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A convex body K in R" is a compact, convex set with nonempty interior.

A convex floating body K5 for a convex body K is the intersection of all
halfspaces whose defining hyperplanes cut off a set of volume § from K.
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It has been shown that [S.-Werner]

im volp(K) — vol,(Ks)
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It has been shown that [S.-Werner]

vol,(K) — vol,(Ks)

lim 5
6—0+ St
2
1 n + 1 n+1 / 1
=\ K(x) T dpgk (x),
2 VOI,,,l(Bz" 1) 9K

where k(x) is the generalized GauB—Kronecker curvature, pgk denotes the
surface measure on the boundary 9K and By~ is the (n — 1)-dimensional
Euclidean unit ball.
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It has been shown that [S.-Werner]

vol,(K) — vol,(Ks)

lim 5
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where k(x) is the generalized GauB—Kronecker curvature, pgk denotes the
surface measure on the boundary 9K and By~ is the (n — 1)-dimensional
Euclidean unit ball. We put

as(K) = | r(7 dpan(x)
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Let P be a convex polytope in R".
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Let P be a convex polytope in R”. We call a subset F of P a face of P, if
for all x,y € P with %(X-I—y) € F we have x,y € F.
We call F an i-face, i =0,...,n, of P if F spans an /-dimensional affine
subspace. The set of faces, respectively i-faces, of P is denoted by
face(P), respectively face;(P). A flag of P is a tuple F = (Fo, ..., Fn_1)
of faces, such that for all i =0,...,n— 1 we have

(1) Fjis an i-dimensional face of P.

(ii) F; C F,'_|_1.
We call the n + 1-tuple (0, Fo, ..., Fn—1, P) a complete flag. The set of
flags of P is denoted by flag(P).
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Example

(i) The flag number of a simplex is (n+ 1)!.
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Example

(i) The flag number of a simplex is (n+ 1)!.
(ii) The flag number of a cross polytope is 2"nl.

(iii) The flag number of a cube is 2"n!.
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Let P be a convex polytope in R” that contains the origin as an interior
point.
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Let P be a convex polytope in R” that contains the origin as an interior
point. The conjugate face of a face F of P is

F={xeP°|¥ycF:(xy)=1}

Let F be a k-dimensional face of P. Then F is a n — 1 — k-dimensional
face of P°.

Therefore, if F = (Fo,...,Fn_1) is a flag of P, then F = (F,_1,...,Fo) is

a flag of P°.
In particular, the number of flags of P and P° are the same.
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In [S.] it was shown that for polytopes

vol,(P) — vol,(Ps)  [flag(P)|
50+ 5 (In %)n—l - n! nn—l ?

where |flag(P)] is the total number of complete flags of P.
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Why is the last equality interesting?
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Why is the last equality interesting?
The affine isoperimetric inequality is

as(K) _ (vol,,(K) )+

as(BJ) — \vol,(Bj)
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Why is the last equality interesting?
The affine isoperimetric inequality is

as(K) _ (vol,,(K) )+

as(BJ) — \vol,(Bj)
The affine isoperimetric inequality gives the Blaschke-Santalé inequality

vol,(K) vol,(K®) < vol,(B5)?,
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The Mahler conjecture says that for all centrally symmetric, convex bodies
K

volp(Cp) vol,(Cy) < vol,(K) vol,(K®)

May 2018 8 /16



The Mabhler conjecture says that for all centrally symmetric, convex bodies

K
vol,(C,) vol,(C,) < vol,(K) vol ,(K?)

This gives rise to the question, whether there is an analogous inequality to
the affine isoperimetric inequality that gives the Mahler conjecture?
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The Mabhler conjecture says that for all centrally symmetric, convex bodies
K

vol,(C,) vol,(C,) < vol,(K) vol ,(K?)

This gives rise to the question, whether there is an analogous inequality to
the affine isoperimetric inequality that gives the Mahler conjecture?

It cannot involve the affine surface area, since the affine surface area of a
polytope is 0.
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On the other hand,

vol,(P) — vol,(Ps)  |[flag(P)|
50+ 5 (In %)n—l - n! nn—l ’
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On the other hand,

vol,(P) — vol,(Ps)  |[flag(P)|
50+ 5 (In %)n—l - n! nn—l ’

This suggests that
[flag(P)]

is something like a polytopal affine surface area.
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A polytopal affine isoperimetric inequality would be for arbitrary convex
polytopes P
flag(S) < flag(P),

where S is a simplex. This is easily proved by induction.
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For centrally symmetric, convex polytopes
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where C, is the n-dimensional cube.
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A polytopal affine isoperimetric inequality would be for arbitrary convex
polytopes P
flag(S) < flag(P),

where S is a simplex. This is easily proved by induction.

For centrally symmetric, convex polytopes

flag(C,) < flag(P),
where C, is the n-dimensional cube. We have

2"n! = flag(C,) = flag(Hanner polytope in R").
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flag(C,) < flag(P),
where C, is the n-dimensional cube. We have
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A polytopal affine isoperimetric inequality would be for arbitrary convex
polytopes P
flag(S) < flag(P),

where S is a simplex. This is easily proved by induction.

For centrally symmetric, convex polytopes
flag(C,) < flag(P),
where C, is the n-dimensional cube. We have
2"n! = flag(C,) = flag(Hanner polytope in R").
Kalai conjectured the inequality for centrally symmetric polytopes.

So the above conjecture and the Mahler conjecture both hold for centrally
symmetric, convex polytopes with equality for Hanner polytopes. This may
be a conincidence, but | guess it is more than a coincidence.
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Barany proved that the inequality for centrally symmetric convex
polytopes holds for simplicial polytopes.
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Barany proved that the inequality for centrally symmetric convex
polytopes holds for simplicial polytopes.

Figiel-Lindenstrauss-Milman showed

>c-n
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Barany proved that the inequality for centrally symmetric convex
polytopes holds for simplicial polytopes.

Figiel-Lindenstrauss-Milman showed

P Fo_1(P
g PN i 1P (P

It follows that there is ¢ > 1 such that

flag(P) > cV"
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Let ¢ : K — (0, 00) be a continuous function and denote by ® the
measure with density ¢, i.e., for every Borel A C K

o(A) = [ o()dn ().
The weighted floating body is defined by
K =({HFI®(KNH") <4},

Clearly, if ¢ =1, then the weighted floating body is the convex floating
body, i.e., K¢ = Kj.
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Let P be a n-dimensional convex polytope and let ¢, : P — (0,00) be
continuous functions. Then

o VP V) > w v) [flag, P|

=0t 5 (1In1)"” (v) nlpn—1”

vEvert P

where vert P is the set of vertices of P and |flag, P| is the number of flags
that have v as a vertex.
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We describe the 2-dimensional case.
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Let x € OP and let A(x) be the distance of x to OPs
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Let x € OP and let A(x) be the distance of x to OPs
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Let F be a face of P and x € F. Then

A) N{ & if xis the middle of F

1) if x is a vertex

May 2018 15 / 16



Let x € OP and let A(x) be the distance of x to OPs

Voln(P) — voln(P3) ~ /a A()dnar(x)

Let F be a face of P and x € F. Then

E} . . .
=% if x is the middle of F
Alx) ~d TFL !
(x) { Vo if x is a vertex

We conclude that the volume of the set P\ P; sits nearby the vertices.
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