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Motivation
No self-similar solutions of Navier-Stokes equations blow up.
Nevertheless it is of interest to see they actually behave.

Cannone-Planchon(1996) proved the existence of forward self-similar
solutions for small data by using a fixed-point theorem. For recent
developments, see e.g. Chae-Wolf (2018), Bradshaw-Tsai(2018).

We will try to construct asymptotic solutions, using V x w.

One of the principal objects of theoretical research is to find the point
of view from which the subject appears in the greatest simplicity.
(W. Gibbs)
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0. Introduction

Theorem 2 Cannone-Planchon (1996) Let ug € BY __ be a divergence
free vector field that is homogeneous of degree -1. There exists an
universal constant n > 0 and T' > 0 such that, if

0 <
||uo||Bg7oo n,

then there exists a unique global solution u(x,t) of the Navier-Stokes
equations such that

1 x
u(x,t) = 7ZU <%>

U=S1)ug+ W

where W € L3 satisfies ||W| ;3 < C(n).
(S(t) = heat operator)

with U € BY __ and



Initial data for self-similar solution (3D)

Aug(Ax) = ug(x)

1 €T
u(x,t) = WU (%)

e.g. U(x) = 1| uw(x, t) = 1

1
———— = asS t — 0
1+[x|’ jz[+vE T

Construction of solutions in Besov spaces:
a > — d for homogeneous function of degree «

1 1
u~—in 1D, w~ — in 2D are not included.
xXr 5132

cf. Ms(\x) = 6(x)



9% | (v VYo = viw, vz t) = 20V oG é

ot
/ T Y bo(y) exp _lz—ylf dy
RS t O

4ut

_ 2
/R3 $0(y) exp <—|w4yij| ) dy

A few points deserve emphasis. First, this is only a particular solution
to the equation. Second, even so, it is quite complicated and would
still require considerable computer analysis to produce a flow field.
Third, it is an irrotational solution, as mentioned.

v(x,t) =

“The Ceaseless Wind: An Introduction to the Theory of Atmospheric
Motion,” J.A. Dutton



2. 1D Burgers equation

= ——

ou n ou 02
D TP
ot ox Ox2

static scale invariance

xr — A\xr,t — )\Qt,u Ay

Property 1: if u(z,t) is a solution, so is Au(\z, \2t).

Simpler critical case with ¢ where u = 0,¢
Property 1': if ¢(x,t) is a solution, so is ¢(Ax, \2t).
Note velocity potential [¢] = [v] = L2/T



1

Dynamic scalin 1) = 3
\'4 g u(fc ) \/TCLt T)
T 1
J V2at | 2a 9(1 + 2at)
ou aU 82U
— a— (€U Fokker-Planck operator

b b b 2¢
0 + = (8 ) aa 0 (Ornstein-Uhlenbeck op.)

or o0&
quasi-invariance



Steady solution (i.e. self-similar solution)
“source solution”

U(§) =

U(0)exp <—§>

1-— UQ(S) /(fexp(

valid only for small data U(0) < /8av/=«



IquELl,for 1 <p< oo,

B0 uen - —Lvo| o as ¢ -
ul(x,t) — o0,
Vv 2at D
vvheregz\/%at
1
i U() = M6(z), ME/ d
MY g ) MO M gy vol@)ds

e.g. Escobedo-Zuazua(1991), Karch(1999), Biler et al.(2001)

8 M
cf. U(0) = ,/%tanha ~ ,/QLWM (v>>1)



Three methods of solutions
(1) Simplest method (no linearisation)

2 2 2
%:aﬁU—l—y%zuexp (—fy) d (Uexp <£>>
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(2) Another method (Bernoulli equation)

dU 1
I § gﬁU
d& 2v v
Linearisation by V =1/U
dVv

_1
i =5 (1 — 2a€V)

11



(3) Yet another (awkward) method
Observe

U(0)exp (

afz
2

v

U(§) =

1 — U(O)/ exp(

2 o0 2
— U(O)exp< 25 ) > {U(O) Ogexp <—a2i

22U

174 n—=1

1

1 —r

cf.

=1+7r+r+...,

2
n
d
21/> g

v

Ir| <1

)}
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Introduce a formal series expansion

3 dao 1 2\ _
U = eUy + €2Us + ... in —:—exp<—£>U2

d& 2v 2v
dU
O(e) : —L=0—-U; =U(0).
d¢
dUs 1 ag?\ 5
O(€? L= _exp|—|U
() d& 2v p( 21/) 1
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a§2
U(0)exp ( ) >
Ug) =

U(O) an
/exp( 2v

—Qz/%log {U(O) 1——/ exp(

step 1: find a self-similar solution

),

CL?’}2

2V
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step 2: make a substitution
a self-similar heat flow

. U(0) exp (—%)
u(z,t) = z
vV 22at U0 Sar B 772
1 20"/, exp A0t dn
1%

——= a more general heat flow

0 x — T —1y)?
/ Yo (y) exp (—( y) >d

—oo T 4ut

o — )2
/_Oozbo(y)exp (—( ) )dy

w(z,t) =

4ut
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2. Examples

Burgers equations in several dimensions

1D

or

U(¢) = TR
U(0) ¢ at?\
R= v Oexp<_21/>d€

o)
U(¢) = —21/8—€ log(1l — R)
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2D

or

2_|_ 2

% %(5]1 (O)GXD (_ (5121/52))
0&o (1 - R)?

901(0) s 2 ¢

06 L _a&” 2

2v /O exp( 2u>d€/0 eXD(
2

oU1 = — 0 log(1l — R)
0o 0§10&o
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3D
0°U1  9°Ux
062083  0£20&3

(0) £2 &2 a €3 ac?
852853 _ag? 77
= /O exp( 2V>d§/0 exp( )dn/ exp( 2V>dg

2 3
U _ 5, 9 log(1 — R)
0§20&3 0§10£2083

a(ﬁ%+£§+§§)> 1-R

(0)exp <_ v (1 - R)3

or

Common: U =V¢, ¢ = —2vlog(l — R)
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2D Navier-Stokes equation
“A Mathematical Model Illustrating the Theory of Turbulence,” (1948)

*Burgers vortex u = (ur,ug, uy) = (—ar,v(r),2az)

a ar?
w(r) = 2_rexp (——) , M= /R? wo(x)dx

TV 2v
[ ar?
= — (1 —-—exp|——
v(r) 2rr ( P < 2v ))
[ r2
*Oseen vortex w(r,t) = xp| ——1], w(r,0)=Tr4§()
vt vt

21



If wg € L2, for 1 <p < oo,

e.g.

1
1

1
p

a a 2
Q(&)zz—rexp<— < ),szé

i§2(£)= | exp (—%>

2at 4t 4ut

t“—r>T(]) Q) =Tdé(x), T = /]RQ wo(x)dx

Gallay & Wayne(2005)
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The below are all 3D Navier-Stokes equations. (r=x —y)

%_3][ r X (Vxypy))r- (Vx9P(y))
R3

55— 4 E dy + vAy +a(z - V)Y

E;_TZ_Fu.vu:—Vp+1/Au—|—a(a:-V)u—|—au

%—c:+u~Vw:w-Vu+z/Aw+a(:c-V)w+2aw

a_XZVX(u><X—|—2(w-V)U)+vﬁx+9(w°v)x+3aX,

¢ -
0 =aV-(TRX)
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3. Navier-Stokes equations and Hopf equations (interlude)
3D Navier-Stokes equations

0

a—?—l—u-Vu—I—szz/Au, V-u =0,
Property 1: if u(x,t) is a solution, so is Au(lx, \2t).
Dynamic scaling

1
Vv 2at

x t ds 1
$=aar T /()A(s)Q 5, '09(1 + 2at),

the scaled Navier-Stokes equations (the Leray equations)

oU

E_FUV€U:—V£P—|—I/A€U—|—CL(€V€U—|-U), Vf'U:O.

u(x,t) =

U 7),
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Characteristic functional of velocity [0, t] = <exp (i/u(w,t) : 9(:c)d:c)>
Hopf equation (1952)

5o
4 V/d:v ej(a;)A(Sej(m), = Lo

0 52 P
axk 59]($)59k($)

b
%—tzi/dmej(m)

(% _ L) b [AQH(A:;:), A‘Qt] = 0, Rosen(1982)

Extends to d-dimensions, hence,

Property 2: if ® [0(x),t] is a solution, so is & [Ad—lﬁ(Aaz), A—Qt}.

For vorticity char. functional, & [Ad—zﬁ(km), A—Qt}

For vorticity gradient char. functional, ® [)\d_39()\m),)\_2t}

See also Fo0ias(1972,1973) for an alternative formulation based on
the Liouville equation.
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4. Self-similar solutions of Navier-Stokes equations
3D Navier-Stokes equations written in x(x,t) =V X w

%:Vx(uxx—FQ(w-V)U)‘FVAX

After scaling, X (&, ) satisfies:

%—X:vX (Ux X +2Q-VU)+ aV (€2 X) +vAX
4 —30X +a(£-V)X
X (&) Q) U©)

= , W = , U —
X (2at)3/2 2at (2at)1/2
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(X (&) =eX1(8) +2X2(8) + ...
U(&) =eU1(8) +€2Us(8) + ...

| Q) = eQ1(8) + 2Q2(8) + . ..

Homogeneous Fokker-Planck equation

N\

O(e) : AX1+§v-<s®X1>=o

X1 = [ Xo(m)G(&—m)dn = Xo+G

where G(€) = ( ¢ )3/2

27y

exp (—451€12)
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Inhomogeneous Fokker-Planck equation

1
O(2): AXo+ gv (€@ X2)= "V x U1 x X1 +2(21 -V} Uy

=F
U1:U0*G, Q]_:Qo*G
1
X2=——g>l<(v><F)
v
1 2\ r 2 1
= ([Zexp (L /exp L ) ds — = )«Ux{Uq x X1+ 2(Q1 - V)U1}
4y \v 2v 0 2v r

where g is the Green’s function for the Fokker-Planck operator

1 a ar2 r a32 1
g=— —6_7/ e2vds — —
4 \v 0 r
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X, =

_0%Uq

1
m@{@&ﬂ@@&a}
12 L1 | 12 L L

cf.
3D Burgers
02U+
0§2083

(0) £2 £2 a €3 ac?
_05 8&’ _a Ui
R= 223 /o exp( 2y>d€ﬁ) exp( )d"/ exp( 2y>dC

\ .

a(ﬁ%+£§+§§)> 1-R

(0)exp <_ v (1 - R)3

0§20¢€3

7

Ve Ve

L L L
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3D Navier-Stokes

t%(l_%) HX(CB,IS) Xl(&)

_(Qat)3/2 >0 as t — oo

p

X1(8)
(2at)3/2

where X (&) is singular, like the Dirac mass.

Note :

» Xox0 = Xg(-) as t — 0,
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Initial data

Xo=Pcs={T-ALA"1VV)eS
= (§;; — AT18;0,)¢;0
P=Leray projection, e=const.
X1=XoxG
= (6;j — A 19;0;)c;0 * G

= (57;]' — A‘l(‘?iaj)ch
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or,

X1

Tl = PV | (

=Z¢G — —PV
3

52
&ni&nj

8i
ANTLf = gff + T35 (]

3(x; — yz)(xj
M—yP |z —y|°

)> F(y)dy

2
(X1); = §CiG — T;5[c;G],

(Xl)i — CZ'G + RZ'RjCjG

2 1 cGly) 3@-—y)z—y) cGH))
41 Y

lz —y|3 z —y|°
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Step 1:
X =eX1+Xs4 ...

or, component-wise

X
X = X3 <1+EX—f+...>

In practice, rationalisation in the spirit of Padé approximation may be
useful
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(for step 2) corresponding general heat flow

x1= [ Xo@W)G(x — y)dy = X0+ G, w1 =1ug*G, wi =wo+GC
~ 1 |2
G = exp [ —1F”
(47ut)3/2 P < 41/t>

-1 aexp ar?
X2 = 4y \v 2v

Component-wise

T as? 1
/O exp oY ds — — |*Vx{u1 X x1 +2(w1 - V)uqi}
v

r

X:€X1—|—€2X2—|—...

X2 X1
XxX=€ex1|1l14+ee—=4+...|, x= e
X1 1_E
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IDINnU; =UpgxG, Ug= Mo = U = MG

U(€)
V2at

—>M5, MZ/uO.

2D In Q21 =Q0xG, =10 = Q21 =TG

Q&)
2at

' 5, r=/wo.
3D In X1 = XgxG, Xg= KPoc= X1 = KPGc

X(€)
(2at)3/2

— K Pdc, Kcz/wa():/dewo
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5. Summary and outlook

Self-similar solutions of the Navier-Stokes equations

Two Kinds of scale-invariance

d-dimensional Burgers equations

3D Navier-Stokes equations:
asymptotic form of self-similar decaying solutions

Numerical evaluations 7 Implications on statistical solutions 7
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