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Probabilistic model for N colliding particles (Kac 1956)

(i) For a collision randomly and uniformly pick a pair (i, j) of particles.

(ii) Randomly pick a ‘scattering angle’ with uniform probability.

(iii) Update the velocities by a rotation, i.e.,

(vi, vj)→ (v∗i (θ), v∗j (θ)) := (sin(θ)vi + cos(θ)vj, cos(θ)vi − sin(θ)vj)

(iv) Assume that the collision times are exponentially distributed, i.e, the
probabiltity that the first collision time is larger than t is given by e−t.

v = (v1, v2, · · · , vN )



Energy is conserved.

v2 =

N∑
i=1

v2
i = N

Momentum is not conserved.

Looking for an evolution on probability distributions

F (v) ∈ L1(SN−1(
√
N), µN ) , v = (v1, v2, . . . , vN )

This setup models a spatially homogenous gas.



Given an initial distribution F0(v)

F (v, t) = e−Nt(I−Q)F0 =

∞∑
k=0

e−Nt(Nt)k

k!
QkF0

satisfies the linear Kac master equation

d

dt
F (v, t) = −N(I −Q)F (v, t) , F (v, 0) = F0(v)

Ri,jΦ :=
1

2π

∫ 2π

0
Φ(v1, · · · , v∗i (θ), · · · , v∗j (θ), · · · , vN )dθ

Q =

(
N
2

)−1∑
i<j

Ri,j



N(Q− I) =
2

N − 1

∑
i<j

(Ri,j − I)

The collision rate of particular particle colliding

with any other within a time interval dt is 2dt.

The (negative ) Entropy

S(F ) =

∫
SN−1

F logFdµN



Cercignani’s conjecture, formulated orginally for the Boltzmann equation

S(F (t)) ≤ e−ctS(F0) , c > 0 .

Entropy production, McKean, Carlen-Carvalho

ΓN = inf
F
−
d
dtS(F (t))

S(F )

∣∣∣
t=0

= inf
F

∫
SN−1 N(I −Q)F logFdµN

S(F )

dS

dt
(F (t)) ≤ −ΓNS(F (t))



C. Villani, 2003

ΓN ≥
2

N − 1

Amit Einav, 2012

ΓN ≈
1

N
.

The indications are that exponential decay of the entropy

does not hold for general initial conditions.

Problem: Is there an initial condition F0 such that

S(F (t)) ≥ c(1− t

N
)S(F0) ?



What are physically reasonable situations where

one can expect exponential decay in entropy

at a rate independent of N?

A good candidate is a ‘small system’ coupled to a large

system in thermal equilibrium.

Joint work with Federico Bonetto



Warm up: System interacting with a thermostat

∂f

∂t
= −λM(I −Q)f − µ

M∑
j=1

(I −Rj)f =: LTf . (1)

Rjf :=
1

2π

∫
dw

1

2π

∫ 2π

0
dθ

√
β

2π
e
−β2w

∗2
j (θ)

f (vj(θ, w))

vj(θ, w) = (v1, ..., vj cos (θ)+w sin (θ), ..., vM ) , w∗j (θ) = −vj sin (θ)+w cos (θ)

.



Operators act on probability distributions in L1(RM ). Energy no longer conserved.

K(f ) :=
1

2

M∑
i=1

∫
RM

v2
i f (v1, . . . , vM )dv1 · · · dvM ,

dK

dt
= −µ

2

(
K −M

2β

)
.

Unique equilibrium state: Gaussian with temperature β−1

Gβ(v) =

(√
β

2π

)M
e−

β
∑M
i=1 v

2
i

2



Relative entropy

S(f |Gβ) =

∫
RM

f log
f

Gβ
dv

Theorem (Bonetto-L-Vaidyanathan)

Let f (t) be the solution of the master equation (1)
with initial condition f0. Then

S(f (t)|Gβ) ≤ e−µt/2S(f0|Gβ) .

The rate µ/2 is best possible, (Vaidyanathan)



System interacting with a finite reservoir

∂tF = LF := LSF + LRF + LIF , F (v,w, t)

LS =
λS

M − 1

M∑
i<j=1

(Ri,j − I) , LR =
λR

N − 1

M+N∑
M+1≤i<j

(Ri,j − I)

LI =
µ

N

M∑
i=1

M+N∑
j=M+1

(RIi,j − I)



Initital conditions

The reservoir R should be initially in equilibrium,

while no assumption should be made about the system S

F0(v,w) = f0(v)GN,β(w)

where GN,β is a Gaussian of temperature β−1

Note that through the interaction term, correlations will

be building up over time. In particular the reservoir will be

out of equilibrium after a finite time.



Equilibrium State for finite reservoir system∫
SO(N+M)

F0(R−1(v,w))dR 6= GM+N,β(v,w)

Equilibrium State for the thermostated system

GM,β(v) =

(√
β

2π

)M
e−

β
∑M
i=1 v

2
i

2



How do the thermostated model and the finite reservoir model compare?
The Gabetta-Toscani-Wennberg metric

d2(F,G) = sup
|~ξ|6=0

|F̂ (~ξ)− Ĝ(~ξ)|
|~ξ|2

d2(f⊗N , g⊗N ) = d2(f, g) !

F (v, w, t) solution of the finite reservoir system.

f (v, t) solution of the thermostated system.

Initial conditions:

F (v, w, 0) = f0(v)GN,β(w) , f (v, 0) = f0(v) .



Theorem (Bonetto, L, Tossounian, Vaidyanathan (2017))

Under reasonable assumptions of f

d2(F (·, t), f (·, t)GN,β(·)) ≤

K1
M

N
(1− e−

µt
4 )
√
d2(f (·, 0), GM,β(·)) + K2

√
d2(f (·, 0), GM,β(·))



Rate of decay of entropy for the system interacting with finite reservoir?

For LT we have the decay

S(f (t)|Gβ) ≤ e−µt/2S(f0|Gβ) .

Choose β = 2π from now on

Define

f (v, t) :=

∫
RN

eLtF0(v,w)dw

F0(v,w) = f0(v)e−π|w|
2

S(f ) := S(f |e−π|v|
2
) =

∫
RM

f (v) log

(
f (v)

e−π|v|2

)
dv <∞



Cannot expect that S(f (t)) tends to zero.

The Gaussian is not the equilibrium state∫
SO(N+M)

F (R−1(v,w))dR 6= GM,β(v)GN,β(w)∫
RN

∫
SO(N+M)

F (R−1(v,w))dRdw 6= GM,β(v)

Replace the uniform measure dθ
2π by ρ(θ)dθ

and assume that∫ 2π

0
ρ(θ) sin θ cos θdθ = 0

,
We do not assume local reversibility!



Theorem (Bonetto-Geisinger-L-Ried)

Assume that the entropy of f0 relative to the thermal state is finite

S(f0) =

∫
RM

f0(v) log

(
f0(v)

e−π|v|2

)
dv <∞

Then for N ≥M

S(f (t)) ≤
[

M

N + M
+

N

N + M
e−µ(ρ)N+M

N t
]
S(f0)

where

µ(ρ) = µ

∫ 2π

0
ρ(θ) sin(θ)2dθ



Some ideas for a proof

f0(v) = h0(v)e−π|v|
2

eLtF0(v,w) = e−π(|v|2+|w|2)eLth0(v,w)

F0(v,w) = h0(v)e−π(|v|2+|w|2)

f (v, t) = h(v, t)e−π|v|
2
, where h(v, t) =

∫
RN

eLth0(v,w)e−π|w|
2
dw

S(f (t)) =

∫
h(v, t) log h(v, t)e−πv2

dv

S(f0) =

∫
h0 log h0e

−πv2
dv



Λ = λS
M

2
+ λR

N

2
+ µM

λS
Λ(M − 1)

,
λR

Λ(N − 1)
,
µ

ΛN
,

L = ΛQ− ΛI

Q =
∑

1≤i<j≤M+N

λi,jRi,j

∑
1≤i<j≤M+N

λi,j = 1



Power series expansion for the time evolution

(eLth0)(v,w) =

e−Λt
∞∑
k=0

Λktk

k!
Qkh0(v,w)

Qkh0(v,w) =
∑
α

λα

∫
ρθdθ h0([Πkj=1rαj(θj)]

−1(v,w))

∑
α

λα

∫
ρθdθ =

∑
α1,...,αk

λα1 · · ·λαk
∫
ρ(θ1)dθ1 · · · ρ(θk)dθk

Nk,α,θ h0(v) :=

∫
RN

h0([Πkj=1rαj(θj)]
−1(v,w))e−π|w|

2
dw



Convexity

S(f (t)) ≤ e−Λt
∞∑
k=0

Λktk

k!

∑
α

λα

∫
ρθdθ S(Nk,α,θ h0)

S(Nk,α,θ h0) =

∫
RM
Nk,α,θ h0(v) log

[
Nk,α,θ h0(v)

]
e−π|v|

2
dv



[Πkj=1rαj(θj)]
−1 =

[
Ak(α, θ) Bk(α, θ)
Ck(α, θ) Dk(α, θ)

]
Nk,α,θh0(v) =

∫
RN

h0(Ak(α, θ)v + Bk(α, θ)w)e−π|w|
2
dw

=

∫
RM

h0(Ak(α, θ)v +
(
IM − Ak(α, θ)Ak(α, θ)T

)1/2
w)e−π|w|

2
dw

Ak(α, θ) = Uk(α, θ)Γk(α, θ)Vk(α, θ)T , Γk(α, θ) = [γ1, · · · , γM ] , 0 ≤ γj ≤ 1

=

∫
RM

h0,Uk(α,θ)(Γk(α, θ)Vk(α, θ)Tv+
(
IM − Γk(α, θ)2

)1/2
w)e−π|w|

2
dw

h0,Uk(α,θ)(v) = h0(Uk(α, θ)v)



Nk,α,θ h0(v) =

∫
RM

h0,Uk(α,θ)(Γk(α, θ)v +
(
IM − Γk(α, θ)2

)1/2
w)e−π|w|

2
dw =

∫
RM

h0,Uk
(γ1v1+(1−γ2

1)1/2w1, . . . , γMvM+(1−γ2
M )1/2wM )e

−π
∑M
j=1w

2
jdw1 · · · dwM

Ornstein-Uhlenbeck type operator

Nah(v) =

∫
R
h(av +

√
1− a2w)e−πw

2
dw , 0 ≤ a ≤ 1



Hypercontractivity in entropic form

Theorem

Assume that h : R→ R+ has finite entropy, i.e.,

S(h) =

∫
R
h(v) log h(v)e−πv

2
dv <∞

then

S(Nah) ≤ a2S(h) + (1− a2)‖h‖1 log ‖h‖1



A computation

S(Na,bh) = S(NaNbh) ≤ a2S(Nbh) + (1− a2)S(Nbh1)

≤ a2b2S(h)+a2(1−b2)S(h2)+(1−a2)b2S(h1)+(1−a2)(1−b2)‖h‖1 log ‖h‖1

h1(v2) =

∫
R
dv1e

−πv2
1h(v1, v2) , h2(v2) =

∫
R
dv2e

−πv2
2h(v1, v2)

‖h‖1 =

∫
R2
dv1dv2e

−π[v2
1+v2

2]h(v1, v2)



Theorem

Let
∫
RM h0(v)e−π|v|

2
dv = 1 and assume that S(h0) <∞. Then

S(Nk,α,θ h0) ≤∑
σ⊂{1,...,M}

Πi∈σcγ2
iΠj∈σ(1−γ2

j )

∫
RM

h0(v) log hσ0,Uk
(PσcU

T
k v)e−π|v|

2
dv

where

hUk(v) = h(Uk(α, θ)v)

and the σ marginal hσUk
is given by

hσUk
(u) =

∫
Rσ
h(Uk(u′,u))e−π|u

′|2du′



Theorem

∑
α

λα

∫
ρθdθ S(Nk,α,θ h0)

≤
[

M

N + M
+

N

N + M
(1− µρ

M + N

ΛN
)k
]
S(f0)

e−Λt
∞∑
k=0

Λktk

k!

[
M

N + M
+

N

N + M
(1− µρ

M + N

ΛN
)k
]

=
M

N + M
+

N

N + M
e−µρ

M+N
N t



Barthe’s version of the Brascamp-Lieb inequalities

For i = 1, . . . K, let Hi ⊂ RM be subspaces of dimension di and
Bi : RM → Hi be linear maps with the property that BiB

T
i = IHi,

the identity map on Hi. Assume further there are non-negative constants
A, ci, i = 1, . . . , K such that

K∑
i=1

ciB
T
i Bi = AIM . (2)

Then for any non-negative functions fi : Hi→ R, i = 1, . . . , K, and any

non-negative function h ∈ L1(RM , e−π|v|2dv) with ‖h‖1 = 1

K∑
i=1

ci

[∫
RM

h(v) log fi(Biv)e−π|v|
2
dv − log

∫
Hi

fi(u)e−πu
2
du

]
≤ A

∫
RM

h(v) log h(v)e−π|v|
2
dv (3)

Carlen – Cordero-Erausquin

Apply the BL theorem to our problem



fi(u)⇔ hσU (u)

Hi⇔ Rσ
c

Pσc : RM → Rσ
c

Bi⇔ PσcUk(α, θ)T

BiB
T
i = IHi ⇔ PσcUk(α, θ)T [PσcUk(α, θ)T ]T = PσcPTσc = IRσc

What corresponds to the cis and to the summation

K∑
i=1

ciB
T
i Bi = IM ?



Key Computation∑
α

λα

∫
ρθdθ∑

σ⊂{1,...,M}
Πi∈σcγk,i(α, θ)2Πj∈σ(1−γk,j(α, θ)2)Uk(α, θ)PTσcPσcUk(α, θ)T

= Ak,MIM

where

Ak,M =

[
M

N + M
+

N

N + M
(1− µρ

M + N

ΛN
)k
]

µρ =

∫
ρ(θ) sin(θ)2dθ



THANK YOU!


