipticity of a

We can get

a(u,u) ≥ min
{

2µ, d(λ+ (2/d)µ)
}
‖ε(u)‖2

0, ∀u ∈ H1(Ω).

Theorem (Bauer 2016, Doḿınguez 2018)

Let Ω be a non-axisymmetric bounded and Lipschitz domain in Rd . Then,
there is a positive constant C > 0 such that

‖ε(u)‖0 ≥ C‖u‖1, ∀u ∈ H.
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Existence of eigenpairs

Lemma

Under the same assumptions for Ω, there is a constant C > 0 such that

a(u,u) ≥ c‖u‖2
1, ∀u ∈ H.

The corresponding solution operator T is then

linear and bounded with ‖T‖H′ = ρ
C ;

compact from H to itself;

self-adjoint w.r.t. a(·, ·).

Spectral Theorem ⇒ eigenpairs {wn} and {un} with wn → +∞.
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Rigid motions

Lemma

w2 = 0 is an eigenvalue with:

(i) a pure translation as eigenfunction if ∂Ω consists of two parallel
planes;

(ii) a pure rotation u0 as eigenfunction if Ω is axisymmetric about the
axis of rotation of u0.

Shifted formulation: find (u,w2) ∈ H× R such that

ã(u, v) := a(u, v) + ρ(u, v) = ρ(w2 + 1)(u, v) ∀ v ∈ H,

ã(u,u) ≥ min{µ, ρ}‖u‖2
1;

the corresponding solution operator T̃ is well-defined, compact and
self-adjoint;
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Discrete scheme

Let Hh ⊆ H (Lagrange elements): find uh ∈ Hh such that

a(uh, vh) = ρκh(uh, vh), ∀ vh ∈ Hh,

with κh := w2
h or w2

h + 1.

a is Hh-elliptic;

a discrete solution operator Th (cf. T̃h) is well defined;

error bound for evs:

|κ− κh|
κ

≤ Ch2(t−1), t > 1.

operator approximation:

‖T − Th‖ ≤ cht−1.

2Babuška and Osborn, 1991.
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Square (µ = λ = 1)
Vec Value
0
0.074465
0.14893
0.223395
0.29786
0.372325
0.44679
0.521255
0.59572
0.670185
0.74465
0.819115
0.89358
0.968045
1.04251
1.11698
1.19144
1.26591
1.34037
1.41484

Eigen  Vector 0 valeur =19.7426
Vec Value
0
0.0744463
0.148893
0.223339
0.297785
0.372232
0.446678
0.521124
0.59557
0.670017
0.744463
0.818909
0.893356
0.967802
1.04225
1.11669
1.19114
1.26559
1.34003
1.41448

Eigen  Vector 1 valeur =29.6105

Vec Value
0
0.0744436
0.148887
0.223331
0.297775
0.372218
0.446662
0.521105
0.595549
0.669993
0.744436
0.81888
0.893324
0.967767
1.04221
1.11665
1.1911
1.26554
1.33999
1.41443

Eigen  Vector 2 valeur =29.6107
Vec Value
0
0.0941874
0.188375
0.282562
0.37675
0.470937
0.565124
0.659312
0.753499
0.847686
0.941874
1.03606
1.13025
1.22444
1.31862
1.41281
1.507
1.60119
1.69537
1.78956

Eigen  Vector 3 valeur =49.3681
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Square (contd.)

j w2 w2/π2 ‖div u‖2
0 ‖rotu‖2

0 x−component y−component

1 19.74 2.000 9.870 0.0002633

IsoValue
-0.0745354
0.0372677
0.111803
0.186339
0.260874
0.335409
0.409945
0.48448
0.559016
0.633551
0.708087
0.782622
0.857158
0.931693
1.00623
1.08076
1.1553
1.22983
1.30437
1.49071

IsoValue
-0.0206102
-0.0190645
-0.0180339
-0.0170034
-0.0159729
-0.0149424
-0.0139119
-0.0128814
-0.0118509
-0.0108204
-0.00978986
-0.00875934
-0.00772883
-0.00669832
-0.00566781
-0.0046373
-0.00360679
-0.00257628
-0.00154577
0.00103051

2 19.74 2.000 9.870 0.0001704

IsoValue
-1.56104
-1.33774
-1.18888
-1.04001
-0.891149
-0.742285
-0.593421
-0.444557
-0.295693
-0.146829
0.00203546
0.1509
0.299764
0.448628
0.597492
0.746356
0.89522
1.04408
1.19295
1.56511

IsoValue
-1.56586
-1.34256
-1.1937
-1.04483
-0.895969
-0.747105
-0.598241
-0.449377
-0.300513
-0.151649
-0.00278436
0.14608
0.294944
0.443808
0.592672
0.741536
0.890401
1.03926
1.18813
1.56029

3 19.74 2.000 5.883e-05 19.72

IsoValue
-1.56308
-1.33978
-1.19092
-1.04205
-0.893188
-0.744323
-0.595458
-0.446594
-0.297729
-0.148865
-1.73279e-09
0.148865
0.297729
0.446594
0.595458
0.744323
0.893188
1.04205
1.19092
1.56308

IsoValue
-1.56308
-1.33978
-1.19092
-1.04205
-0.893188
-0.744323
-0.595458
-0.446594
-0.297729
-0.148865
2.03165e-09
0.148865
0.297729
0.446594
0.595458
0.744323
0.893188
1.04205
1.19092
1.56308

4 39.48 4.000 19.74 0.0005061

IsoValue
-1.5918
-1.34433
-1.17935
-1.01438
-0.849397
-0.684419
-0.519441
-0.354464
-0.189486
-0.0245078
0.14047
0.305448
0.470426
0.635404
0.800381
0.965359
1.13034
1.29532
1.46029
1.87274

IsoValue
-1.69493
-1.48689
-1.3482
-1.2095
-1.0708
-0.93211
-0.793414
-0.654719
-0.516023
-0.377328
-0.238632
-0.0999368
0.0387586
0.177454
0.31615
0.454845
0.59354
0.732236
0.870931
1.21767

Table: Unit square with parameters µ = ρ = 1, λ = 0.
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Square (contd.)

j νj νj/π
2 ‖div u‖2

0 ‖rotu‖2
0 x−component y−component

1 12.34 1.250 1.231e-07 12.27
IsoValue
-1.10526
-0.947369
-0.842106
-0.736843
-0.631579
-0.526316
-0.421053
-0.31579
-0.210527
-0.105263
-2.59884e-07
0.105263
0.210526
0.315789
0.421053
0.526316
0.631579
0.736842
0.842105
1.10526

IsoValue
-1.10524
-0.947349
-0.842088
-0.736827
-0.631566
-0.526305
-0.421044
-0.315783
-0.210522
-0.105261
2.09058e-07
0.105261
0.210522
0.315783
0.421045
0.526306
0.631567
0.736828
0.842089
1.10524

2 19.74 2.000 9.515e-07 19.69
IsoValue
-5.63047e-07
-4.87728e-07
-4.37516e-07
-3.87304e-07
-3.37092e-07
-2.86879e-07
-2.36667e-07
-1.86455e-07
-1.36243e-07
-8.60304e-08
-3.58181e-08
1.43941e-08
6.46064e-08
1.14819e-07
1.65031e-07
2.15243e-07
2.65455e-07
3.15668e-07
3.6588e-07
4.9141e-07

IsoValue
-1.05263
-0.973684
-0.921053
-0.868421
-0.815789
-0.763158
-0.710526
-0.657895
-0.605263
-0.552632
-0.5
-0.447368
-0.394737
-0.342105
-0.289474
-0.236842
-0.184211
-0.131579
-0.0789474
0.0526316

3 29.61 3.000 2.467 2.271e-05
IsoValue
-1.30056
-1.11477
-0.990904
-0.867041
-0.743178
-0.619315
-0.495452
-0.371589
-0.247726
-0.123863
-2.80301e-08
0.123863
0.247726
0.371589
0.495452
0.619315
0.743178
0.867041
0.990904
1.30056

IsoValue
-0.867044
-0.743181
-0.660606
-0.57803
-0.495455
-0.412879
-0.330304
-0.247728
-0.165153
-0.0825775
-2.079e-06
0.0825734
0.165149
0.247724
0.3303
0.412875
0.495451
0.578026
0.660602
0.86704

4 32.08 3.250 2.74e-06 32.05
IsoValue
-0.379096
-0.324939
-0.288835
-0.25273
-0.216626
-0.180522
-0.144417
-0.108313
-0.0722087
-0.0361043
4.378e-08
0.0361044
0.0722088
0.108313
0.144417
0.180522
0.216626
0.252731
0.288835
0.379096

IsoValue
-1.51641
-1.29978
-1.15536
-1.01094
-0.866522
-0.722102
-0.577682
-0.433262
-0.288842
-0.144422
-1.89071e-06
0.144418
0.288838
0.433258
0.577678
0.722098
0.866518
1.01094
1.15536
1.51641

5 41.95 4.250 2.223e-06 41.62
IsoValue
-1.39783
-1.19827
-1.06522
-0.932181
-0.799139
-0.666096
-0.533054
-0.400012
-0.266969
-0.133927
-0.000884182
0.132158
0.265201
0.398243
0.531286
0.664328
0.797371
0.930413
1.06346
1.39606

IsoValue
-0.750725
-0.643479
-0.571981
-0.500483
-0.428986
-0.357488
-0.28599
-0.214493
-0.142995
-0.0714972
4.73059e-07
0.0714982
0.142996
0.214494
0.285991
0.357489
0.428987
0.500484
0.571982
0.750726

Table: 2X1 rectangle with parameters µ = ρ = 1, λ = 10.
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Square (contd.)

j νj νj/π
2 ‖div u‖2

0 ‖rotu‖2
0 x−component y−component

1 51.82 5.25 2.467 2.271e-05
IsoValue
-0.69903
-0.599168
-0.532594
-0.46602
-0.399446
-0.332871
-0.266297
-0.199723
-0.133149
-0.0665743
-2.35295e-09
0.0665743
0.133149
0.199723
0.266297
0.332871
0.399446
0.46602
0.532594
0.69903

IsoValue
-1.39806
-1.19834
-1.06519
-0.93204
-0.798891
-0.665743
-0.532594
-0.399446
-0.266297
-0.133148
2.06974e-07
0.133149
0.266297
0.399446
0.532594
0.665743
0.798892
0.93204
1.06519
1.39806

2 123.4 12.5 2.271e-07 12.27
IsoValue
-1.10526
-0.947368
-0.842105
-0.736842
-0.631579
-0.526316
-0.421052
-0.315789
-0.210526
-0.105263
2.81906e-07
0.105263
0.210527
0.31579
0.421053
0.526316
0.631579
0.736843
0.842106
1.10526

IsoValue
-1.10524
-0.947349
-0.842088
-0.736827
-0.631566
-0.526305
-0.421044
-0.315783
-0.210522
-0.105261
-3.42646e-07
0.105261
0.210522
0.315783
0.421044
0.526305
0.631566
0.736827
0.842087
1.10524

3 197.4 20 1.757e-06 19.69
IsoValue
-0.00350248
-0.0032398
-0.00306467
-0.00288955
-0.00271442
-0.0025393
-0.00236418
-0.00218905
-0.00201393
-0.0018388
-0.00166368
-0.00148855
-0.00131343
-0.00113831
-0.000963183
-0.000788058
-0.000612934
-0.00043781
-0.000262686
0.000175124

IsoValue
-1.10526
-0.947363
-0.842101
-0.736838
-0.631576
-0.526314
-0.421051
-0.315789
-0.210526
-0.105264
-1.55477e-06
0.105261
0.210523
0.315786
0.421048
0.52631
0.631573
0.736835
0.842098
1.10525

4 207.3 21 9.869 0.0004004
IsoValue
-1.05263
-0.973679
-0.921048
-0.868417
-0.815785
-0.763154
-0.710523
-0.657891
-0.60526
-0.552629
-0.499997
-0.447366
-0.394735
-0.342104
-0.289472
-0.236841
-0.18421
-0.131578
-0.078947
0.0526313

IsoValue
-0.00367818
-0.00315273
-0.00280243
-0.00245214
-0.00210184
-0.00175154
-0.00140124
-0.00105094
-0.000700644
-0.000350345
-4.65204e-08
0.000350252
0.00070055
0.00105085
0.00140115
0.00175145
0.00210174
0.00245204
0.00280234
0.00367809

5 207.3 21 9.87 0.000243
IsoValue
-1.39806
-1.19834
-1.06519
-0.93204
-0.798891
-0.665743
-0.532594
-0.399446
-0.266297
-0.133149
-2.41833e-09
0.133149
0.266297
0.399446
0.532594
0.665743
0.798891
0.93204
1.06519
1.39806

IsoValue
-0.69903
-0.599169
-0.532594
-0.46602
-0.399446
-0.332871
-0.266297
-0.199723
-0.133149
-0.0665743
-2.00404e-09
0.0665743
0.133149
0.199723
0.266297
0.332871
0.399446
0.46602
0.532594
0.69903

Table: 2X1 rectangle with parameters µ = 10, λ = ρ = 1.
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Triangle

j w2 w2/π2 ‖div u‖2
0 ‖rotu‖2

0 x−component y−component

1 4.6563 0.4718 0.7007 24.36

IsoValue
-3.61121
-3.28957
-3.07513
-2.8607
-2.64627
-2.43184
-2.21741
-2.00298
-1.78855
-1.57412
-1.35968
-1.14525
-0.930822
-0.716391
-0.50196
-0.287528
-0.0730972
0.141334
0.355765
0.891843

IsoValue
-2.54209
-2.33278
-2.19325
-2.05371
-1.91417
-1.77464
-1.6351
-1.49556
-1.35602
-1.21649
-1.07695
-0.937414
-0.797877
-0.65834
-0.518803
-0.379267
-0.23973
-0.100193
0.039344
0.388186

2 8.3125 0.8422 0.4333 14.42

IsoValue
-1.60526
-1.33577
-1.15611
-0.97645
-0.796789
-0.617128
-0.437467
-0.257806
-0.0781457
0.101515
0.281176
0.460837
0.640497
0.820158
0.999819
1.17948
1.35914
1.5388
1.71846
2.16761

IsoValue
-1.19242
-1.04671
-0.949575
-0.852438
-0.755301
-0.658163
-0.561026
-0.463889
-0.366752
-0.269614
-0.172477
-0.07534
0.0217972
0.118934
0.216072
0.313209
0.410346
0.507483
0.604621
0.847464

3 11.84674 1.200 2.527 4.15

IsoValue
-1.80597
-1.558
-1.39268
-1.22736
-1.06205
-0.89673
-0.731413
-0.566096
-0.40078
-0.235463
-0.0701462
0.0951705
0.260487
0.425804
0.591121
0.756437
0.921754
1.08707
1.25239
1.66568

IsoValue
-0.250225
-0.102193
-0.0035042
0.0951843
0.193873
0.292561
0.39125
0.489938
0.588627
0.687315
0.786004
0.884692
0.983381
1.08207
1.18076
1.27945
1.37813
1.47682
1.57551
1.82223

4 21.0647 2.134 1.640 75.96

IsoValue
-1.66499
-1.2289
-0.938173
-0.647447
-0.356721
-0.0659949
0.224731
0.515457
0.806183
1.09691
1.38764
1.67836
1.96909
2.25981
2.55054
2.84127
3.13199
3.42272
3.71344
4.44026

IsoValue
-1.18443
-0.838288
-0.607528
-0.376768
-0.146008
0.0847527
0.315513
0.546273
0.777033
1.00779
1.23855
1.46931
1.70007
1.93083
2.16159
2.39235
2.62311
2.85387
3.08463
3.66154

Table: Isosceles triangle of vertices (0, 0), (2, 0) and (1, 2) with parameters
λ = µ = ρ = 1.
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L-shape, ρ = µ = λ = 1

Vec Value
0
0.0509838
0.101968
0.152951
0.203935
0.254919
0.305903
0.356887
0.40787
0.458854
0.509838
0.560822
0.611805
0.662789
0.713773
0.764757
0.815741
0.866724
0.917708
0.968692

Eigen  Vector 0 valeur =6.46245
Vec Value
0
0.0451862
0.0903725
0.135559
0.180745
0.225931
0.271117
0.316304
0.36149
0.406676
0.451862
0.497049
0.542235
0.587421
0.632607
0.677794
0.72298
0.768166
0.813352
0.858539

Eigen  Vector 1 valeur =10.72

Vec Value
0
0.0511925
0.102385
0.153577
0.20477
0.255962
0.307155
0.358347
0.40954
0.460732
0.511925
0.563117
0.61431
0.665502
0.716695
0.767887
0.81908
0.870272
0.921465
0.972657

Eigen  Vector 2 valeur =15.5225
Vec Value
0
0.0555334
0.111067
0.1666
0.222133
0.277667
0.3332
0.388733
0.444267
0.4998
0.555334
0.610867
0.6664
0.721934
0.777467
0.833
0.888534
0.944067
0.9996
1.05513

Eigen  Vector 3 valeur =16.5744
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CV properties on polyhedron

10
-2

10
-1

10
0

meshsize

10
-4

10
-3

10
-2

10
-1

10
0

R
e

la
ti
v
e

 e
rr

o
r

Convergence study on square
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Convergence study on lshaped
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Convergence study on cube
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Convergence study on circle
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Conclusions and future work

Conclusions:

FEM provides a reliable scheme to approximate Jones modes on
polyhedral domains;

the extra constraint makes the problem “domain dependent”.

Future work:

Does this scheme work for more general smooth domains?

A posteriori error analysis would help to improve the convergence for
computations on non-convex domains.
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Thanks!
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