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Entanglement entropy in 2D CFT

Single interval
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Figure 9. The Riemann surface R3,4 with the canonical homology basis {ã�,j , b̃�,j}.

transformation. The relations (3.8) and (4.6) in the matrix form become respectively
⇤

a = A · aaux

b = B · baux ,

⇤
ã = Ã · aaux

b̃ = baux . (4.12)

Introducing the p⇥ p upper triangular matrix Iup
p made by 1’s (i.e. (Iup

p )ab = 1 if a � b

and zero otherwise) and also its transposed I low
p ⌅ (Iup

p )t, which is a lower triangular

matrix, we can write that A = In�1 ⇤ I low
N�1, B = Iup

n�1 ⇤ IN�1 and Ã = I low
n�1 ⇤ I low

N�1.

We remark that the matrices diag(A,B) and diag(Ã, Ig) occurring in (4.12) are not

symplectic matrices because, as already noticed in §3.1, the auxiliary set of cycles is

not a canonical homology basis. From (4.12) it is straightforward to find the relation

between the two canonical homology bases, namely
⇤

ã = Ã · A�1 · a
b̃ = B�1 · b , M ⌅

�
Ã · A�1 0g

0g B�1

⇥
⇧ Sp(2g,Z) , (4.13)

which can be constructed by using that (Iup
p )�1

ab = �a,b � �a+1,b and the properties of

the tensor product, finding Ã · A�1 = I low
n�1 ⇤ IN�1 and B�1 = (Iup

n�1)
�1 ⇤ IN�1. Notice

R3,4

Entanglement negativity
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Two adjacent intervals
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SA =

c

3

log

�

a
+ const

In 1 + 1 CFTs at T = 0
[Holzhey, Larsen, Wilczek, (1994)]

[Calabrese, Cardy, (2004)]

In 2 + 1 CFTs for a circle

SA = �
2⇥R

a
� f

Area law violated in presence of Fermi surfaces: SA ⇠ Ld�1
logL

[Gioev, Klich, (2005)][Wolf, (2005)]
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[Dixon, Friedan, Martinec, Shenker, (1987)][Zamolodchikov, (1987)]

[Knizhnik, (1987)] [Bershadsky, Radul, (1987)]

Twist fields have been largely studied in the 1980s

Integrable field theories

[Cardy, Castro-Alvaredo, Doyon, (2008)]

[Casini, Huerta, (2005)]
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equal to zero, and it implies that the cosmological constant vanishes, at one-loop 
order. 

This concludes our discussion of fermions on a torus. We will see that many of 
these concepts are easily generalized to higher loops. 

3. Mathematical Background 

In this section we summarize some aspects of the theory of Riemann surfaces which 
are useful in the computation of higher loop string amplitudes. Since we only 
consider closed strings we will be concerned with compact Riemann surfaces. We 
will consider the topology, differential geometry, line bundles, and theta functions 
associated with a surface. 

a) The Mapping Class Group 
Topologically, orientable two-dimensional surfaces S are completely classified by 
the Euler number X(Z) = 2 - 2g, where g, the genus of S, is the number of handles 
(see Fig. 1). We describe first the homology of S. 

When S is compact the homology groups are free groups with dimensions 

dim H0(Z ) = 1, dimHl(Z) = 2g, dimH2(Z) = 1. 

We can identify a canonical homology basis ai, hi, 1 < i <  g for HI(Z)  as in Fig. 1. 
Then any closed curve on Z generates a homology class which can be uniquely 
decomposed in terms of the classes generated by a~, b~. The reason for calling a~, bi a 
canonical basis is the following. If we define the intersection number J(7, 7') 
between two curves ~ and 7', as the number of points at which they intersect 
counting orientation, then, since the number J(~,7') only depends on the 
homology classes generated by 7 and ),', J defines a quadratic form on Hi(S) .  In 
terms of the as, bl cycles, J takes the canonical form 

J(a i, a j) = J(b,, b j) = O, J(a i, bj) = - J(bi, aj) = 61j, (3.1) 

or, as a matrix, 
J - - ( - 1  " 

Once we have chosen a canonical homology basis, we can represent Z by a 
4g-sided polygon with appropriate identifications on the boundary. To do this, 
choose a point on S, and cut the surface along 2g curves homologous to the 
canonical basis (this is depicted in Fig. 2 for the case of g = 2). If in Fig. 2 we glue 
together the sides aiai-1 and bibi 1 we get back the original surface. Thus each 
handle is represented by the symbol aib,a[ lbF 1. 

We will often use the basis dual to the canonical homology basis. In terms of 
differential forms, we may use the Hodge-De Rham theory to set up a one to one 

Fig. 1 
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A key object is the period matrix ⌧
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We are dealing with a subclass of Riemann surfaces

of genus g = (N � 1)(n� 1) obtained from replication

Indeed ⌧ = ⌧(x)
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Figure A1. The cut plane represented on the left can be mapped through a
conformal transformation to a cylinder of length L and circumference W (right)
and so modular parameter q = e�2�L/W . The upper and lower edges of the cuts
are mapped into semicircular arcs (S1L, S1R) and (S2L, S2R) at each end of the
open cylinder.

end of the open cylinder. This is illustrated in Fig. A1. We do this for each plane,

labelled by j ⇧ [1, n]. These are then connected cyclically by their edges so that S(j)
1R

is connected to S(j+1)
1L and S(j)

2R is connected to S(j+1)
2L . The case n = 4 is shown in

Fig. A2.
Note, however, that this in general introduces new conical singularities at the

points where the semicircles meet. The total angle subtended by a curve which
encloses a singularity is now �n, rather than 2�n as in the original geometry. This
changes the value of the trace anomaly at each singularity from (c/12)

�
n� (1/n)

⇥
to

(c/12)
�
(n/2)� (2/n)

⇥
. The partition function in the coupled cylinder geometry thus

has the form

Zcylinder
n ⌅ W�(c/3)
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⇥
Fcyl(q) . (A.1)

However, the non-trivial dependence on q should be conformally invariant, that is

Fcyl
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q(x)

⇥
= Fn(x) , (A.2)

where Fn(x) is the same function as in (3). We assume they are both normalized so
that Fcyl

n (0) = Fn(0) = 1.
Note in particular that for n = 2 there is no trace anomaly. This because in this

case, one of the cylinders can be reflected L ⇤ R so that S(1)
1L is now sewn onto S(2)

1L

and S(1)
2L is sewn onto S(2)

2L . For n = 2 we can also reflect the second cylinder in the
plane of one of its ends. This gives a cylinder of length 2L with its opposite ends
identified, that is a torus, with modular parameter e�4�L/W = q2. As is well-known
[32] the torus partition function encodes all the scaling dimensions of the theory, that
is

Fcyl
2 (q) = 1 +

⇤

k ⇥=0

(q2)�k+�k . (A.3)

This is consistent with our result above that, for n = 2, only terms involving the
2-point functions of primary operators can arise in the small ⌦ expansion of F2, which
has the form

F2 ⌅
⇤

primaries

dk(⌦1⌦2/r
2)2(�k+�k) + · · · , (A.4)
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encloses a singularity is now �n, rather than 2�n as in the original geometry. This
changes the value of the trace anomaly at each singularity from (c/12)
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to
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where Fn(x) is the same function as in (3). We assume they are both normalized so
that Fcyl

n (0) = Fn(0) = 1.
Note in particular that for n = 2 there is no trace anomaly. This because in this

case, one of the cylinders can be reflected L ⇤ R so that S(1)
1L is now sewn onto S(2)

1L

and S(1)
2L is sewn onto S(2)

2L . For n = 2 we can also reflect the second cylinder in the
plane of one of its ends. This gives a cylinder of length 2L with its opposite ends
identified, that is a torus, with modular parameter e�4�L/W = q2. As is well-known
[32] the torus partition function encodes all the scaling dimensions of the theory, that
is

Fcyl
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This is consistent with our result above that, for n = 2, only terms involving the
2-point functions of primary operators can arise in the small ⌦ expansion of F2, which
has the form
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equal to zero, and it implies that the cosmological constant vanishes, at one-loop 
order. 

This concludes our discussion of fermions on a torus. We will see that many of 
these concepts are easily generalized to higher loops. 

3. Mathematical Background 

In this section we summarize some aspects of the theory of Riemann surfaces which 
are useful in the computation of higher loop string amplitudes. Since we only 
consider closed strings we will be concerned with compact Riemann surfaces. We 
will consider the topology, differential geometry, line bundles, and theta functions 
associated with a surface. 

a) The Mapping Class Group 
Topologically, orientable two-dimensional surfaces S are completely classified by 
the Euler number X(Z) = 2 - 2g, where g, the genus of S, is the number of handles 
(see Fig. 1). We describe first the homology of S. 

When S is compact the homology groups are free groups with dimensions 

dim H0(Z ) = 1, dimHl(Z) = 2g, dimH2(Z) = 1. 

We can identify a canonical homology basis ai, hi, 1 < i <  g for HI(Z)  as in Fig. 1. 
Then any closed curve on Z generates a homology class which can be uniquely 
decomposed in terms of the classes generated by a~, b~. The reason for calling a~, bi a 
canonical basis is the following. If we define the intersection number J(7, 7') 
between two curves ~ and 7', as the number of points at which they intersect 
counting orientation, then, since the number J(~,7') only depends on the 
homology classes generated by 7 and ),', J defines a quadratic form on Hi(S) .  In 
terms of the as, bl cycles, J takes the canonical form 

J(a i, a j) = J(b,, b j) = O, J(a i, bj) = - J(bi, aj) = 61j, (3.1) 

or, as a matrix, 
J - - ( - 1  " 

Once we have chosen a canonical homology basis, we can represent Z by a 
4g-sided polygon with appropriate identifications on the boundary. To do this, 
choose a point on S, and cut the surface along 2g curves homologous to the 
canonical basis (this is depicted in Fig. 2 for the case of g = 2). If in Fig. 2 we glue 
together the sides aiai-1 and bibi 1 we get back the original surface. Thus each 
handle is represented by the symbol aib,a[ lbF 1. 

We will often use the basis dual to the canonical homology basis. In terms of 
differential forms, we may use the Hodge-De Rham theory to set up a one to one 
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Figure A1. The cut plane represented on the left can be mapped through a
conformal transformation to a cylinder of length L and circumference W (right)
and so modular parameter q = e�2�L/W . The upper and lower edges of the cuts
are mapped into semicircular arcs (S1L, S1R) and (S2L, S2R) at each end of the
open cylinder.

end of the open cylinder. This is illustrated in Fig. A1. We do this for each plane,

labelled by j ⇧ [1, n]. These are then connected cyclically by their edges so that S(j)
1R

is connected to S(j+1)
1L and S(j)

2R is connected to S(j+1)
2L . The case n = 4 is shown in

Fig. A2.
Note, however, that this in general introduces new conical singularities at the

points where the semicircles meet. The total angle subtended by a curve which
encloses a singularity is now �n, rather than 2�n as in the original geometry. This
changes the value of the trace anomaly at each singularity from (c/12)
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where Fn(x) is the same function as in (3). We assume they are both normalized so
that Fcyl

n (0) = Fn(0) = 1.
Note in particular that for n = 2 there is no trace anomaly. This because in this

case, one of the cylinders can be reflected L ⇤ R so that S(1)
1L is now sewn onto S(2)
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and S(1)
2L is sewn onto S(2)

2L . For n = 2 we can also reflect the second cylinder in the
plane of one of its ends. This gives a cylinder of length 2L with its opposite ends
identified, that is a torus, with modular parameter e�4�L/W = q2. As is well-known
[32] the torus partition function encodes all the scaling dimensions of the theory, that
is
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This is consistent with our result above that, for n = 2, only terms involving the
2-point functions of primary operators can arise in the small ⌦ expansion of F2, which
has the form
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equal to zero, and it implies that the cosmological constant vanishes, at one-loop 
order. 

This concludes our discussion of fermions on a torus. We will see that many of 
these concepts are easily generalized to higher loops. 

3. Mathematical Background 

In this section we summarize some aspects of the theory of Riemann surfaces which 
are useful in the computation of higher loop string amplitudes. Since we only 
consider closed strings we will be concerned with compact Riemann surfaces. We 
will consider the topology, differential geometry, line bundles, and theta functions 
associated with a surface. 

a) The Mapping Class Group 
Topologically, orientable two-dimensional surfaces S are completely classified by 
the Euler number X(Z) = 2 - 2g, where g, the genus of S, is the number of handles 
(see Fig. 1). We describe first the homology of S. 

When S is compact the homology groups are free groups with dimensions 

dim H0(Z ) = 1, dimHl(Z) = 2g, dimH2(Z) = 1. 

We can identify a canonical homology basis ai, hi, 1 < i <  g for HI(Z)  as in Fig. 1. 
Then any closed curve on Z generates a homology class which can be uniquely 
decomposed in terms of the classes generated by a~, b~. The reason for calling a~, bi a 
canonical basis is the following. If we define the intersection number J(7, 7') 
between two curves ~ and 7', as the number of points at which they intersect 
counting orientation, then, since the number J(~,7') only depends on the 
homology classes generated by 7 and ),', J defines a quadratic form on Hi(S) .  In 
terms of the as, bl cycles, J takes the canonical form 

J(a i, a j) = J(b,, b j) = O, J(a i, bj) = - J(bi, aj) = 61j, (3.1) 

or, as a matrix, 
J - - ( - 1  " 

Once we have chosen a canonical homology basis, we can represent Z by a 
4g-sided polygon with appropriate identifications on the boundary. To do this, 
choose a point on S, and cut the surface along 2g curves homologous to the 
canonical basis (this is depicted in Fig. 2 for the case of g = 2). If in Fig. 2 we glue 
together the sides aiai-1 and bibi 1 we get back the original surface. Thus each 
handle is represented by the symbol aib,a[ lbF 1. 

We will often use the basis dual to the canonical homology basis. In terms of 
differential forms, we may use the Hodge-De Rham theory to set up a one to one 
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where dk =
�

j �=j� d
2
k;jj� and the neglected terms are the contributions of descendant

fields. Presumably the full identity of the above two expressions involves a complicated
connection between these neglected terms and the higher order terms of the expansion
of q(x) in powers of x.

It is interesting to consider computing Zcylinder
n for general n as a similar expansion

in powers of q. This can done by considering the infinitesimal generator Ĥ of
translations along each cylinder. As is well known [32], the eigenstates |k⌅ of Ĥ
are in 1-1 correspondence with the scaling fields of the CFT, with corresponding
eigenvalue (2�/W )(�k + �k) � (�c/6W ). The last term drops out if we normalize
so that Fcyl

n (q = 0) = 1. Now divide the Hilbert space into two subspaces HL and
HR corresponding to the L and R halves of the cylinder. Then each state admits a

Figure A2. The equivalent of the n-sheeted Riemann surface (with n = 4) for
the cylinder geometry. Oj represents the operator “propagating” in the cylinder
j.
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Figure A1. The cut plane represented on the left can be mapped through a
conformal transformation to a cylinder of length L and circumference W (right)
and so modular parameter q = e�2�L/W . The upper and lower edges of the cuts
are mapped into semicircular arcs (S1L, S1R) and (S2L, S2R) at each end of the
open cylinder.

end of the open cylinder. This is illustrated in Fig. A1. We do this for each plane,

labelled by j ⇧ [1, n]. These are then connected cyclically by their edges so that S(j)
1R

is connected to S(j+1)
1L and S(j)

2R is connected to S(j+1)
2L . The case n = 4 is shown in

Fig. A2.
Note, however, that this in general introduces new conical singularities at the

points where the semicircles meet. The total angle subtended by a curve which
encloses a singularity is now �n, rather than 2�n as in the original geometry. This
changes the value of the trace anomaly at each singularity from (c/12)
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⇥
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where Fn(x) is the same function as in (3). We assume they are both normalized so
that Fcyl

n (0) = Fn(0) = 1.
Note in particular that for n = 2 there is no trace anomaly. This because in this

case, one of the cylinders can be reflected L ⇤ R so that S(1)
1L is now sewn onto S(2)
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and S(1)
2L is sewn onto S(2)

2L . For n = 2 we can also reflect the second cylinder in the
plane of one of its ends. This gives a cylinder of length 2L with its opposite ends
identified, that is a torus, with modular parameter e�4�L/W = q2. As is well-known
[32] the torus partition function encodes all the scaling dimensions of the theory, that
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<latexit sha1_base64="XISOMEdt7ckSahzBbxsGxF94o34=">AAACEXicbVA9SwNBEN2L3/ErammzGARtwl0KPzrBxjKCMYHkCHt7c2Zxb/fYnRPD4W+w8a/YWKjY2tn5b9x8FJr4YODx3gwz86JMCou+/+2V5uYXFpeWV8qra+sbm5Wt7Wurc8OhybXUph0xC1IoaKJACe3MAEsjCa3o9nzot+7AWKHVFQ4yCFN2o0QiOEMn9SqHDQN3QueWWsxjAZbqhGIfaAZG6JimDI24p0LRXqXq1/wR6CwJJqRKJmj0Kl/dWPM8BYVcMms7gZ9hWDCDgkt4KHdzCxnjt+wGOo4qloINi9FLD3TfKTFNtHGlkI7U3xMFS60dpJHrdCf27bQ3FP/zOjkmJ2EhVJYjKD5elOSSoqbDfGgsDHCUA0cYN8LdSnmfGcbRpVh2IQTTL8+SZr12Wgsu69Wzo0kay2SX7JEDEpBjckYuSIM0CSeP5Jm8kjfvyXvx3r2PcWvJm8zskD/wPn8ALa2dTg==</latexit><latexit sha1_base64="XISOMEdt7ckSahzBbxsGxF94o34=">AAACEXicbVA9SwNBEN2L3/ErammzGARtwl0KPzrBxjKCMYHkCHt7c2Zxb/fYnRPD4W+w8a/YWKjY2tn5b9x8FJr4YODx3gwz86JMCou+/+2V5uYXFpeWV8qra+sbm5Wt7Wurc8OhybXUph0xC1IoaKJACe3MAEsjCa3o9nzot+7AWKHVFQ4yCFN2o0QiOEMn9SqHDQN3QueWWsxjAZbqhGIfaAZG6JimDI24p0LRXqXq1/wR6CwJJqRKJmj0Kl/dWPM8BYVcMms7gZ9hWDCDgkt4KHdzCxnjt+wGOo4qloINi9FLD3TfKTFNtHGlkI7U3xMFS60dpJHrdCf27bQ3FP/zOjkmJ2EhVJYjKD5elOSSoqbDfGgsDHCUA0cYN8LdSnmfGcbRpVh2IQTTL8+SZr12Wgsu69Wzo0kay2SX7JEDEpBjckYuSIM0CSeP5Jm8kjfvyXvx3r2PcWvJm8zskD/wPn8ALa2dTg==</latexit><latexit sha1_base64="XISOMEdt7ckSahzBbxsGxF94o34=">AAACEXicbVA9SwNBEN2L3/ErammzGARtwl0KPzrBxjKCMYHkCHt7c2Zxb/fYnRPD4W+w8a/YWKjY2tn5b9x8FJr4YODx3gwz86JMCou+/+2V5uYXFpeWV8qra+sbm5Wt7Wurc8OhybXUph0xC1IoaKJACe3MAEsjCa3o9nzot+7AWKHVFQ4yCFN2o0QiOEMn9SqHDQN3QueWWsxjAZbqhGIfaAZG6JimDI24p0LRXqXq1/wR6CwJJqRKJmj0Kl/dWPM8BYVcMms7gZ9hWDCDgkt4KHdzCxnjt+wGOo4qloINi9FLD3TfKTFNtHGlkI7U3xMFS60dpJHrdCf27bQ3FP/zOjkmJ2EhVJYjKD5elOSSoqbDfGgsDHCUA0cYN8LdSnmfGcbRpVh2IQTTL8+SZr12Wgsu69Wzo0kay2SX7JEDEpBjckYuSIM0CSeP5Jm8kjfvyXvx3r2PcWvJm8zskD/wPn8ALa2dTg==</latexit><latexit sha1_base64="XISOMEdt7ckSahzBbxsGxF94o34=">AAACEXicbVA9SwNBEN2L3/ErammzGARtwl0KPzrBxjKCMYHkCHt7c2Zxb/fYnRPD4W+w8a/YWKjY2tn5b9x8FJr4YODx3gwz86JMCou+/+2V5uYXFpeWV8qra+sbm5Wt7Wurc8OhybXUph0xC1IoaKJACe3MAEsjCa3o9nzot+7AWKHVFQ4yCFN2o0QiOEMn9SqHDQN3QueWWsxjAZbqhGIfaAZG6JimDI24p0LRXqXq1/wR6CwJJqRKJmj0Kl/dWPM8BYVcMms7gZ9hWDCDgkt4KHdzCxnjt+wGOo4qloINi9FLD3TfKTFNtHGlkI7U3xMFS60dpJHrdCf27bQ3FP/zOjkmJ2EhVJYjKD5elOSSoqbDfGgsDHCUA0cYN8LdSnmfGcbRpVh2IQTTL8+SZr12Wgsu69Wzo0kay2SX7JEDEpBjckYuSIM0CSeP5Jm8kjfvyXvx3r2PcWvJm8zskD/wPn8ALa2dTg==</latexit>

[Enolski, Grava, (2003)]

<latexit sha1_base64="3pbcAvcl6tbfjOF0QD9ThkwBzXE=">AAACAHicbVBdSwJBFJ3t0+xrq5eglyEJDGSZVUt9EyLq0SBT0EVmx1EHZ2eXmVlBxF76K730UNFrP6O3/k3jB1HZgQuHc+7l3nv8iDOlEfq0lpZXVtfWExvJza3tnV17b/9OhbEktEpCHsq6jxXlTNCqZprTeiQpDnxOa37/YuLXBlQqFopbPYyoF+CuYB1GsDZSyz5sXIqQqz7LwCuJBzgD01mEcqdey04hB51n87kCRI5byhfdM+g6aIpvkgJzVFr2R7MdkjigQhOOlWq4KNLeCEvNCKfjZDNWNMKkj7u0YajAAVXeaPrBGJ4YpQ07oTQlNJyqPydGOFBqGPimM8C6p/56E/E/rxHrTtEbMRHFmgoyW9SJOdQhnMQB20xSovnQEEwkM7dC0sMSE21CS5oQFl5eJNWsU3Lcm2yqjOZpJMAROAZp4IICKINrUAFVQMA9eATP4MV6sJ6sV+tt1rpkzWcOwC9Y71/j8ZS6</latexit><latexit sha1_base64="3pbcAvcl6tbfjOF0QD9ThkwBzXE=">AAACAHicbVBdSwJBFJ3t0+xrq5eglyEJDGSZVUt9EyLq0SBT0EVmx1EHZ2eXmVlBxF76K730UNFrP6O3/k3jB1HZgQuHc+7l3nv8iDOlEfq0lpZXVtfWExvJza3tnV17b/9OhbEktEpCHsq6jxXlTNCqZprTeiQpDnxOa37/YuLXBlQqFopbPYyoF+CuYB1GsDZSyz5sXIqQqz7LwCuJBzgD01mEcqdey04hB51n87kCRI5byhfdM+g6aIpvkgJzVFr2R7MdkjigQhOOlWq4KNLeCEvNCKfjZDNWNMKkj7u0YajAAVXeaPrBGJ4YpQ07oTQlNJyqPydGOFBqGPimM8C6p/56E/E/rxHrTtEbMRHFmgoyW9SJOdQhnMQB20xSovnQEEwkM7dC0sMSE21CS5oQFl5eJNWsU3Lcm2yqjOZpJMAROAZp4IICKINrUAFVQMA9eATP4MV6sJ6sV+tt1rpkzWcOwC9Y71/j8ZS6</latexit><latexit sha1_base64="3pbcAvcl6tbfjOF0QD9ThkwBzXE=">AAACAHicbVBdSwJBFJ3t0+xrq5eglyEJDGSZVUt9EyLq0SBT0EVmx1EHZ2eXmVlBxF76K730UNFrP6O3/k3jB1HZgQuHc+7l3nv8iDOlEfq0lpZXVtfWExvJza3tnV17b/9OhbEktEpCHsq6jxXlTNCqZprTeiQpDnxOa37/YuLXBlQqFopbPYyoF+CuYB1GsDZSyz5sXIqQqz7LwCuJBzgD01mEcqdey04hB51n87kCRI5byhfdM+g6aIpvkgJzVFr2R7MdkjigQhOOlWq4KNLeCEvNCKfjZDNWNMKkj7u0YajAAVXeaPrBGJ4YpQ07oTQlNJyqPydGOFBqGPimM8C6p/56E/E/rxHrTtEbMRHFmgoyW9SJOdQhnMQB20xSovnQEEwkM7dC0sMSE21CS5oQFl5eJNWsU3Lcm2yqjOZpJMAROAZp4IICKINrUAFVQMA9eATP4MV6sJ6sV+tt1rpkzWcOwC9Y71/j8ZS6</latexit><latexit sha1_base64="3pbcAvcl6tbfjOF0QD9ThkwBzXE=">AAACAHicbVBdSwJBFJ3t0+xrq5eglyEJDGSZVUt9EyLq0SBT0EVmx1EHZ2eXmVlBxF76K730UNFrP6O3/k3jB1HZgQuHc+7l3nv8iDOlEfq0lpZXVtfWExvJza3tnV17b/9OhbEktEpCHsq6jxXlTNCqZprTeiQpDnxOa37/YuLXBlQqFopbPYyoF+CuYB1GsDZSyz5sXIqQqz7LwCuJBzgD01mEcqdey04hB51n87kCRI5byhfdM+g6aIpvkgJzVFr2R7MdkjigQhOOlWq4KNLeCEvNCKfjZDNWNMKkj7u0YajAAVXeaPrBGJ4YpQ07oTQlNJyqPydGOFBqGPimM8C6p/56E/E/rxHrTtEbMRHFmgoyW9SJOdQhnMQB20xSovnQEEwkM7dC0sMSE21CS5oQFl5eJNWsU3Lcm2yqjOZpJMAROAZp4IICKINrUAFVQMA9eATP4MV6sJ6sV+tt1rpkzWcOwC9Y71/j8ZS6</latexit>

[Korotkin, (2003)]

<latexit sha1_base64="FtxArQYcgAl+OyFEbdhPxpgQn1w=">AAAB+nicbVDLSgMxFM34rPU11qWbYBEqyJBpq213BTeCmwrWFtqhZNK0Dc0kQ5IRS+mvuHGh4tYvceffmD4QtR64cDjnXu69J4w50wahT2dldW19YzO1ld7e2d3bdw8yd1omitA6kVyqZog15UzQumGG02asKI5CThvh8HLqN+6p0kyKWzOKaRDhvmA9RrCxUsfNtK6lkmbIxBnM5REqnAYdN4s8dJEvFkoQeX6lWPbPoe+hGb5JFixQ67gf7a4kSUSFIRxr3fJRbIIxVoYRTifpdqJpjMkQ92nLUoEjqoPx7PYJPLFKF/aksiUMnKk/J8Y40noUhbYzwmag/3pT8T+vlZheORgzESeGCjJf1Es4NBJOg4BdpigxfGQJJorZWyEZYIWJsXGlbQhLLy+Tet6reP5NPltFizRS4AgcgxzwQQlUwRWogTog4AE8gmfw4kycJ+fVeZu3rjiLmUPwC877FzYekr0=</latexit><latexit sha1_base64="FtxArQYcgAl+OyFEbdhPxpgQn1w=">AAAB+nicbVDLSgMxFM34rPU11qWbYBEqyJBpq213BTeCmwrWFtqhZNK0Dc0kQ5IRS+mvuHGh4tYvceffmD4QtR64cDjnXu69J4w50wahT2dldW19YzO1ld7e2d3bdw8yd1omitA6kVyqZog15UzQumGG02asKI5CThvh8HLqN+6p0kyKWzOKaRDhvmA9RrCxUsfNtK6lkmbIxBnM5REqnAYdN4s8dJEvFkoQeX6lWPbPoe+hGb5JFixQ67gf7a4kSUSFIRxr3fJRbIIxVoYRTifpdqJpjMkQ92nLUoEjqoPx7PYJPLFKF/aksiUMnKk/J8Y40noUhbYzwmag/3pT8T+vlZheORgzESeGCjJf1Es4NBJOg4BdpigxfGQJJorZWyEZYIWJsXGlbQhLLy+Tet6reP5NPltFizRS4AgcgxzwQQlUwRWogTog4AE8gmfw4kycJ+fVeZu3rjiLmUPwC877FzYekr0=</latexit><latexit sha1_base64="FtxArQYcgAl+OyFEbdhPxpgQn1w=">AAAB+nicbVDLSgMxFM34rPU11qWbYBEqyJBpq213BTeCmwrWFtqhZNK0Dc0kQ5IRS+mvuHGh4tYvceffmD4QtR64cDjnXu69J4w50wahT2dldW19YzO1ld7e2d3bdw8yd1omitA6kVyqZog15UzQumGG02asKI5CThvh8HLqN+6p0kyKWzOKaRDhvmA9RrCxUsfNtK6lkmbIxBnM5REqnAYdN4s8dJEvFkoQeX6lWPbPoe+hGb5JFixQ67gf7a4kSUSFIRxr3fJRbIIxVoYRTifpdqJpjMkQ92nLUoEjqoPx7PYJPLFKF/aksiUMnKk/J8Y40noUhbYzwmag/3pT8T+vlZheORgzESeGCjJf1Es4NBJOg4BdpigxfGQJJorZWyEZYIWJsXGlbQhLLy+Tet6reP5NPltFizRS4AgcgxzwQQlUwRWogTog4AE8gmfw4kycJ+fVeZu3rjiLmUPwC877FzYekr0=</latexit><latexit sha1_base64="VS/bEfGX0MBj771lE71yNZMBQbE=">AAAB43icbVBNS8NAEJ34WeNX9eplsQieSuJFvQlePFYwttCGstls2qWb3bA7EUroH/DgRfHqf/Lmv3H7AWrrg4HHezPMzEsKKSwGwZe3tr6xubVd2/F39/z9g8P60aPVpWE8Ylpq00mo5VIoHqFAyTuF4TRPJG8no9up337ixgqtHnBc8DinAyUywSg6qdWvN4JmMANZJeGCNGCBfv2zl2pW5lwhk9TabhgUGFfUoGCST/xeaXlB2YgOeNdRRXNu42p25oScOSUlmTauFJKZ+nuiorm14zxxnTnFoV32puJ/XrfE7CquhCpK5IrNF2WlJKjJ9GeSCsMZyrEjlBnhbiVsSA1l6JLxXQbh8serJLpoXjfD+58soAYncArnEMIl3MAdtCACBik8w6s39F68N+993rjmLSaO4Q+8j2+HtIrW</latexit><latexit sha1_base64="XnDVty8sKaggNEmu94DaW541Ozw=">AAAB+nicbVBNSwMxEJ31s9avtR69BItQQcpuPag3wYvgpYJrC9ulZNNsG5pNliQrltK/4sWDild/iTf/jekHqK0PBh7vzTAzL84408bzvpyl5ZXVtfXCRnFza3tn190r3WuZK0IDIrlUzRhrypmggWGG02amKE5jThtx/2rsNx6o0kyKOzPIaJTirmAJI9hYqe2WwhuppOkzcYIqNc87PY7abtmrehOgReLPSBlmqLfdz1ZHkjylwhCOtQ59LzPRECvDCKejYivXNMOkj7s0tFTglOpoOLl9hI6s0kGJVLaEQRP198QQp1oP0th2ptj09Lw3Fv/zwtwk59GQiSw3VJDpoiTnyEg0DgJ1mKLE8IElmChmb0WkhxUmxsZVtCH48y8vkqBWvaj6tz9hQAEO4BAq4MMZXMI11CEAAo/wBC/w6oycZ+fNeZ+2LjmzmX34A+fjG8kvkhg=</latexit><latexit sha1_base64="SaafizXVp+enylSpFKsIuZcQbIY=">AAAB+nicbVDLSgMxFL3js9ZXrUs3wSIoyJCpj7Y7wY3gpoK1hTqUTJpqaCYZkoxYSn/FjQsVt36JO//G9IGveuDC4Zx7ufeeKBHcWIw/vJnZufmFxcxSdnlldW09t5G/MirVlNWoEko3ImKY4JLVLLeCNRLNSBwJVo+6p0O/fse04Upe2l7CwpjcSN7hlFgntXL55rnSyna53Ee7RYwP9sJWroB9fFw8PCgh7AeVw3JwhAIfj/BFCjBBtZV7v24rmsZMWiqIMc0AJzbsE205FWyQvU4NSwjtkhvWdFSSmJmwP7p9gHac0kYdpV1Ji0bqz4k+iY3pxZHrjIm9NX+9ofif10xtpxz2uUxSyyQdL+qkAlmFhkGgNteMWtFzhFDN3a2I3hJNqHVxZV0IUy9Pk1rRr/jBxXcYkIEt2IZdCKAEJ3AGVagBhXt4gCd49gbeo/fivY5bZ7zJzCb8gvf2CROOkks=</latexit><latexit sha1_base64="ZhIMBwwfzFabRyes+UMP+m49P54=">AAAB+nicbVDLSgMxFM34rPU11qWbYBEqyJBpq213BTeCmwrWFtqhZNK0Dc0kQ5IRS+mvuHGh4tYvceffmD4QtR64cDjnXu69J4w50wahT2dldW19YzO1ld7e2d3bdw8yd1omitA6kVyqZog15UzQumGG02asKI5CThvh8HLqN+6p0kyKWzOKaRDhvmA9RrCxUsfNtK6lkmbIxBnM5REqnAYdN4s8dJEvFkoQeX6lWPbPoe+hGb5JFixQ67gf7a4kSUSFIRxr3fJRbIIxVoYRTifpdqJpjMkQ92nLUoEjqoPx7PYJPLFKF/aksiUMnKk/J8Y40noUhbYzwmag/3pT8T+vlZheORgzESeGCjJf1Es4NBJOg4BdpigxfGQJJorZWyEZYIWJsXGlbQhLLy+Tet6reP4NylbRIo0UOALHIAd8UAJVcAVqoA4IeACP4Bm8OBPnyXl13uatK85i5hD8gvP+BTV+krs=</latexit><latexit sha1_base64="FtxArQYcgAl+OyFEbdhPxpgQn1w=">AAAB+nicbVDLSgMxFM34rPU11qWbYBEqyJBpq213BTeCmwrWFtqhZNK0Dc0kQ5IRS+mvuHGh4tYvceffmD4QtR64cDjnXu69J4w50wahT2dldW19YzO1ld7e2d3bdw8yd1omitA6kVyqZog15UzQumGG02asKI5CThvh8HLqN+6p0kyKWzOKaRDhvmA9RrCxUsfNtK6lkmbIxBnM5REqnAYdN4s8dJEvFkoQeX6lWPbPoe+hGb5JFixQ67gf7a4kSUSFIRxr3fJRbIIxVoYRTifpdqJpjMkQ92nLUoEjqoPx7PYJPLFKF/aksiUMnKk/J8Y40noUhbYzwmag/3pT8T+vlZheORgzESeGCjJf1Es4NBJOg4BdpigxfGQJJorZWyEZYIWJsXGlbQhLLy+Tet6reP5NPltFizRS4AgcgxzwQQlUwRWogTog4AE8gmfw4kycJ+fVeZu3rjiLmUPwC877FzYekr0=</latexit><latexit sha1_base64="FtxArQYcgAl+OyFEbdhPxpgQn1w=">AAAB+nicbVDLSgMxFM34rPU11qWbYBEqyJBpq213BTeCmwrWFtqhZNK0Dc0kQ5IRS+mvuHGh4tYvceffmD4QtR64cDjnXu69J4w50wahT2dldW19YzO1ld7e2d3bdw8yd1omitA6kVyqZog15UzQumGG02asKI5CThvh8HLqN+6p0kyKWzOKaRDhvmA9RrCxUsfNtK6lkmbIxBnM5REqnAYdN4s8dJEvFkoQeX6lWPbPoe+hGb5JFixQ67gf7a4kSUSFIRxr3fJRbIIxVoYRTifpdqJpjMkQ92nLUoEjqoPx7PYJPLFKF/aksiUMnKk/J8Y40noUhbYzwmag/3pT8T+vlZheORgzESeGCjJf1Es4NBJOg4BdpigxfGQJJorZWyEZYIWJsXGlbQhLLy+Tet6reP5NPltFizRS4AgcgxzwQQlUwRWogTog4AE8gmfw4kycJ+fVeZu3rjiLmUPwC877FzYekr0=</latexit><latexit sha1_base64="FtxArQYcgAl+OyFEbdhPxpgQn1w=">AAAB+nicbVDLSgMxFM34rPU11qWbYBEqyJBpq213BTeCmwrWFtqhZNK0Dc0kQ5IRS+mvuHGh4tYvceffmD4QtR64cDjnXu69J4w50wahT2dldW19YzO1ld7e2d3bdw8yd1omitA6kVyqZog15UzQumGG02asKI5CThvh8HLqN+6p0kyKWzOKaRDhvmA9RrCxUsfNtK6lkmbIxBnM5REqnAYdN4s8dJEvFkoQeX6lWPbPoe+hGb5JFixQ67gf7a4kSUSFIRxr3fJRbIIxVoYRTifpdqJpjMkQ92nLUoEjqoPx7PYJPLFKF/aksiUMnKk/J8Y40noUhbYzwmag/3pT8T+vlZheORgzESeGCjJf1Es4NBJOg4BdpigxfGQJJorZWyEZYIWJsXGlbQhLLy+Tet6reP5NPltFizRS4AgcgxzwQQlUwRWogTog4AE8gmfw4kycJ+fVeZu3rjiLmUPwC877FzYekr0=</latexit><latexit sha1_base64="FtxArQYcgAl+OyFEbdhPxpgQn1w=">AAAB+nicbVDLSgMxFM34rPU11qWbYBEqyJBpq213BTeCmwrWFtqhZNK0Dc0kQ5IRS+mvuHGh4tYvceffmD4QtR64cDjnXu69J4w50wahT2dldW19YzO1ld7e2d3bdw8yd1omitA6kVyqZog15UzQumGG02asKI5CThvh8HLqN+6p0kyKWzOKaRDhvmA9RrCxUsfNtK6lkmbIxBnM5REqnAYdN4s8dJEvFkoQeX6lWPbPoe+hGb5JFixQ67gf7a4kSUSFIRxr3fJRbIIxVoYRTifpdqJpjMkQ92nLUoEjqoPx7PYJPLFKF/aksiUMnKk/J8Y40noUhbYzwmag/3pT8T+vlZheORgzESeGCjJf1Es4NBJOg4BdpigxfGQJJorZWyEZYIWJsXGlbQhLLy+Tet6reP5NPltFizRS4AgcgxzwQQlUwRWogTog4AE8gmfw4kycJ+fVeZu3rjiLmUPwC877FzYekr0=</latexit><latexit sha1_base64="FtxArQYcgAl+OyFEbdhPxpgQn1w=">AAAB+nicbVDLSgMxFM34rPU11qWbYBEqyJBpq213BTeCmwrWFtqhZNK0Dc0kQ5IRS+mvuHGh4tYvceffmD4QtR64cDjnXu69J4w50wahT2dldW19YzO1ld7e2d3bdw8yd1omitA6kVyqZog15UzQumGG02asKI5CThvh8HLqN+6p0kyKWzOKaRDhvmA9RrCxUsfNtK6lkmbIxBnM5REqnAYdN4s8dJEvFkoQeX6lWPbPoe+hGb5JFixQ67gf7a4kSUSFIRxr3fJRbIIxVoYRTifpdqJpjMkQ92nLUoEjqoPx7PYJPLFKF/aksiUMnKk/J8Y40noUhbYzwmag/3pT8T+vlZheORgzESeGCjJf1Es4NBJOg4BdpigxfGQJJorZWyEZYIWJsXGlbQhLLy+Tet6reP5NPltFizRS4AgcgxzwQQlUwRWogTog4AE8gmfw4kycJ+fVeZu3rjiLmUPwC877FzYekr0=</latexit><latexit sha1_base64="FtxArQYcgAl+OyFEbdhPxpgQn1w=">AAAB+nicbVDLSgMxFM34rPU11qWbYBEqyJBpq213BTeCmwrWFtqhZNK0Dc0kQ5IRS+mvuHGh4tYvceffmD4QtR64cDjnXu69J4w50wahT2dldW19YzO1ld7e2d3bdw8yd1omitA6kVyqZog15UzQumGG02asKI5CThvh8HLqN+6p0kyKWzOKaRDhvmA9RrCxUsfNtK6lkmbIxBnM5REqnAYdN4s8dJEvFkoQeX6lWPbPoe+hGb5JFixQ67gf7a4kSUSFIRxr3fJRbIIxVoYRTifpdqJpjMkQ92nLUoEjqoPx7PYJPLFKF/aksiUMnKk/J8Y40noUhbYzwmag/3pT8T+vlZheORgzESeGCjJf1Es4NBJOg4BdpigxfGQJJorZWyEZYIWJsXGlbQhLLy+Tet6reP5NPltFizRS4AgcgxzwQQlUwRWogTog4AE8gmfw4kycJ+fVeZu3rjiLmUPwC877FzYekr0=</latexit>



Bosonization on higher genus Riemann surfaces     

[Dijkgraaf, Verlinde, Verlinde; CMP (1988)]

[Alvarez-Gaume, Moore, Vafa; CMP (1986)]

Outline EE and Riemann Surfaces EE of a spin chain Correspondence

EE of the Ising model

Fn(x) ⇤ partition function of the boson
on a Riemann surface
with period matrix ⇥

Fn(x) =
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Bosonization on higher genus Riemann surfaces [Dijkgraaf, Verlinde, Verlinde (1988)]

from the compactified boson to the Ising model (� = 1/2 , R = 1)
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F (Ising)
n (x) =
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�⇥ spin structures:

✏, �: vectors with entries 0, 1/2
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Two disjoint intervals: comparison with numerics

Extrapolating entanglement entropy and negativity of disjoint intervals in CFT 8

Figure 2. Mutual information for the XXZ model. The data points are extracted from
[6] and the coloured curves are obtained from the rational interpolations of the analytic
expressions (2.6) and (2.10) for the compact boson with the values of (p, q) indicated in
the left panel. The dashed grey lines correspond to the decompactification regime, where
the analytic continuation (2.12) is known. Left: Ĩ1, defined in (2.7), as function of x for
various values of �. Right: the mutual information IA1,A2 as function of � for two fixed
values of x.

� = 1 � (1/⇥) arccos�, while for h ⇥= 0 an explicit formula providing � does not exist

and therefore it must be found numerically. The CFT formulas reviewed above can be

applied also to the case of a finite system of length L with periodic boundary conditions

by employing a conformal mapping from the cylinder to the plane. As final result, the

CFT formulas for this case are obtained by considering the expressions for the infinite

line and replacing any length ⌥i with the corresponding chord length (L/⇥) sin(⇥⌥i/L) [3].

Let us consider the mutual information of the compactified boson as first example

of our extrapolation method. For any fixed value of x, we have that I(n)A1,A2
are given

analytically by (2.6) and (2.10) for any positive integer n > 2, while the corresponding

analytic continuation to n = 1 is estimated by performing a numerical extrapolation of the

known data through a rational function. The latter one is characterized by two positive

integer parameters p and q, which are the degrees of the numerator and of the denominator

respectively. As explained in §A, to perform a rational interpolation characterized by the

pair (p, q) we need at least p+ q + 1 known data. An important technical di⇤culty that

one encounters is the evaluation of the Riemann theta functions for large genus period

matrices, i.e. for high values of n. Given the computational resources at our disposal, we

were able to compute Riemann theta functions containing matrices whose size is at most

12. For the compactified boson this corresponds to nmax = 11 and therefore p+q+1 6 10.

In Fig. 2 we compared our numerical extrapolations of the analytic expressions of [7]

with the numerical data for the XXZ spin chain computed in [6] by exact diagonalization,

[Furukawa, Pasquier, Shiraishi, (2009)]
Mutual information in XXZ model

(exact diagonalization)

Extrapolating entanglement entropy and negativity of disjoint intervals in CFT 23

Figure 9. The quantity Ĩn in (2.6) and the corresponding n ⇤ 1 limit (2.7) for the
compact boson (c = 1) with � = 0.295. The blue line is the extrapolation n = 1 of
the rational interpolation with (p, q) = (2, 2) obtained through the analytic expressions
given by (2.10) and (2.11) with 2 6 n 6 6, whose values for Ĩn are shown by points
for some values of the four point ratio x. In the inset, considering the configuration
having x = 0.2101 (highlighted by the dashed rectangle in the main plot), we show Ĩn
as function of n for rational interpolations having di�erent (p, q). The extrapolations
having q > 0 capture the expected value better than the ones having q = 0.

that, having access only to a limited number m of data points, we can only perform

rational interpolations whose degrees (p, q) are such that p + q + 1 6 m. This method

is implemented in Wolfram Mathematica through the Function Approximations package

and the command RationalInterpolation.

In Fig. 9 we consider an explicit example where we extrapolate the Ĩ1(x) in (2.7) of the

compact boson (c = 1) for a particular value of the compactification radius corresponding

to � = 0.295 (see also Fig 2). For n > 2 the analytic expressions are (2.6) and (2.10) and

we take into account 2 6 n 6 6 only (in Fig. 2 we employ also n = 7). Given these data,

we can perform rational interpolations with p + q + 1 6 5. The blue curve in Fig. 9 is

the extrapolation to n = 1 of the rational interpolation with (p, q) = (2, 2). We find it

instructive to describe the details for a specific value of x. Let us consider, for instance, a

configuration corresponding to x = x̃ ⇥ 0.2101 (see the dashed rectangle in Fig. 9). First

one has to compute the rational interpolation with (p, q) = (2, 2), then the limit n ⇤ 1

must be taken. For these two steps, we find respectively

W n
(2,2)(x̃) =

0.358� 0.480n+ 3.689n2

1 + 1.347n+ 7.870n2
, lim

n�1
W n

(2,2)(x̃) = 0.349 . (A.2)

Rational interpolation:

an example

[De Nobili, Coser, E.T., (2015)]

[Agón, Headrick, Ja↵eris, Kasko, (2014)]

Rational interpolation:

W

(n)
(p,q)(x) ⌘

a0(x) + a1(x)n+ · · ·+ ap(x)np

b0(x) + b1(x)n+ · · ·+ bq(x)nq

Extrapolating entanglement entropy and negativity of disjoint intervals in CFT 10

Figure 3. Extrapolations for �Ĩ1, defined in (2.7), as function of x for the Ising model.
The data points are extracted from [9] while the coloured curves are obtained through
the rational interpolations with (p, q) indicated.

case of the compact boson, also for the Ising model we are not able to compute Ĩ1(x)

analytically and therefore we perform a numerical extrapolation through the rational

interpolation method described in §A.
In Fig. 3 we show �Ĩ1(x) as function of x ⇥ (0, 1), which can be found by considering

two disjoint intervals of equal length, and compare the numerical data obtained in [9]

with the curve found through the numerical extrapolation of the corresponding formula

containing (2.15) through rational interpolations. Since (2.15) contains Riemann theta

functions, we cannot consider high values for n, like for the compact boson. Moreover, in

this case one faces an additional complication with respect to the compact boson because

in (2.15) the sum over all the even characteristics occurs and the number of terms in

the sum grows exponentially with n. Given our computational power, we have computed

the Rényi entropies up to n = 7 and in Fig. 3 we show the rational interpolations found

by choosing three di�erent pairs (p, q) which are well-behaved among the available ones.

Since the curves coincide, the final result is quite stable and, moreover, the agreement

with the numerical data found in [9] through the Tree Tensor Network is very good.
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On Rényi entropies of disjoint intervals in CFT 6

Figure 2. The path integral representation of Tr�nA involves a Riemann surface RN,n,
which is shown here for N = 3 and n = 3.

entropies (1.2). If the analytic continuation of (2.1) to Ren > 1 exists and it is unique,

the entanglement entropy is obtained as the replica limit

SA = lim
n� 1

S(n)
A = � lim

n� 1

⇧

⇧n
Tr�nA . (2.2)

In order to find the genus of RN,n [8], let us consider a single sheet and triangulate it

through V vertices, E edges and F faces, such that 2N vertices are located at the branch

points ui and vi. Considering RN,n constructed as explained above, the replication of

the same triangulation on the other sheets generates a triangulation of the Riemann

surface RN,n made by V ⇥ vertices, E ⇥ edges and F ⇥ faces. Notice that, since the branch

points belong to all the n sheets, they are not replicated. This observation tells us that

V ⇥ = n(V � 2N) + 2N , while E ⇥ = nE and F ⇥ = nF because all the edges and the faces

are replicated. Then, the genus g of RN,n is found by plugging these expressions into

the relation V ⇥�E ⇥+F ⇥ = 2� 2g and employing the fact that, since each sheet has the

topology of the sphere, V � E + F = 2. The result is

g = (N � 1)(n� 1) . (2.3)

We remark that we are not considering the most general genus g Riemann surface,

which is characterized by 3g� 3 complex parameters, but only the subclass of Riemann

surfaces obtained through the replication procedure.

Let us consider a conformal field theory with central charge c. As widely argued in

[3, 4], in the case of one interval A = [u, v] in an infinite line, Tr�nA can be written as the

two point function of twist fields on the complex plane plus the point at infinity, i.e.

Tr�nA = ⇤Tn(u)T̄n(v)⌅ =
cn

|u� v|2�n
, �n =

c

12

�
n� 1

n

⇥
. (2.4)

Both the twist field Tn and T̄n, also called branch point twist fields [53], have the same

scaling dimension �n. The constant cn is non universal and such that c1 = 1 because

of the normalization condition.

R3,3

ZN,n partition function of RN,n, a particular

Riemann surface of genus g = (N � 1)(n� 1)
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Figure 9. The Riemann surface R3,4 with the canonical homology basis {ã�,j , b̃�,j}.

transformation. The relations (3.8) and (4.6) in the matrix form become respectively
⇤

a = A · aaux

b = B · baux ,

⇤
ã = Ã · aaux

b̃ = baux . (4.12)

Introducing the p⇥ p upper triangular matrix Iup
p made by 1’s (i.e. (Iup

p )ab = 1 if a � b

and zero otherwise) and also its transposed I low
p ⌅ (Iup

p )t, which is a lower triangular

matrix, we can write that A = In�1 ⇤ I low
N�1, B = Iup

n�1 ⇤ IN�1 and Ã = I low
n�1 ⇤ I low

N�1.

We remark that the matrices diag(A,B) and diag(Ã, Ig) occurring in (4.12) are not

symplectic matrices because, as already noticed in §3.1, the auxiliary set of cycles is

not a canonical homology basis. From (4.12) it is straightforward to find the relation

between the two canonical homology bases, namely
⇤

ã = Ã · A�1 · a
b̃ = B�1 · b , M ⌅

�
Ã · A�1 0g

0g B�1

⇥
⇧ Sp(2g,Z) , (4.13)

which can be constructed by using that (Iup
p )�1

ab = �a,b � �a+1,b and the properties of

the tensor product, finding Ã · A�1 = I low
n�1 ⇤ IN�1 and B�1 = (Iup

n�1)
�1 ⇤ IN�1. Notice

R3,4
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Figure 4. The canonical homology basis {a�,j , b�,j} for N = 3 intervals of equal
length and n = 4 sheets. The sheets are ordered starting from the top. For each cut,
the upper part (red) is identified with the lower part (blue) of the corresponding cut
on the next sheet in a cyclic way, according to (3.2).

From the one forms (3.4) and the matrix A in (3.5), one constructs the normalized

basis of one forms ⇥r =
⇥g

s=1 A�1
rs ⌅s, which provides the period matrix ⇤ as follows

�

ar

⇥s = �rs ,

�

br

⇥s = ⇤rs , r, s = 1, . . . , g . (3.6)

The period matrix ⇤ is a g ⇥ g complex and symmetric matrix with positive definite

imaginary part, i.e. it belongs to the Siegel upper half space. Substituting the expression

of ⇥s into the definition of ⇤ in (3.6) and employing the definition of the matrix B in

(3.5), it is straightforward to observe that

⇤ = A�1 · B ⇤ R+ i I , (3.7)

where R and I are respectively the real and the imaginary part of the period matrix.

In order to compute the period matrix (3.7), let us introduce the set of auxiliary

cycles {aaux
�,j, b

aux
�,j}, which is represented in Figs. 27 and 28. It is clear that this set is

not a canonical homology basis. Indeed, some cycles intersect more than one cycle.

Nevertheless, we can use them to decompose the cycles of the basis {a�,j, b�,j} as

a�,j =
�⇤

⇥=1

aaux
⇥,j , b�,j =

n�1⇤

l= j

baux�,l . (3.8)

canonical homology basis {a�,j , b�,j}

y
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NY
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 N�1Y
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The period matrix    
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Figure 5. The Riemann surface R3,4 with the canonical homology basis {a�,j , b�,j},
represented also in Fig. 4.

Integrating the one forms (3.4) along the auxiliary cycles as shown in (3.5) for the basis

{a�,j, b�,j}, one defines the matrices Aaux and Baux. The advantage of the auxiliary cycles

is that the integrals (Aaux)⇥,�k,j and (Baux)⇥,�k,j on the j-th sheet are obtained multiplying

the corresponding ones on the first sheet by a phase [8]

(Aaux)⇥,�k,j = �k(j�1)
n (Aaux)⇥,�k,1 , (Baux)⇥,�k,j = �k(j�1)

n (Baux)⇥,�k,1 , �n ⇥ e2⌅i/n . (3.9)

Because of the relation (3.8) among the cycles of the canonical homology basis and

the auxiliary ones, the matrices A and B in (3.5) are related to Aaux and Baux as

A⇥,�
k,j =

��

⇤=1

(Aaux)⇥,⇤k,j = �k(j�1)
n

��

⇤=1

(Aaux)⇥,⇤k,1 , (3.10)

B⇥,�
k,j =

n�1�

l= j

(Baux)⇥,�k,l =
n�1�

l= j

�k(l�1)
n (Baux)⇥,�k,1 =

�kjn � 1

�kn(1� �kn)
(Baux)⇥,�k,1 , (3.11)

where the relations (3.9) have been used. Thus, from (3.10) and (3.11) we learn that

we just need (Aaux)⇥,�k,1 and (Baux)⇥,�k,1 to construct the matrices A and B.
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Figure 4. The canonical homology basis {a�,j , b�,j} for N = 3 intervals of equal
length and n = 4 sheets. The sheets are ordered starting from the top. For each cut,
the upper part (red) is identified with the lower part (blue) of the corresponding cut
on the next sheet in a cyclic way, according to (3.2).
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Figure 5. The Riemann surface R3,4 with the canonical homology basis {a�,j , b�,j},
represented also in Fig. 4.
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Figure 5. The Riemann surface R3,4 with the canonical homology basis {a�,j , b�,j},
represented also in Fig. 4.

Integrating the one forms (3.4) along the auxiliary cycles as shown in (3.5) for the basis

{a�,j, b�,j}, one defines the matrices Aaux and Baux. The advantage of the auxiliary cycles

is that the integrals (Aaux)⇥,�k,j and (Baux)⇥,�k,j on the j-th sheet are obtained multiplying

the corresponding ones on the first sheet by a phase [8]

(Aaux)⇥,�k,j = �k(j�1)
n (Aaux)⇥,�k,1 , (Baux)⇥,�k,j = �k(j�1)

n (Baux)⇥,�k,1 , �n ⇥ e2⌅i/n . (3.9)

Because of the relation (3.8) among the cycles of the canonical homology basis and

the auxiliary ones, the matrices A and B in (3.5) are related to Aaux and Baux as

A⇥,�
k,j =

��

⇤=1

(Aaux)⇥,⇤k,j = �k(j�1)
n

��

⇤=1

(Aaux)⇥,⇤k,1 , (3.10)

B⇥,�
k,j =

n�1�

l= j

(Baux)⇥,�k,l =
n�1�

l= j

�k(l�1)
n (Baux)⇥,�k,1 =

�kjn � 1

�kn(1� �kn)
(Baux)⇥,�k,1 , (3.11)

where the relations (3.9) have been used. Thus, from (3.10) and (3.11) we learn that

we just need (Aaux)⇥,�k,1 and (Baux)⇥,�k,1 to construct the matrices A and B.

On Rényi entropies of disjoint intervals in CFT 12

Figure 4. The canonical homology basis {a�,j , b�,j} for N = 3 intervals of equal
length and n = 4 sheets. The sheets are ordered starting from the top. For each cut,
the upper part (red) is identified with the lower part (blue) of the corresponding cut
on the next sheet in a cyclic way, according to (3.2).

From the one forms (3.4) and the matrix A in (3.5), one constructs the normalized

basis of one forms ⇥r =
⇥g

s=1 A�1
rs ⌅s, which provides the period matrix ⇤ as follows

�

ar

⇥s = �rs ,

�

br

⇥s = ⇤rs , r, s = 1, . . . , g . (3.6)

The period matrix ⇤ is a g ⇥ g complex and symmetric matrix with positive definite

imaginary part, i.e. it belongs to the Siegel upper half space. Substituting the expression

of ⇥s into the definition of ⇤ in (3.6) and employing the definition of the matrix B in

(3.5), it is straightforward to observe that

⇤ = A�1 · B ⇤ R+ i I , (3.7)

where R and I are respectively the real and the imaginary part of the period matrix.

In order to compute the period matrix (3.7), let us introduce the set of auxiliary

cycles {aaux
�,j, b

aux
�,j}, which is represented in Figs. 27 and 28. It is clear that this set is

not a canonical homology basis. Indeed, some cycles intersect more than one cycle.

Nevertheless, we can use them to decompose the cycles of the basis {a�,j, b�,j} as
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Free compactified boson (� / R2
)

FN,n(x) =
�(0|T�)

|�(0|�)|2
T⌘ =

✓
i � I R
R i I/�

◆ ⌧ = R+ i I
period matrix

(g ⇥ g)

[Coser, Tagliacozzo, E.T., JSTAT (2014)]
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Figure 10. A bipartition of the periodic chain where A is made by the union of three
disjoint blocks of lattice sites.

The Hamiltonian of the harmonic chain made by L lattice sites and with nearest

neighbor interaction reads

H =
L�1⇤

n=0

�
1

2M
p2n +

M⇤2

2
q2n +

K

2
(qn+1 � qn)

2

⇥
, (5.1)

where periodic boundary conditions q0 = qL and p0 = pL are imposed and the variables

qn and pm satisfy the commutation relations [qn, qm] = [pn, pm] = 0 and [qn, pm] = i�n,m.

The Hamiltonian (5.1) contains three parameters ⇤, M , K but, through a canonical

rescaling of the variables, it can be written in a form where these parameters occur only

in a global factor and in the coupling 2K
M�2/(1 +

2K
M�2 ) [34, 58]. The Hamiltonian (5.1) is

the lattice discretization of a free massive boson. When ⇤ = 0 the theory is conformal

with central charge c = 1. Since the bosonic field is not compactified, we must compare

the continuum limit of (5.1) for ⇤ = 0 with the regime ⇥ ⇥ ⇤ of the CFT expressions

computed in §3, which has been considered in §3.3.
To diagonalize (5.1), first one exploits the translational invariance of the system by

Fourier transforming qn and pn. Then the annihilation and creation operators ak and a†k
are introduced, whose algebra is [ak, ak� ] = [a†k, a

†
k� ] = 0 and [ak, a

†
k� ] = i�k,k� . The ground

state of the system |0⌅ is annihilated by all the ak’s and it is a pure Gaussian state. In

terms of the annihilation and creation operators, the Hamiltonian (5.1) is diagonal

H =
L�1⇤

k=0

⇤k

�
a†kak +

1

2

⇥
, (5.2)

Periodic chain of harmonic oscillators

H =
L�1X

n=0

✓
1

2M
p2n +

M�2

2
q2n +

K

2
(qn+1 � qn)

2

◆

The massless case in the continuum limit

is the c = 1 free boson on the line

[Botero, Reznik, PRA (2004)][Peschel, Chung, JPA (1999)]

[Audenaert, Eisert, Plenio, Werner, PRA (2002)]
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Figure 10. A bipartition of the periodic chain where A is made by the union of three
disjoint blocks of lattice sites.
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qn and pm satisfy the commutation relations [qn, qm] = [pn, pm] = 0 and [qn, pm] = i�n,m.

The Hamiltonian (5.1) contains three parameters ⇤, M , K but, through a canonical

rescaling of the variables, it can be written in a form where these parameters occur only

in a global factor and in the coupling 2K
M�2/(1 +

2K
M�2 ) [34, 58]. The Hamiltonian (5.1) is

the lattice discretization of a free massive boson. When ⇤ = 0 the theory is conformal

with central charge c = 1. Since the bosonic field is not compactified, we must compare

the continuum limit of (5.1) for ⇤ = 0 with the regime ⇥ ⇥ ⇤ of the CFT expressions

computed in §3, which has been considered in §3.3.
To diagonalize (5.1), first one exploits the translational invariance of the system by

Fourier transforming qn and pn. Then the annihilation and creation operators ak and a†k
are introduced, whose algebra is [ak, ak� ] = [a†k, a

†
k� ] = 0 and [ak, a

†
k� ] = i�k,k� . The ground

state of the system |0⌅ is annihilated by all the ak’s and it is a pure Gaussian state. In

terms of the annihilation and creation operators, the Hamiltonian (5.1) is diagonal

H =
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, (5.2)

Periodic chain of harmonic oscillators

H =
L�1X

n=0

✓
1

2M
p2n +

M�2

2
q2n +

K

2
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The massless case in the continuum limit

is the c = 1 free boson on the line

[Botero, Reznik, PRA (2004)][Peschel, Chung, JPA (1999)]

[Audenaert, Eisert, Plenio, Werner, PRA (2002)]

Fdec
N,n(x) =

⌘g/2p
det(I) |�(0|⌧)|2

Decompactification

regime (large ⌘)

[Coser, Tagliacozzo, E.T., JSTAT (2014)]
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what happens for N=2? same shape? Does it go to zero close to zero?

n = 3

n = 2

n = 4CFT
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Figure 13. The quantity Fnorm
N,n computed for the periodic harmonic chain with

�L = 10�3 in the configuration of intervals (5.11), normalized through (5.12). The
lattice data are obtained by using (2.16), (2.17), (5.6) and (5.7). The continuos curves
are given by (3.34). The maximum value on the horizontal axis is 1/N . We show the
cases of N = 3 (top) and N = 4 (bottom) with n = 2, 3, 4.

obtained from the harmonic chain in the continuum limit, we have to generalize the

CFT formulas to the case of a finite system of total length L with periodic boundary

conditions. This can be done by employing the conformal map from the cylinder to

the plane, whose net e�ect is to replace each length y (e.g. ⇥, d, 2⇥ + d, etc.) with the

The periodic harmonic chain   
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Figure 10. A bipartition of the periodic chain where A is made by the union of three
disjoint blocks of lattice sites.

The Hamiltonian of the harmonic chain made by L lattice sites and with nearest

neighbor interaction reads

H =
L�1⇤

n=0

�
1

2M
p2n +

M⇤2

2
q2n +

K

2
(qn+1 � qn)

2

⇥
, (5.1)

where periodic boundary conditions q0 = qL and p0 = pL are imposed and the variables

qn and pm satisfy the commutation relations [qn, qm] = [pn, pm] = 0 and [qn, pm] = i�n,m.

The Hamiltonian (5.1) contains three parameters ⇤, M , K but, through a canonical

rescaling of the variables, it can be written in a form where these parameters occur only

in a global factor and in the coupling 2K
M�2/(1 +

2K
M�2 ) [34, 58]. The Hamiltonian (5.1) is

the lattice discretization of a free massive boson. When ⇤ = 0 the theory is conformal

with central charge c = 1. Since the bosonic field is not compactified, we must compare

the continuum limit of (5.1) for ⇤ = 0 with the regime ⇥ ⇥ ⇤ of the CFT expressions

computed in §3, which has been considered in §3.3.
To diagonalize (5.1), first one exploits the translational invariance of the system by

Fourier transforming qn and pn. Then the annihilation and creation operators ak and a†k
are introduced, whose algebra is [ak, ak� ] = [a†k, a

†
k� ] = 0 and [ak, a

†
k� ] = i�k,k� . The ground

state of the system |0⌅ is annihilated by all the ak’s and it is a pure Gaussian state. In

terms of the annihilation and creation operators, the Hamiltonian (5.1) is diagonal

H =
L�1⇤

k=0

⇤k

�
a†kak +

1

2

⇥
, (5.2)

Periodic chain of harmonic oscillators

H =
L�1X

n=0

✓
1

2M
p2n +

M�2

2
q2n +

K

2
(qn+1 � qn)

2

◆

The massless case in the continuum limit

is the c = 1 free boson on the line

[Botero, Reznik, PRA (2004)][Peschel, Chung, JPA (1999)]

[Audenaert, Eisert, Plenio, Werner, PRA (2002)]

Fdec
N,n(x) =

⌘g/2p
det(I) |�(0|⌧)|2

Decompactification

regime (large ⌘)

[Coser, Tagliacozzo, E.T., JSTAT (2014)]
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Figure 18. The computation of Tr�2A for the bipartition of Fig. 17, where ⇤ = d = 4.
The MPS transfer matrix E and its p-th power are shown in the box as yellow
rectangles. The pattern for the contractions of the indices is on the right.

The Matrix Product States (MPS) are tensor networks that naturally arise in the

context of the Density Matrix Renormalization Group [66, 67, 68]. They are build

through a set of tensors t�,⇥i (one for each lattice site) with three indices (see the box

in Fig. 17): i is the physical index mentioned above, while � and ⇥ are auxiliary

indices. The tensors are contracted following the pattern shown in Fig. 17, where the

translational invariance of the state is imposed by employing the same elementary tensor

for each site. The state in Fig. 17 has L = 8 and it is given by

|�⇧ =
⇤�

i1,...,i8=1

⇧�

�1,...,�8=1

t�1�2
i1 t�2�3

i2 · · · t�8�1
i8 |i1⇧ |i2⇧ · · · |i8⇧ , (6.4)

where ⇧ is the rank of the auxiliary indices, which is called bond dimension in this

context. Since we are using the same tensor for each site, the state is completely

determined by the components of the tensor t�⇥i , which are ⇤⇧2 free parameters.

In the MPS approach, the expectation value of local observables can be computed

by performing O(⇤⇧3) operations. The components t�⇥i of the tensor are obtained

numerically by minimizing ⌅�|H|�⇧ for the Hamiltonian (6.1).

The bond dimension ⇧ controls the accuracy of the results. Increasing ⇧, one can

describe an arbitrary state of the Hilbert space [69]. In practice, a finite bond dimension

which is independent of L allows to describe accurately ground states of gapped local

Hamiltonians [70]. For gapless Hamiltonians described by a CFT, the bond dimension

has to increase polynomially with the system size [71], namely ⇧ = L1/⌅, where ⌅

is an universal exponent [72] which depends only on the central charge c as follows:

⌅ = 6/[c(
⇥
12/c+ 1)] [73, 74]. Since the Ising model has c = 1/2, we have ⌅ ⇥ 2.

Tr⇢2A

On Rényi entropies of disjoint intervals in CFT 33

t�,⇥i

t̄�,⇥i

|��

�A

��=

� �

�̃ �̃

A B

Figure 17. The contraction giving the MPS state |⇥⇥ of a chain with L = 8 sites and
periodic boundary conditions (points labeled by the same greek index are considered
as the same point). The individual tensor t�,⇥i , which defines the MPS state, and its
complex conjugate t̄�,⇥i are shown in the box on the left. Considering the bipartition of
the chain with A made by 4 contiguous sites, we show the tensor network contraction
occurring in the computation of the reduced density matrix �A.

6. The Ising model

The Ising model in transverse field provides a simple scenario where we can compute the

Rényi entropies of several disjoint intervals and compare them with the corresponding

predictions obtained through the CFT methods. The Hamiltonian is given by

H =
L⇤

s=1

�
⇥x
s⇥

x
s+1 + h⇥z

s

⇥
, (6.1)

where s labels the L sites of a 1D lattice L and the ⇥x,z
s are the Pauli matrices acting

on the spin at site s and periodic boundary conditions are imposed. The model has two

phases, one polarized along x for � < 1 and another one polarized along z for � > 1,

which are separated by a second order phase transition at h = 1.

The Ising model in transverse field can be rewritten as a model of free fermions [63].

The map underlying this equivalence has been employed in [64] to compute the Rényi

entropies for one block and in [22] for two disjoint blocks, where the generalization to

N blocks is also discussed.

Our approach is based on the Matrix Product States (MPS), which is completely

general and therefore it can be applied for every one dimensional model. We choose the

MPS because they are the simplest tensor networks (see §6.2 for a proper definition).

The same calculation can be done through other variational ansatz methods, like the

Tree Tensor Networks or the MERA [65, 20, 23]).

6.1. Rényi entropies for the Ising CFT

The continuum limit of the quantum critical point h = 1 corresponds to a free massless

Majorana fermion, which is a CFT with c = 1/2.
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The Ising model in transverse field provides a simple scenario where we can compute the

Rényi entropies of several disjoint intervals and compare them with the corresponding

predictions obtained through the CFT methods. The Hamiltonian is given by

H =
L⇤

s=1
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⇥x
s⇥

x
s+1 + h⇥z

s

⇥
, (6.1)

where s labels the L sites of a 1D lattice L and the ⇥x,z
s are the Pauli matrices acting

on the spin at site s and periodic boundary conditions are imposed. The model has two

phases, one polarized along x for � < 1 and another one polarized along z for � > 1,

which are separated by a second order phase transition at h = 1.

The Ising model in transverse field can be rewritten as a model of free fermions [63].

The map underlying this equivalence has been employed in [64] to compute the Rényi

entropies for one block and in [22] for two disjoint blocks, where the generalization to

N blocks is also discussed.

Our approach is based on the Matrix Product States (MPS), which is completely

general and therefore it can be applied for every one dimensional model. We choose the

MPS because they are the simplest tensor networks (see §6.2 for a proper definition).

The same calculation can be done through other variational ansatz methods, like the

Tree Tensor Networks or the MERA [65, 20, 23]).

6.1. Rényi entropies for the Ising CFT

The continuum limit of the quantum critical point h = 1 corresponds to a free massless

Majorana fermion, which is a CFT with c = 1/2.
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6. The Ising model

The Ising model in transverse field provides a simple scenario where we can compute the

Rényi entropies of several disjoint intervals and compare them with the corresponding

predictions obtained through the CFT methods. The Hamiltonian is given by

H =
L⇤

s=1

�
⇥x
s⇥

x
s+1 + h⇥z

s

⇥
, (6.1)

where s labels the L sites of a 1D lattice L and the ⇥x,z
s are the Pauli matrices acting

on the spin at site s and periodic boundary conditions are imposed. The model has two

phases, one polarized along x for � < 1 and another one polarized along z for � > 1,

which are separated by a second order phase transition at h = 1.

The Ising model in transverse field can be rewritten as a model of free fermions [63].

The map underlying this equivalence has been employed in [64] to compute the Rényi

entropies for one block and in [22] for two disjoint blocks, where the generalization to

N blocks is also discussed.

Our approach is based on the Matrix Product States (MPS), which is completely

general and therefore it can be applied for every one dimensional model. We choose the

MPS because they are the simplest tensor networks (see §6.2 for a proper definition).

The same calculation can be done through other variational ansatz methods, like the

Tree Tensor Networks or the MERA [65, 20, 23]).

6.1. Rényi entropies for the Ising CFT

The continuum limit of the quantum critical point h = 1 corresponds to a free massless

Majorana fermion, which is a CFT with c = 1/2.

⇢AReduced density matrix

depends on the bond dimension �
The accuracy of the result

t�⇥i are obtained

by minimizing ��|H|�⇥

[White, Noack, PRL (1992)] [Ostuld, Rommer, PRL (1995)] [Vidal, PRL (2003)]

[Hastings, JSTAT (2007)]

[Verstraete, Cirac, PRB (2006)]
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[Furukawa, Pasquier, Shiraishi, PRL (2009)][Caraglio, Gliozzi, JHEP (2008)]

[Alba, Tagliacozzo, Calabrese, PRB (2010); JSTAT (2011)]

[Fagotti, Calabrese, JSTAT (2010)]

The N = 2 case has been studied numerically through various methods

Finite size corrections must be taken into account
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Figure 26. The results for F4,2 computed through MPS. The configurations are
(6.9) with (from the top left panel, in clockwise direction) � = 0.25, � = 0.5, � = 1
and � = 2. For a fixed x, the length ⇤ of the blocks increases along the black arrow.
The extrapolated points are obtained as explained in §6.4.

respectively Lmax = 100, Lmax = 320 and Lmax = 500.

Notice that larger values of � and ⌃ better approximate the points obtained through

the CFT formulas, as expected. Nevertheless, since the discrepancy between our best

numerical value and the one predicted by the CFT is quite large, a finite size scaling

analysis is necessary, as discussed above. For almost every value of x that we are

considering, taking the e⇥ects of the first correction into account is enough to find

reasonable agreement with the CFT predictions. According to the analysis discussed

in Appendix D.1, we find that the first correction is proportional to ⌃��num , where

�num = 0.45(5) for both F3,2 and F4,2, and �num = 0.51(4) for R3,2. We remark that

these exponents have been found just from the numerical data, without assuming the

CFT formulas. The result is compatible with � = 1/2 found for two disjoint blocks

[20, 22]. Thus, this result seems to be independent of the number of intervals.

Once the exponents have been determined, we can compare the numerical results
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Figure 33. Finite size scaling analysis with higher order corrections for R3,2 for
the configurations characterized by � = 0.5 (left) and � = 1 (right). The method is
explained in Appendix D.2. Three corrections can be taken into account only for those
x’s having several numerical points, as shown in the zoom. The third correction never
improves the agreement with the CFT prediction.

D.2. A finite size scaling analysis with higher order corrections

Instead of considering only one correction as discussed in §6.4 and Appendix D.1,

one can try to perform a finite size scaling analysis which includes more corrections

[84, 85, 20, 22, 23, 39]. In particular, we choose the following function

a0 +
b1
⌥1/2

+
b2
⌥
+

b3
⌥3/2

. (D.1)

The exponents are the ones giving agreement with the CFT predictions for N = 2 [39].

Since in this case we have four parameters to fit, we can carry out this analysis only for

few x’s at fixed �. We have considered the same configurations of §6.4, namely � = p

and � = 1/p with 1 � p � 8 finding the same qualitative behavior. Here we give only

one representative example in Fig 32 for F3,2 and in Fig 33 for R3,2. The error bars have

been determined by choosing di⇥erent minimum values for ⌥ in the fitting procedure, as

done for �num in Appendix D.1.

It is instructive to analyze the contribution of the various corrections. Taking only

the first correction into account (cyan circles in Figs. 32 and 33), the extrapolated points

are very close to the curves predicted by the CFT. Nevertheless, they do not coincide

with it, staying systematically below for FN,2 or above for RN,2. Adding the second

correction, i.e. b1 ⇥= 0 and b2 ⇥= 0 in (D.1), the extrapolations (green circles in Figs.

32 and 33) usually improve, as expected, getting closer to the CFT prediction and, in

some case, coinciding with it. As for the third correction, we notice that it does not

improve the extrapolation in almost all the cases that we studied. This probably tells

us that the range of ⌥ available allows us to see at most two corrections to the scaling.

As for the sign of the coe⌅cients b1, b2 and b3 in (D.1), we find (�,+,+) for F3,2 and

(+,�,+) for R3,2. Notice that the sign of b1 can be easily inferred from the position of

For N > 2 we considered Ising chain with 30 6 L 6 500.

[Pirvu, Verstraete, Vidal, PRB (2011)]
Variational algorithm of

[Coser, Tagliacozzo, E.T., JSTAT (2014)]
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⇢A1[A2 is mixed
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What about the entanglement between A1 and A2?

A computable measure of the entanglement

is the logarithmic negativity
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For ne � 1 we find E = 2 logTr�1/22 (Renyi entropy 1/2)
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FIG. 4: For two adjacent intervals of equal length ⌥ < L/2,

we plot rn = ln[(Tr�
TA2=⌅

A )n/Tr(�
TA2=L/4

A )n] as function of
z = ⌥/L. The subtraction is chosen to cancel non-universal
factors. The bottommost panel shows the logarithmic nega-
tivity in which non-universal terms are absent. The continu-
ous lines are the parameter free CFT predictions.

A quantitative finite size scaling analysis is reported in
the inset of the figure. The bottom panel of Fig. 5 shows
the negativity E for which all data collapse on a single
curve, without sizable corrections. For small y, the data
are very close to zero and are consistent with the form
e�a/y [11], vanishing faster than any power. For y ⇤ 1,
we find E(y) ⇥ (1� y)�1/4 ln(1� y) as obtained from the
analytic continuation of Eq. (18) in this regime [15]. The
logarithmic correction may be responsible for the expo-
nent 1

3 found in Ref. [11] as compared with our analytic
result 1

4 , which is consistent with our general result c
4 .

Conclusions. We described a general QFT formalism
to calculate the logarithmic negativity. For a conformal
invariant theory we worked it out for two intervals, both
adjacent and disjoint. In the latter case, the negativity is
a universal scale invariant function. Some generalizations
such as for compactified free boson, Ising CFT, finite
temperature CFT, and massive QFT have been already
obtained and will be presented elsewhere [15].

However, there are still open problems, among them
the analytic continuation ne ⇤ 1 of the results for dis-
joint intervals which remains a formidable task, reflecting
a similar problem for the entanglement entropy [7, 8].

Finally, it is of extreme interest to check numerically
our CFT predictions in more complicated lattice models
such as spin-chains and itinerant fermions.
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FIG. 5: Top: the ratio Rn(y) in Eq. (17) as function of
y for several L and for n = 3, 4. The continuous lines are
the parameter free CFT predictions. The inset shows a finite
size scaling analysis for dn ⇥ RCFT

n (y) � Rn(y) for n = 3
displaying the unusual correction L�2/n [17]. The same is true
for higher n [15]. Bottom: The negativity E(y) is a universal
scale invariant function with an essential singularity at y = 0.
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Figure 10. Entanglement negativity for two adjacent intervals of equal length ⇧ < L/2 in a
periodic chain of length L: Subtracted negativity �(z) in Eq. (74) compared with the parameter
free CFT prediction.

numerical data are described by the bipartite formula (28). Notice that finite size scaling
corrections are even smaller than those for the quantities rn(z) in Fig. 9.

5.2. Two disjoint intervals

In this section we study the most interesting and difficult situation of two disjoint intervals for
which an accurate numerical study of the negativity has been already performed by means of
density matrix renormalization group in Ref. [15], but before the systematic CFT derivation
in Refs. [24, 25]. Here we first consider the traces Tr(⇥T2

A )n and Tr(⇥A)n. Indeed, although
standard Rényi entropies given by Tr⇥nA have been already studied in Refs. [30, 38, 39], they
show large corrections to the scaling which is worth recalling before embarking in the analysis
of Tr(⇥T2

A )n.
In order to determine numerically the function Fn(x), we calculate for several finite

chains the quantity

F lat
n (x) =

Tr⇥nA1⇥A2

Tr⇥nA1
Tr⇥nA2

(1� x)(n�1/n)/12 , (75)

which in the scaling limit should converge to the CFT prediction Fn(x). In a finite system
of length L, the four-point ratio x must be rewritten by replacing all distances by the
corresponding chordal lengths. For two intervals of the same length � at distance r this reads

x =

�
sin(��/L)

sin(�(�+ r)/L)

⇥2

. (76)

The numerical data for the function F lat
n (x) are reported in Fig. 11 for n = 3, 4, 5

as function of x for various values of � (i.e. different values of L according to Eq.
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Figure 9. Entanglement for two adjacent intervals of equal length ⇤ ⇥ L/2 in a periodic
chain of length L. The quantity rn(z) in Eq. (72) as function of z = ⇤/L compared with the
parameter free CFT prediction for n = 3 (left) and n = 4 (right).

while for the logarithmic negativity we have from Eq. (30)

E =
1

8
ln
⇤L
⇥
tan(⇥z)

⌅
+ cnst . (71)

Following Ref. [25], we can construct quantities in which the dependence on the non-
universal parameters dn and also the universal dependence on L cancel. To this aim, it is
enough to divide Tr(⇤T2

A )n by the value it assumes at a given fixed ⌦, e.g. ⌦ = L/4, i.e. by
considering the quantities

rn(z) = ln
Tr(⇤

TA2=⌅

A )n

Tr(⇤
TA2=L/4

A )n
, (72)

whose parameter free CFT predictions for n even and odd are

rne =
1

12

� 2

ne
� ne

2

⇥
ln(2 sin2(⇥z))� 1

12

�ne

2
+

1

ne

⇥
ln(sin(2⇥z)),

rno =
1

24

� 1

no
� no

⇥
ln(2 sin2(⇥z) sin(2⇥z)). (73)

The numerical results for these quantities are shown in Fig. 9 for n = 3 and n = 4. The
agreement between the numerical data and the CFT predictions is perfect for all considered
values of L, showing that finite size corrections are very small for these quantities. Notice that
for z = 1/2 we have a bipartite system (i.e. B ⇤ ⇧) and the equations in (73) obviously do
not work since the data are described by Eqs. (26) and (27), reflecting the fact that the limit
z ⇤ 1/2 is approached in a non-uniform way (i.e. the limits z ⇤ 1/2 and N ⇤ ⌅ do not
commute as obvious).

For the logarithmic negativity, we can analogously define the subtracted quantity

�(z) = E(⌦, L)� E(L/4, L) = 1

8
ln[tan(⇥z)] , (74)

and again the r.h.s. is a parameter free CFT prediction. In Fig. 10, this prediction is compared
with the numerical data and the agreement is extremely good except at z = 1/2 where the

�/L

[Calabrese, Tagliacozzo, E.T., (2013)]

Ising model:

[Alba, (2013)]
Monte-Carlo analysis

Tree Tensor Network
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Figure 6. A state |�⌥ encoded by a tree tensor network involving 16 spins.

with id⌅ being the ⌅⇥ ⌅ identity tensor. Explicitly, this condition reads
⌅��

⇥1,⇥2=1

(w)⇥1⇥2
� (w†)�

�

⇥1⇥2
= ⇥��� , ⇤ = 0, . . . , N � 1 , �,�� = 1, . . . ,⌅⇤+1 . (65)

The bottommost tensor of the network (the red one in Fig. 6), i.e. the only tensor at the layer
N , is different from the others. Indeed, since it does not possess any lower index, it represents
a normalized vector, namely

�

⇥1,⇥2

(w)⇥1⇥2(w†)⇥1⇥2 = 1 , ⇤ = N . (66)

The properties (65) and (66), which are graphically shown on the right of Fig. 6, guarantee
that the state |�⌥ in (64) is normalized to 1, i.e. ⌃�|�⌥ = 1. These considerations can be
generalized to cases with elementary tensors having more upper and lower legs [58]. The
natural layered structure of the TTN is emphasized by the arrow on the left of Fig. 6. Each
layer is an isometric transformation that maps a lattice L⇤ consisting of L⇤ sites to a lattice
L⇤+1 with L⇤+1 = L⇤/2 sites. The physical lattice is L0, whose length L0 = L must be
a power of 2. The arrow on the left of Fig. 6 shows the direction along which the coarse-
graining of the lattice increases.

In order to describe the ground state of a local Hamiltonian H , the tensors of the
network should describe the state |�⌥ that minimizes ⌃�|H|�⌥. This can be achieved using
the (numerical) algorithm described in Ref. [58] whose computational cost is ⌅4

max, where
⌅max = max⇤{⌅⇤} is the largest bond dimension in the network. Recently, the TTN has
been combined with Monte Carlo sampling obtaining an algorithm whose cost scales with
⌅3
max [70]. Each layer of the TTN encoding the ground state of H is a coarse-graining

transformation that selects those states of L⇤ which are relevant for the low energy physics
of H at the scale of L⇤+1. When both the Hamiltonian and its ground state are translational
invariant, we can force the coarse graining transformations to map translational invariant states
on L⇤ into translational invariant states on L⇤+1 by choosing the elementary isometries of the
layer ⇤ to be all equal. This is represented by the color scheme adopted in Fig. 6, where all
the isometries belonging to the same layer have the same color.

The state is encoded in the network

made by smaller tensors

TTN



Two disjoint intervals: periodic harmonic chains
Previous numerical results for E :
Ising (DMRG) and harmonic chains

[Wichterich, Molina-Vilaplana, Bose, (2009)]

[Marcovitch, Retzker, Plenio, Reznik, (2009)]
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Figure 7. The ratio �Rn(x) in (4.5) for the non compact boson. The data points come
from the periodic harmonic chain with �L = 10�5, while the curves are given by CFT
formula (4.7).

being K(x) the elliptic integral of the first kind. The sum in (4.8) is defined for ne > 4

and for ne = 2 that term is zero. The analytic continuation in (4.8) is not known for the

entire range x ⇤ (0, 1). In [23] the analytic continuation has been found for the regime

x ⇥ 1�, obtaining an expression that surprisingly works down to x � 0.3 (see the dashed

red curve in Fig. 8).

Here we numerically extrapolate E(x) through the formula (4.8) by using the rational

interpolation method, which has been discussed in §A and employed in the previous

sections for the entanglement entropy of disjoint intervals. It is worth remarking that,

since the replica limit (1.7) for E(x) involves only even n’s, to perform a rational

interpolation characterized by some (p, q) we need higher values of n with respect to

the ones employed for the entanglement entropy in the previous sections. In particular,

for the logarithmic negativity p+ q + 1 6 ne,max/2.

In Fig. 8 we report the extrapolations found for some values of (p, q). Since the

numerical data from the harmonic chain are accurate enough to provide the curve in the

continuum limit that should be found through the analytic continuation (4.8), we can

check the reliability of our numerical extrapolations against them. For the non compact

boson the expression (4.9) is not di⇥cult to evaluate numerically. Thus, we can deal with

[De Nobili, Coser, E.T., (2015)]

[Calabrese, Cardy, E.T., (2012)]

eRn =
Tr(⇢T2

A )n

Tr ⇢nA

e
R

n

=

"
(1� x)

2
3 (n�

1
n )

Q
n�1
k=1 F k

n
(x)F k

n
(1� x)

Q
n�1
k=1 Re

�
F k

n
( x

x�1 ) F̄ k
n
( 1
1�x

)
�

# 1
2
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Rn
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Figure 8. Logarithmic negativity of two disjoint intervals for the non compact boson
(4.8) as function of the four-point ratio x. The dots are numerical data obtained for the
periodic harmonic chains with �L = 10�5 and increasing total lengths. All data collapse
on the same curve, which corresponds to the continuum limit. The red dashed curve is
the analytic continuation found in [23] in the regime x ⇥ 1�. The remaining curves are
extrapolations obtained from di�erent rational interpolations having (p, q) indicated. In
the inset we show the same plot in logarithmic scale in order to highlight the behaviour
of the di�erent extrapolated curves when x � 0.

high values of n and therefore we have many possibilities for (p, q). It turns out that an

accurate extrapolation for the logarithmic negativity requires high values of p and q, in

particular for the regime of small intervals x � 0 (see Fig. 11 in §A for extrapolations

having low p and q). As already remarked in [22, 23], the behaviour of E(x) when

x � 0 is not power-like. We observed, as a general behaviour, that increasing q leads

to extrapolations which are closer to the numerical data, but spurious fluctuations or

even singularities in some regimes of x can occur (see the black and magenta curves in

the inset of Fig. 8, and the dashed magenta and cyan curves in Fig. 11). This happens

whenever one of the q poles of the rational function is close to the range (1, nmax) of the

interpolated data and not too far from n = 1 (it may be real or have a small imaginary

part). More details are reported in §A. Taking low q’s, one usually gets smooth curves

but even high values of p’s are not su⇤cient to capture the behaviour of E(x) when x � 0.

Thus, the logarithmic negativity is more di⇤cult to find through the rational

Two disjoint intervals: periodic harmonic chains

[Calabrese, Cardy, E.T., (2012)]

[De Nobili, Coser, E.T., (2015)]

Analytic continuation for x ⇠ 1 E = �1

4

log(1� x) + logK(x) + cnst

Analytic continuation ne ! 1 for 0 < x < 1 not known

E(x) for x ⇠ 0 vanishes faster than any power

Numerical extrapolations

(rational interpolation method)



Two disjoint intervals: Ising model

[Calabrese, Tagliacozzo, E.T., (2013)]
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Figure 12. Numerical results for Glat
n (x) as function of y for different values of ⇥ for n = 3

(top left), n = 4 (top right), and n = 5 (bottom). The data are extrapolated to ⇥ ⇥ ⇤ by
means of Eq. (80). The extrapolated data (topmost set of data) are in excellent agreement with
the CFT prediction (continuous line).

f (1)
n is always negative, while f (2)

n and f (3)
n are always positive, as discussed in Ref. [40]). In

order to have an accurate extrapolation to ⇧ ⇥ ⇤, for any n we consider all the corrections
above up to order O(⇧�3/n) and we get the extrapolations reported in Fig. 11. The error bars
are estimated by studying the stability of the extrapolation with respect to the number of sizes
⇧ included in the fit. The overall agreement of the extrapolated points with the CFT prediction
is excellent for all values of x and for the three considered values of n, reproducing the results
in Refs. [38, 39].

After having summarized the corrections to the scaling for the entanglement entropies
we can turn to the integer powers of the partial transpose in which we are interested here. In
analogy with Eq. (75) we can define the lattice ratio

Glat
n (y) =

Tr(�T2
A1⇥A2

)n

Tr�nA1
Tr�nA2

(1� y)(n�1/n)/12 , (79)

that in the limit ⇧ ⇥ ⇤ is expected to converge to the CFT scaling function Gn(y) given by
Eq. (53). In the case at hand, the numerical value of y is given by the same expression in Eq.
(76) for x. The numerical data for Glat

n (y) are reported in Fig. 12 for n = 3, 4, 5 as function
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Figure 14. Logarithmic negativity for two intervals of equal length � at distance r as function
of the four point ratio y.

the two and the analogous lattice quantity

Rlat
n (y) � Glat

n (y)

F lat
n (y)

, (81)

which in the limit ⌃ ⇥ ⇤ converges to the CFT prediction in Eq. (54). The numerical data
for Rlat

n (y) are reported in Fig. 13 for n = 3, 4, 5 as function of y for different values of ⌃.
Once again, large scaling corrections are present and there are no accidental cancellations in
the ratio, so that they are again expected to be of the same form as for F lat

n (x), i.e. described
by the ansatz

Rlat
n (y) = Rn(y) +

r(1)n (y)

⌃1/n
+

r(2)n (y)

⌃2/n
+

r(3)n (y)

⌃3/n
. . . . (82)

We repeat again the same analysis as for F lat
n (x) to extrapolate the data to ⌃ ⇥ ⇤ and the

results (with error bars) are reported in Fig. 13. Unlike f (j)
n (x)’s and g(j)n (y)’s, in this case the

signs of r(j)n (y)’s are not defined (indeed r(j)n ’s can be written as complicated combinations of
f (j)
n ’s and g(j)n ’s). For this reason, the error bars in Fig. 13 are larger than the ones in Fig. 11

and in Fig. 12. It is evident that the extrapolated points in Fig. 13 agree very well with the
CFT prediction for the three considered values of n. It is very remarkable that the numerical
calculations are accurate enough to detect the small differences of these ratios from 1 (at least
for n = 3 and n = 4, while for n = 5 the estimated error is too large to distinguish the
extrapolation from one).

Finally we turn to the study of the logarithmic negativity E . The numerical data as a
function of y are reported in Fig. 14 for several values of ⌃. In the figure all data collapse on
a single curve, with some tiny corrections to the scaling for the smaller values of ⌃, which

Tree tensor network:

Gn(y) = (1� y)(n�1/n)/6

P
e |�[e](0|�( y

y�1 ))|
2n�1

Qn�1
k=1 |Fk/n(

y
y�1 )|1/2

0 < y < 1CFT

[Calabrese, Tagliacozzo, E.T., (2013)][Alba, (2013)]
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Partial transpose of two disjoint blocks in XY spin chains 4

Figure 1. We consider the entanglement between two disjoint spin blocks A

1

and A

2

embedded in a spin chain of arbitrary length. The reminder of the system is denoted by
B which is also composed of two disconnected pieces B

1

and B

2

.

The Jordan-Wigner transformation

c
j

=
⇣ Y

m<j

�z

m

⌘�x

j

� i�z

j

2
, c†

j

=
⇣ Y

m<j

�z

m

⌘�x

j

+ i�z

j

2
, (2)

maps the spin variables into anti-commuting fermionic ones {c
i

, c†
j

} = �
ij

. In terms of

these fermionic variables the Hamiltonian (1) becomes

H
XY

=
LX

i=1

✓
1

2

h
�c†

i

c†
i+1

+ �c
i+1

c
i

+ c†
i

c
i+1

+ c†
i+1

c
i

i
� hc†

i

c
i

◆
, (3)

where we neglected boundary and additive terms. This Hamiltonian is quadratic in the

fermionic operators and hence can be straightforwardly diagonalised in momentum space

by means of a Bogoliubov transformation.

For the study of the reduced density matrices it is very useful to introduce the

Majorana fermions [3]

a
2j

= c
j

+ c†
j

, a
2j�1

= i(c
j

� c†
j

), (4)

which satisfy the anti-commutation relations {a
r

, a
s

} = 2�
rs

.

2.1. Quantities of interest

The main goal of this manuscript is to determine the entanglement between two disjoint

intervals in the XY spin chain. We consider the geometry depicted in Fig. 1: a spin chain

is divided in two parts A and B and each of them is composed of disconnected pieces.

We denote by A
1

and A
2

the two blocks in A = A
1

[A
2

, B
1

is the block in B separating

them, while B
2

is the remainder.

The reduced density matrix of A is ⇢
A

= Tr
B

⇢ = Tr
B

| ih |, where we are mainly

interested in the case in which | i is the ground state of the XY chain, even if the

results of this paper apply to more general cases such as excited states, non-equilibrium

configurations, finite temperature etc. The bipartite entanglement between A and B is

given by the well-known entanglement entropy

S
A

= �Tr⇢
A

ln ⇢
A

, (5)

or equivalently by the Rényi entropies

S(n)

A

=
1

1� n
ln Tr ⇢n

A

, (6)

which in the limit n ! 1 reduce to the entanglement entropy, but provide more

information since it is related to the full spectrum of ⇢
A

[42].

Two disjoint blocks

[Fagotti, Calabrese, (2010)]

[Alba, Tagliacozzo, Calabrese, (2010)][Igloi, Peschel, (2010)]
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XY spin chain: two disjoint blocks  
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A is the fermionic reduced density matrix
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XY spin chain: two disjoint blocks  
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We focus on the XX and Ising spin chain at criticality



Spin structures in CFT: Dirac fermion and Ising model

F Ising
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X
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CFT regime

A similar formula con be written for the modular invariant Dirac fermion

The characteristic e provides the spin structure
i.e. the set of boundary conditions along the canonical homology cycles

Spin structures (in the) and entanglement of two disjoint intervals in CFT 12

Figure 2. The Riemann surface R4 and the canonical homology basis considered in this
manuscript (see also [28, 29, 36]).

set of such boundary conditions provides the spin structure of the fermionic model on the

underlying higher genus Riemann surface.

The function F

n

(x) entering in (46) is known explicitly only for very few models.

One of the most important ones is the free boson compactified on a circle of radius r
circle

.

In this case, F
n

(x) is [28]

F
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(x) =
⇥
�
0|⌘⌧

�
⇥
�
0|⌧/⌘

�

[⇥
�
0|⌧

�
]2

, (48)

where the parameter ⌘ = 2r2
circle

is related to the compactification radius and ⌧ is the

(n� 1)⇥ (n� 1) period matrix of the Riemann surface R

n

, whose elements read [28]

⌧
i,j

= i
2
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n�1X
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(k/n, 1� k/n; 1; 1� x)

2

F
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(k/n, 1� k/n; 1; x)
cos[2⇡(k/n)(i� j)]. (49)

This period matrix can be obtained from the holomorphic di↵erentials !
j

introduced above

Spin structures (in the) and entanglement of two disjoint intervals in CFT 13

Figure 3. The Riemann surface R4 represented through the cyclic joining of four sheets.
For a given slit, the upper edge (red) should be identified with the lower edge (blue) of
the slit below, in a cyclic way. The canonical homology basis is the same one shown in
Fig. 2, with the same colour code.

and the canonical homology basis shown in Figs. 2 and 3 [28, 36]. It is worth remarking

that, since x 2 (0, 1), the period matrix ⌧(x) is purely imaginary. In (48) the Riemann

theta function ⇥ [43, 44] is given by

⇥(z|M) ⌘
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m2Zn�1

e i⇡mt·M ·m+2⇡imt·z, (50)

as function of the (n�1) dimensional complex vector z and of the (n�1)⇥(n�1) matrix

M , which must be symmetric and with positive imaginary part.

For the CFTs we are interested in, namely the modular invariant Dirac fermion and

the critical Ising model, the scaling functions F
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(x) are also known [29]. In particular,

for the modular invariant Dirac fermion the function F
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(x) reads
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[Calabrese, Cardy, E.T., (2011)]
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The lattice term whose scaling limit is the term with characteristic e
in Fn(x) can be found

[Coser, E.T., Calabrese, (2015)]



Spin structures in CFT & lattice terms: numerical analysis  
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Figure 10. The terms in Tr⇢3A (left) and Tr
�
⇢T2
A

�3
(right) for the Ising model (see

Fig. 7).

Spin structures (in the) and entanglement of two disjoint intervals in CFT 29

Figure 8. The terms in Tr⇢3A (left) and Tr
�
⇢T2
A

�3
(right) for the XX model (see Fig. 7).
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XY spin chain: partial transpose of two disjoint blocks 
Free fermion: ⇢T2

A is a sum of 2 fermionic Gaussian operators

OT
2 = (�1)⌧(µ2)O2 ⌧(µ2) =

(
0 (µ2 mod 4) 2 {0, 1}
1 (µ2 mod 4) 2 {2, 3}

µ2 number of

Majorana operators in O2

[Eisler, Zimboras, (2015)]

XY spin chain
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[Coser, E.T., Calabrese, (2015)]
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Moments of the partial transpose: Ising chain & XX chain

A similar formula can be written for the Ising model

CFT regime: modular invariant Dirac fermion (scaling limit of the XX chain)
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where ⌧̃(x) = ⌧( x

x�1 ).



Moments of the partial transpose: Ising chain & XX chain

A similar formula can be written for the Ising model

CFT regime: modular invariant Dirac fermion (scaling limit of the XX chain)
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where ⌧̃(x) = ⌧( x

x�1 ).

Partial transpose of two disjoint blocks in XY spin chains 15

Figure 3. The ratio Rn between the integer moments of ⇢A and ⇢

T2
A for two disjoint

blocks of length ` at distance r embedded in an infinite XX chain at zero field. We report
the results for n = 3, 4, 5 as function of the four-point ratio x for various values of ` (and
correspondingly of r). For large `, the data approach the CFT predictions (solid lines).
The extrapolations to ` ! 1 –done using the scaling form (55)– are shown as crosses
which perfectly agree with the CFT curves for n = 3 and 4, while for n = 5 the fits are
unstable. The last panel shows explicitly the extrapolating functions for two values of x
and n = 3, 4.

6. Two disjoint intervals for free fermions

In this section we consider the partial transposition for two disjoint blocks in the fermionic

variables. This problem was already addressed by Eisler and Zimboras [37], but a detailed

numerical analysis was not presented. For fermionic variables there is no string in B
1

connecting the two blocks (cf. Eq. (16)). Thus the partial transpose of fermions can

be obtained from the formulas derived in the previous sections by discarding the string

of Majorana operators (16), i.e. by replacing P
B

1

with 1. Performing this replacement,

many simplifications occur in the formulas found in Sec. 3 and Sec. 4 as we will discuss

in the following.

6.1. Rényi entropies

By definition the fermionic reduced density matrix is Gaussian with correlation matrix

�
1

defined in the Sec. 3, i.e.

Tr⇢n
A

= {�n

1

}. (56)

Partial transpose of two disjoint blocks in XY spin chains 13

Figure 2. The ratio Rn between the integer moments of ⇢A and ⇢

T2
A for two disjoint

blocks of length ` at distance r embedded in an infinite critical Ising chain. We report
the results for n = 3, 4, 5 as function of the four-point ratio x for various values of ` (and
correspondingly of r). For large `, the data approach the CFT predictions (solid lines).
The extrapolations to ` ! 1 –done using the scaling form (54)– are shown as crosses
and they perfectly agree with the CFT curves for n = 3 and 4, while for n = 5 the fits
are unstable and the extrapolations are not shown. The last panel shows explicitly the
extrapolating functions for two values of x and n = 3, 4.

problem in the same universality class. However, the finiteness of the chain length did not

allow to obtain very precise extrapolations to the scaling theory for all values of n and of

the four-point ratio x. We found, as generally proved [9], that R
2

is identically equal to 1.

In Fig. 2 we report the obtained values of R
n

for n = 3, 4, 5 as function of x for di↵erent

values of `. It is evident that increasing ` the data approach the CFT predictions (the

solid curves). We can also perform an accurate scaling analysis to show that indeed the

data converge to the CFT results when the corrections to the scaling are properly taken

into account.

It has been argued on the basis of the general CFT arguments [44], and shown

explicitly in few examples [35, 45, 46] both analytically and numerically, that Tr⇢n
A

displays

‘unusual’ corrections to the scaling which, at the leading order, are governed by the

unusual exponent �
n

= 2h/n where h is the smallest scaling dimension of a relevant

operator which is inserted locally at the branch point [44]. For the Ising model it has

been found that, in the case of two intervals, h = 1/2 [39, 41]. From the general CFT

arguments in Ref. [44], we expect the same corrections to be present for Tr(⇢T2

A

)n because

they are only due to the conical singularities. Unfortunately, the corrections to the scaling

[Coser, E.T., Calabrese, (2015)]

Ising chain XX chain

Numerics: e.g. Tr(⇢T2
A )

n/Tr⇢nA for n = 4
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A similar formula can be written for the Ising model

CFT regime: modular invariant Dirac fermion (scaling limit of the XX chain)
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where ⌧̃(x) = ⌧( x

x�1 ).

is the term with characteristic eThe lattice term in Tr(⇢T2
A )

n
whose scaling limit

in the CFT formula can be found
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Figure 10. The terms in Tr⇢3A (left) and Tr
�
⇢T2
A

�3
(right) for the Ising model (see

Fig. 7).
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Figure 8. The terms in Tr⇢3A (left) and Tr
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(right) for the XX model (see Fig. 7).

Numerics for n = 3
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Free fermion: partial transpose of two disjoint intervals 
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CFT expression:

[Coser, E.T., Calabrese, (2015)]
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CFT expression:

Same result for the compact boson at selfdual radius

[Coser, E.T., Calabrese, (2015)]



Free fermion: partial transpose of two disjoint intervals 
Towards entanglement negativity for a 1D free fermion 17

Figure 4. The terms occurring in Tr(⇢T2
A )4 for the free fermion (see (55)), according

to the correspondence (52). For each of the three groups of identical terms, only one
representative has been plotted. In the top panel, the term with p = 0 has been divided
by its CFT counterpart (� = 0), in order to simplify the residual dependence on `1 and
`2. The extrapolated points (red crosses) are obtained through a fit of the data according
to the scaling function (64) and they agree with the CFT predictions (solid lines).

shown that these quantities display some unusual corrections to the scaling in ` described

by a power law term with exponent �
n

= 2h/n, being h the smallest scaling dimension of

a relevant operator inserted at the branch points [65, 66, 67, 68]. For the Dirac fermion

h = 1 and terms of the form `�2m/n are present, for any positive integer m. Because of

the slow convergence of these terms (which becomes slower and slower for increasing n),

typically it is necessary to include in the scaling function many of them. The most general

finite-` ansatz for e⌦
n

takes the following form

e⌦lat

n
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where e⌦[e] is defined in (63) and p and e are related through (53) and (54). For the

J̃ lat

n

/J̃
n

, a scaling function similar to (64) can be studied. Fitting the data with (64),

the more terms we include, the more precise the fit could be. Nevertheless, since we

have access to limited values of `, by using too many terms overfitting problems may be

encountered, which lead to very unstable results. The number of terms to be included in

(64) has been chosen in order to get stable fits. We find that every term e⌦
n

[e] follows the
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by its CFT counterpart (� = 0), in order to simplify the residual dependence on `1 and
`2. The extrapolated points (red crosses) are obtained through a fit of the data according
to the scaling function (64) and they agree with the CFT predictions (solid lines).
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Same result for the compact boson at selfdual radius
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free boson and Ising model

<latexit sha1_base64="kmiL9VeV4lf+ytjqUOdHYBAgZrw=">AAACAnicbVA9SwNBEN3zM8avUzttFoNgFe5S+NEFbLSL4JlAcoS9vblkyd7usbsnhBCw8a/YWKjY+ivs/Ddukis08cHA470ZZuZFGWfaeN63s7S8srq2Xtoob25t7+y6e/v3WuaKQkAll6oVEQ2cCQgMMxxamQKSRhya0eBq4jcfQGkmxZ0ZZhCmpCdYwigxVuq6h4kCwJHUUmAiYnyjmejhVMbAu27Fq3pT4EXiF6SCCjS67lcnljRPQRjKidZt38tMOCLKMMphXO7kGjJCB6QHbUsFSUGHo+kPY3xilRgnUtkSBk/V3xMjkmo9TCPbmRLT1/PeRPzPa+cmuQhHTGS5AUFni5KcYyPxJBAcMwXU8KElhCpmb8W0TxShxsZWtiH48y8vkqBWvaz6t7VK/axIo4SO0DE6RT46R3V0jRooQBQ9omf0it6cJ+fFeXc+Zq1LTjFzgP7A+fwBhfaW9g==</latexit><latexit sha1_base64="kmiL9VeV4lf+ytjqUOdHYBAgZrw=">AAACAnicbVA9SwNBEN3zM8avUzttFoNgFe5S+NEFbLSL4JlAcoS9vblkyd7usbsnhBCw8a/YWKjY+ivs/Ddukis08cHA470ZZuZFGWfaeN63s7S8srq2Xtoob25t7+y6e/v3WuaKQkAll6oVEQ2cCQgMMxxamQKSRhya0eBq4jcfQGkmxZ0ZZhCmpCdYwigxVuq6h4kCwJHUUmAiYnyjmejhVMbAu27Fq3pT4EXiF6SCCjS67lcnljRPQRjKidZt38tMOCLKMMphXO7kGjJCB6QHbUsFSUGHo+kPY3xilRgnUtkSBk/V3xMjkmo9TCPbmRLT1/PeRPzPa+cmuQhHTGS5AUFni5KcYyPxJBAcMwXU8KElhCpmb8W0TxShxsZWtiH48y8vkqBWvaz6t7VK/axIo4SO0DE6RT46R3V0jRooQBQ9omf0it6cJ+fFeXc+Zq1LTjFzgP7A+fwBhfaW9g==</latexit><latexit sha1_base64="kmiL9VeV4lf+ytjqUOdHYBAgZrw=">AAACAnicbVA9SwNBEN3zM8avUzttFoNgFe5S+NEFbLSL4JlAcoS9vblkyd7usbsnhBCw8a/YWKjY+ivs/Ddukis08cHA470ZZuZFGWfaeN63s7S8srq2Xtoob25t7+y6e/v3WuaKQkAll6oVEQ2cCQgMMxxamQKSRhya0eBq4jcfQGkmxZ0ZZhCmpCdYwigxVuq6h4kCwJHUUmAiYnyjmejhVMbAu27Fq3pT4EXiF6SCCjS67lcnljRPQRjKidZt38tMOCLKMMphXO7kGjJCB6QHbUsFSUGHo+kPY3xilRgnUtkSBk/V3xMjkmo9TCPbmRLT1/PeRPzPa+cmuQhHTGS5AUFni5KcYyPxJBAcMwXU8KElhCpmb8W0TxShxsZWtiH48y8vkqBWvaz6t7VK/axIo4SO0DE6RT46R3V0jRooQBQ9omf0it6cJ+fFeXc+Zq1LTjFzgP7A+fwBhfaW9g==</latexit><latexit sha1_base64="kmiL9VeV4lf+ytjqUOdHYBAgZrw=">AAACAnicbVA9SwNBEN3zM8avUzttFoNgFe5S+NEFbLSL4JlAcoS9vblkyd7usbsnhBCw8a/YWKjY+ivs/Ddukis08cHA470ZZuZFGWfaeN63s7S8srq2Xtoob25t7+y6e/v3WuaKQkAll6oVEQ2cCQgMMxxamQKSRhya0eBq4jcfQGkmxZ0ZZhCmpCdYwigxVuq6h4kCwJHUUmAiYnyjmejhVMbAu27Fq3pT4EXiF6SCCjS67lcnljRPQRjKidZt38tMOCLKMMphXO7kGjJCB6QHbUsFSUGHo+kPY3xilRgnUtkSBk/V3xMjkmo9TCPbmRLT1/PeRPzPa+cmuQhHTGS5AUFni5KcYyPxJBAcMwXU8KElhCpmb8W0TxShxsZWtiH48y8vkqBWvaz6t7VK/axIo4SO0DE6RT46R3V0jRooQBQ9omf0it6cJ+fFeXc+Zq1LTjFzgP7A+fwBhfaW9g==</latexit>

Higher dimensions

Analytic continuations

More complicated models

<latexit sha1_base64="nDHsWxyOsJ1NDA9JQMyPURpA6YM=">AAAB/3icbVC7SgNBFJ2NrxhfqxYWNoNBsAq7KXx0ARsbIYJrAskSZmfvJkNmdpaZWSEsafwVGwsVW3/Dzr9x8ig08cCFwzn3cu89UcaZNp737ZRWVtfWN8qbla3tnd09d//gQctcUQio5FK1I6KBsxQCwwyHdqaAiIhDKxpeT/zWIyjNZHpvRhmEgvRTljBKjJV67tGtVICpFHaZ1SDGQsbAdc+tejVvCrxM/DmpojmaPferG0uaC0gN5UTrju9lJiyIMoxyGFe6uYaM0CHpQ8fSlAjQYTF9YIxPrRLjRCpbqcFT9fdEQYTWIxHZTkHMQC96E/E/r5Ob5DIsWJrlBlI6W5TkHBuJJ2ngmCmgho8sIVQxeyumA6IINTazig3BX3x5mQT12lXNv6tXG+fzNMroGJ2gM+SjC9RAN6iJAkTRGD2jV/TmPDkvzrvzMWstOfOZQ/QHzucPBjyWMw==</latexit><latexit sha1_base64="nDHsWxyOsJ1NDA9JQMyPURpA6YM=">AAAB/3icbVC7SgNBFJ2NrxhfqxYWNoNBsAq7KXx0ARsbIYJrAskSZmfvJkNmdpaZWSEsafwVGwsVW3/Dzr9x8ig08cCFwzn3cu89UcaZNp737ZRWVtfWN8qbla3tnd09d//gQctcUQio5FK1I6KBsxQCwwyHdqaAiIhDKxpeT/zWIyjNZHpvRhmEgvRTljBKjJV67tGtVICpFHaZ1SDGQsbAdc+tejVvCrxM/DmpojmaPferG0uaC0gN5UTrju9lJiyIMoxyGFe6uYaM0CHpQ8fSlAjQYTF9YIxPrRLjRCpbqcFT9fdEQYTWIxHZTkHMQC96E/E/r5Ob5DIsWJrlBlI6W5TkHBuJJ2ngmCmgho8sIVQxeyumA6IINTazig3BX3x5mQT12lXNv6tXG+fzNMroGJ2gM+SjC9RAN6iJAkTRGD2jV/TmPDkvzrvzMWstOfOZQ/QHzucPBjyWMw==</latexit><latexit sha1_base64="nDHsWxyOsJ1NDA9JQMyPURpA6YM=">AAAB/3icbVC7SgNBFJ2NrxhfqxYWNoNBsAq7KXx0ARsbIYJrAskSZmfvJkNmdpaZWSEsafwVGwsVW3/Dzr9x8ig08cCFwzn3cu89UcaZNp737ZRWVtfWN8qbla3tnd09d//gQctcUQio5FK1I6KBsxQCwwyHdqaAiIhDKxpeT/zWIyjNZHpvRhmEgvRTljBKjJV67tGtVICpFHaZ1SDGQsbAdc+tejVvCrxM/DmpojmaPferG0uaC0gN5UTrju9lJiyIMoxyGFe6uYaM0CHpQ8fSlAjQYTF9YIxPrRLjRCpbqcFT9fdEQYTWIxHZTkHMQC96E/E/r5Ob5DIsWJrlBlI6W5TkHBuJJ2ngmCmgho8sIVQxeyumA6IINTazig3BX3x5mQT12lXNv6tXG+fzNMroGJ2gM+SjC9RAN6iJAkTRGD2jV/TmPDkvzrvzMWstOfOZQ/QHzucPBjyWMw==</latexit><latexit sha1_base64="nDHsWxyOsJ1NDA9JQMyPURpA6YM=">AAAB/3icbVC7SgNBFJ2NrxhfqxYWNoNBsAq7KXx0ARsbIYJrAskSZmfvJkNmdpaZWSEsafwVGwsVW3/Dzr9x8ig08cCFwzn3cu89UcaZNp737ZRWVtfWN8qbla3tnd09d//gQctcUQio5FK1I6KBsxQCwwyHdqaAiIhDKxpeT/zWIyjNZHpvRhmEgvRTljBKjJV67tGtVICpFHaZ1SDGQsbAdc+tejVvCrxM/DmpojmaPferG0uaC0gN5UTrju9lJiyIMoxyGFe6uYaM0CHpQ8fSlAjQYTF9YIxPrRLjRCpbqcFT9fdEQYTWIxHZTkHMQC96E/E/r5Ob5DIsWJrlBlI6W5TkHBuJJ2ngmCmgho8sIVQxeyumA6IINTazig3BX3x5mQT12lXNv6tXG+fzNMroGJ2gM+SjC9RAN6iJAkTRGD2jV/TmPDkvzrvzMWstOfOZQ/QHzucPBjyWMw==</latexit>



Thank you!

Conclusions & open issues

Entanglement negativity in QFT (1+1 CFTs): Tr(⇢T2)n and E
Entanglement for mixed states.

free boson on the line, Ising model and free fermion

<latexit sha1_base64="g4BADPB66uqOxz2by6Uaxb1eNHg=">AAACHHicbVDLSgMxFM3UV62vqks3wSK4kDJTxMeu4EZ3FawttKVk0jttaB5DkhFK6Y+48VfcuFBx40Lwb8xMu9DWSwKHc+7JzT1hzJmxvv/t5ZaWV1bX8uuFjc2t7Z3i7t69UYmmUKeKK90MiQHOJNQtsxyasQYiQg6NcHiV6o0H0IYpeWdHMXQE6UsWMUqso7rF00gD4FAZJbE7dgA4feoE3xgm+1ioHnBMZA9nfRFokdlKftnPCi+CYAZKaFa1bvGz3VM0ESAt5cSYVuDHtjMm2jLKYVJoJwZiQoekDy0HJRFgOuNsuwk+coybr7S70uKM/e0YE2HMSISuUxA7MPNaSv6ntRIbXXTGTMaJBUmng6KEY6twGhXuMQ3U8pEDhGrm/orpgGhCrQu04EII5ldeBPVK+bIc3FZK1bNZGnl0gA7RMQrQOaqia1RDdUTRI3pGr+jNe/JevHfvY9qa82aeffSnvK8fguKhHg==</latexit><latexit sha1_base64="g4BADPB66uqOxz2by6Uaxb1eNHg=">AAACHHicbVDLSgMxFM3UV62vqks3wSK4kDJTxMeu4EZ3FawttKVk0jttaB5DkhFK6Y+48VfcuFBx40Lwb8xMu9DWSwKHc+7JzT1hzJmxvv/t5ZaWV1bX8uuFjc2t7Z3i7t69UYmmUKeKK90MiQHOJNQtsxyasQYiQg6NcHiV6o0H0IYpeWdHMXQE6UsWMUqso7rF00gD4FAZJbE7dgA4feoE3xgm+1ioHnBMZA9nfRFokdlKftnPCi+CYAZKaFa1bvGz3VM0ESAt5cSYVuDHtjMm2jLKYVJoJwZiQoekDy0HJRFgOuNsuwk+coybr7S70uKM/e0YE2HMSISuUxA7MPNaSv6ntRIbXXTGTMaJBUmng6KEY6twGhXuMQ3U8pEDhGrm/orpgGhCrQu04EII5ldeBPVK+bIc3FZK1bNZGnl0gA7RMQrQOaqia1RDdUTRI3pGr+jNe/JevHfvY9qa82aeffSnvK8fguKhHg==</latexit><latexit sha1_base64="g4BADPB66uqOxz2by6Uaxb1eNHg=">AAACHHicbVDLSgMxFM3UV62vqks3wSK4kDJTxMeu4EZ3FawttKVk0jttaB5DkhFK6Y+48VfcuFBx40Lwb8xMu9DWSwKHc+7JzT1hzJmxvv/t5ZaWV1bX8uuFjc2t7Z3i7t69UYmmUKeKK90MiQHOJNQtsxyasQYiQg6NcHiV6o0H0IYpeWdHMXQE6UsWMUqso7rF00gD4FAZJbE7dgA4feoE3xgm+1ioHnBMZA9nfRFokdlKftnPCi+CYAZKaFa1bvGz3VM0ESAt5cSYVuDHtjMm2jLKYVJoJwZiQoekDy0HJRFgOuNsuwk+coybr7S70uKM/e0YE2HMSISuUxA7MPNaSv6ntRIbXXTGTMaJBUmng6KEY6twGhXuMQ3U8pEDhGrm/orpgGhCrQu04EII5ldeBPVK+bIc3FZK1bNZGnl0gA7RMQrQOaqia1RDdUTRI3pGr+jNe/JevHfvY9qa82aeffSnvK8fguKhHg==</latexit><latexit sha1_base64="g4BADPB66uqOxz2by6Uaxb1eNHg=">AAACHHicbVDLSgMxFM3UV62vqks3wSK4kDJTxMeu4EZ3FawttKVk0jttaB5DkhFK6Y+48VfcuFBx40Lwb8xMu9DWSwKHc+7JzT1hzJmxvv/t5ZaWV1bX8uuFjc2t7Z3i7t69UYmmUKeKK90MiQHOJNQtsxyasQYiQg6NcHiV6o0H0IYpeWdHMXQE6UsWMUqso7rF00gD4FAZJbE7dgA4feoE3xgm+1ioHnBMZA9nfRFokdlKftnPCi+CYAZKaFa1bvGz3VM0ESAt5cSYVuDHtjMm2jLKYVJoJwZiQoekDy0HJRFgOuNsuwk+coybr7S70uKM/e0YE2HMSISuUxA7MPNaSv6ntRIbXXTGTMaJBUmng6KEY6twGhXuMQ3U8pEDhGrm/orpgGhCrQu04EII5ldeBPVK+bIc3FZK1bNZGnl0gA7RMQrQOaqia1RDdUTRI3pGr+jNe/JevHfvY9qa82aeffSnvK8fguKhHg==</latexit>

Entanglement entropies for disjoint intervals for some 2D CFT

<latexit sha1_base64="pFKR6p2QCvMedUl8505g8BFtkhY=">AAACJXicbVBNS0JBFJ1nX2ZfVss2QxK0kvdc9LEIBCtaGmgKKjJvvE8n5808ZuYJIv6aNv2VNi0sglb9lebpW5R14cLhnHu55x4/4kwb1/10Miura+sb2c3c1vbO7l5+/+BBy1hRqFPJpWr6RANnAuqGGQ7NSAEJfQ4Nf1hJ9MYIlGZS1Mw4gk5I+oIFjBJjqW7+6kYYIvocQhAG21YyYqBxIBXuMf0omaVtgxoRvqC1DAGXrnHlttbNF9yiOy/8F3gpKKC0qt38rN2TNE6OUU60bnluZDoTogyjHKa5dqwhInRI+tCyUJAQdGcyf3OKTyzTm1sIpHU1Z39uTEio9Tj07WRIzEAvawn5n9aKTXDRmTARxQYEXRwKYo6NxElmNggF1PCxBYQqZr1iOiCKUBuLztkQvOWX/4J6qXhZ9O5LhfJZmkYWHaFjdIo8dI7K6A5VUR1R9IRe0Ay9Oc/Oq/PufCxGM066c4h+lfP1DakipV8=</latexit><latexit sha1_base64="pFKR6p2QCvMedUl8505g8BFtkhY=">AAACJXicbVBNS0JBFJ1nX2ZfVss2QxK0kvdc9LEIBCtaGmgKKjJvvE8n5808ZuYJIv6aNv2VNi0sglb9lebpW5R14cLhnHu55x4/4kwb1/10Miura+sb2c3c1vbO7l5+/+BBy1hRqFPJpWr6RANnAuqGGQ7NSAEJfQ4Nf1hJ9MYIlGZS1Mw4gk5I+oIFjBJjqW7+6kYYIvocQhAG21YyYqBxIBXuMf0omaVtgxoRvqC1DAGXrnHlttbNF9yiOy/8F3gpKKC0qt38rN2TNE6OUU60bnluZDoTogyjHKa5dqwhInRI+tCyUJAQdGcyf3OKTyzTm1sIpHU1Z39uTEio9Tj07WRIzEAvawn5n9aKTXDRmTARxQYEXRwKYo6NxElmNggF1PCxBYQqZr1iOiCKUBuLztkQvOWX/4J6qXhZ9O5LhfJZmkYWHaFjdIo8dI7K6A5VUR1R9IRe0Ay9Oc/Oq/PufCxGM066c4h+lfP1DakipV8=</latexit><latexit sha1_base64="pFKR6p2QCvMedUl8505g8BFtkhY=">AAACJXicbVBNS0JBFJ1nX2ZfVss2QxK0kvdc9LEIBCtaGmgKKjJvvE8n5808ZuYJIv6aNv2VNi0sglb9lebpW5R14cLhnHu55x4/4kwb1/10Miura+sb2c3c1vbO7l5+/+BBy1hRqFPJpWr6RANnAuqGGQ7NSAEJfQ4Nf1hJ9MYIlGZS1Mw4gk5I+oIFjBJjqW7+6kYYIvocQhAG21YyYqBxIBXuMf0omaVtgxoRvqC1DAGXrnHlttbNF9yiOy/8F3gpKKC0qt38rN2TNE6OUU60bnluZDoTogyjHKa5dqwhInRI+tCyUJAQdGcyf3OKTyzTm1sIpHU1Z39uTEio9Tj07WRIzEAvawn5n9aKTXDRmTARxQYEXRwKYo6NxElmNggF1PCxBYQqZr1iOiCKUBuLztkQvOWX/4J6qXhZ9O5LhfJZmkYWHaFjdIo8dI7K6A5VUR1R9IRe0Ay9Oc/Oq/PufCxGM066c4h+lfP1DakipV8=</latexit><latexit sha1_base64="pFKR6p2QCvMedUl8505g8BFtkhY=">AAACJXicbVBNS0JBFJ1nX2ZfVss2QxK0kvdc9LEIBCtaGmgKKjJvvE8n5808ZuYJIv6aNv2VNi0sglb9lebpW5R14cLhnHu55x4/4kwb1/10Miura+sb2c3c1vbO7l5+/+BBy1hRqFPJpWr6RANnAuqGGQ7NSAEJfQ4Nf1hJ9MYIlGZS1Mw4gk5I+oIFjBJjqW7+6kYYIvocQhAG21YyYqBxIBXuMf0omaVtgxoRvqC1DAGXrnHlttbNF9yiOy/8F3gpKKC0qt38rN2TNE6OUU60bnluZDoTogyjHKa5dqwhInRI+tCyUJAQdGcyf3OKTyzTm1sIpHU1Z39uTEio9Tj07WRIzEAvawn5n9aKTXDRmTARxQYEXRwKYo6NxElmNggF1PCxBYQqZr1iOiCKUBuLztkQvOWX/4J6qXhZ9O5LhfJZmkYWHaFjdIo8dI7K6A5VUR1R9IRe0Ay9Oc/Oq/PufCxGM066c4h+lfP1DakipV8=</latexit>

free boson and Ising model

<latexit sha1_base64="kmiL9VeV4lf+ytjqUOdHYBAgZrw=">AAACAnicbVA9SwNBEN3zM8avUzttFoNgFe5S+NEFbLSL4JlAcoS9vblkyd7usbsnhBCw8a/YWKjY+ivs/Ddukis08cHA470ZZuZFGWfaeN63s7S8srq2Xtoob25t7+y6e/v3WuaKQkAll6oVEQ2cCQgMMxxamQKSRhya0eBq4jcfQGkmxZ0ZZhCmpCdYwigxVuq6h4kCwJHUUmAiYnyjmejhVMbAu27Fq3pT4EXiF6SCCjS67lcnljRPQRjKidZt38tMOCLKMMphXO7kGjJCB6QHbUsFSUGHo+kPY3xilRgnUtkSBk/V3xMjkmo9TCPbmRLT1/PeRPzPa+cmuQhHTGS5AUFni5KcYyPxJBAcMwXU8KElhCpmb8W0TxShxsZWtiH48y8vkqBWvaz6t7VK/axIo4SO0DE6RT46R3V0jRooQBQ9omf0it6cJ+fFeXc+Zq1LTjFzgP7A+fwBhfaW9g==</latexit><latexit sha1_base64="kmiL9VeV4lf+ytjqUOdHYBAgZrw=">AAACAnicbVA9SwNBEN3zM8avUzttFoNgFe5S+NEFbLSL4JlAcoS9vblkyd7usbsnhBCw8a/YWKjY+ivs/Ddukis08cHA470ZZuZFGWfaeN63s7S8srq2Xtoob25t7+y6e/v3WuaKQkAll6oVEQ2cCQgMMxxamQKSRhya0eBq4jcfQGkmxZ0ZZhCmpCdYwigxVuq6h4kCwJHUUmAiYnyjmejhVMbAu27Fq3pT4EXiF6SCCjS67lcnljRPQRjKidZt38tMOCLKMMphXO7kGjJCB6QHbUsFSUGHo+kPY3xilRgnUtkSBk/V3xMjkmo9TCPbmRLT1/PeRPzPa+cmuQhHTGS5AUFni5KcYyPxJBAcMwXU8KElhCpmb8W0TxShxsZWtiH48y8vkqBWvaz6t7VK/axIo4SO0DE6RT46R3V0jRooQBQ9omf0it6cJ+fFeXc+Zq1LTjFzgP7A+fwBhfaW9g==</latexit><latexit sha1_base64="kmiL9VeV4lf+ytjqUOdHYBAgZrw=">AAACAnicbVA9SwNBEN3zM8avUzttFoNgFe5S+NEFbLSL4JlAcoS9vblkyd7usbsnhBCw8a/YWKjY+ivs/Ddukis08cHA470ZZuZFGWfaeN63s7S8srq2Xtoob25t7+y6e/v3WuaKQkAll6oVEQ2cCQgMMxxamQKSRhya0eBq4jcfQGkmxZ0ZZhCmpCdYwigxVuq6h4kCwJHUUmAiYnyjmejhVMbAu27Fq3pT4EXiF6SCCjS67lcnljRPQRjKidZt38tMOCLKMMphXO7kGjJCB6QHbUsFSUGHo+kPY3xilRgnUtkSBk/V3xMjkmo9TCPbmRLT1/PeRPzPa+cmuQhHTGS5AUFni5KcYyPxJBAcMwXU8KElhCpmb8W0TxShxsZWtiH48y8vkqBWvaz6t7VK/axIo4SO0DE6RT46R3V0jRooQBQ9omf0it6cJ+fFeXc+Zq1LTjFzgP7A+fwBhfaW9g==</latexit><latexit sha1_base64="kmiL9VeV4lf+ytjqUOdHYBAgZrw=">AAACAnicbVA9SwNBEN3zM8avUzttFoNgFe5S+NEFbLSL4JlAcoS9vblkyd7usbsnhBCw8a/YWKjY+ivs/Ddukis08cHA470ZZuZFGWfaeN63s7S8srq2Xtoob25t7+y6e/v3WuaKQkAll6oVEQ2cCQgMMxxamQKSRhya0eBq4jcfQGkmxZ0ZZhCmpCdYwigxVuq6h4kCwJHUUmAiYnyjmejhVMbAu27Fq3pT4EXiF6SCCjS67lcnljRPQRjKidZt38tMOCLKMMphXO7kGjJCB6QHbUsFSUGHo+kPY3xilRgnUtkSBk/V3xMjkmo9TCPbmRLT1/PeRPzPa+cmuQhHTGS5AUFni5KcYyPxJBAcMwXU8KElhCpmb8W0TxShxsZWtiH48y8vkqBWvaz6t7VK/axIo4SO0DE6RT46R3V0jRooQBQ9omf0it6cJ+fFeXc+Zq1LTjFzgP7A+fwBhfaW9g==</latexit>

Higher dimensions

Analytic continuations

More complicated models

<latexit sha1_base64="nDHsWxyOsJ1NDA9JQMyPURpA6YM=">AAAB/3icbVC7SgNBFJ2NrxhfqxYWNoNBsAq7KXx0ARsbIYJrAskSZmfvJkNmdpaZWSEsafwVGwsVW3/Dzr9x8ig08cCFwzn3cu89UcaZNp737ZRWVtfWN8qbla3tnd09d//gQctcUQio5FK1I6KBsxQCwwyHdqaAiIhDKxpeT/zWIyjNZHpvRhmEgvRTljBKjJV67tGtVICpFHaZ1SDGQsbAdc+tejVvCrxM/DmpojmaPferG0uaC0gN5UTrju9lJiyIMoxyGFe6uYaM0CHpQ8fSlAjQYTF9YIxPrRLjRCpbqcFT9fdEQYTWIxHZTkHMQC96E/E/r5Ob5DIsWJrlBlI6W5TkHBuJJ2ngmCmgho8sIVQxeyumA6IINTazig3BX3x5mQT12lXNv6tXG+fzNMroGJ2gM+SjC9RAN6iJAkTRGD2jV/TmPDkvzrvzMWstOfOZQ/QHzucPBjyWMw==</latexit><latexit sha1_base64="nDHsWxyOsJ1NDA9JQMyPURpA6YM=">AAAB/3icbVC7SgNBFJ2NrxhfqxYWNoNBsAq7KXx0ARsbIYJrAskSZmfvJkNmdpaZWSEsafwVGwsVW3/Dzr9x8ig08cCFwzn3cu89UcaZNp737ZRWVtfWN8qbla3tnd09d//gQctcUQio5FK1I6KBsxQCwwyHdqaAiIhDKxpeT/zWIyjNZHpvRhmEgvRTljBKjJV67tGtVICpFHaZ1SDGQsbAdc+tejVvCrxM/DmpojmaPferG0uaC0gN5UTrju9lJiyIMoxyGFe6uYaM0CHpQ8fSlAjQYTF9YIxPrRLjRCpbqcFT9fdEQYTWIxHZTkHMQC96E/E/r5Ob5DIsWJrlBlI6W5TkHBuJJ2ngmCmgho8sIVQxeyumA6IINTazig3BX3x5mQT12lXNv6tXG+fzNMroGJ2gM+SjC9RAN6iJAkTRGD2jV/TmPDkvzrvzMWstOfOZQ/QHzucPBjyWMw==</latexit><latexit sha1_base64="nDHsWxyOsJ1NDA9JQMyPURpA6YM=">AAAB/3icbVC7SgNBFJ2NrxhfqxYWNoNBsAq7KXx0ARsbIYJrAskSZmfvJkNmdpaZWSEsafwVGwsVW3/Dzr9x8ig08cCFwzn3cu89UcaZNp737ZRWVtfWN8qbla3tnd09d//gQctcUQio5FK1I6KBsxQCwwyHdqaAiIhDKxpeT/zWIyjNZHpvRhmEgvRTljBKjJV67tGtVICpFHaZ1SDGQsbAdc+tejVvCrxM/DmpojmaPferG0uaC0gN5UTrju9lJiyIMoxyGFe6uYaM0CHpQ8fSlAjQYTF9YIxPrRLjRCpbqcFT9fdEQYTWIxHZTkHMQC96E/E/r5Ob5DIsWJrlBlI6W5TkHBuJJ2ngmCmgho8sIVQxeyumA6IINTazig3BX3x5mQT12lXNv6tXG+fzNMroGJ2gM+SjC9RAN6iJAkTRGD2jV/TmPDkvzrvzMWstOfOZQ/QHzucPBjyWMw==</latexit><latexit sha1_base64="nDHsWxyOsJ1NDA9JQMyPURpA6YM=">AAAB/3icbVC7SgNBFJ2NrxhfqxYWNoNBsAq7KXx0ARsbIYJrAskSZmfvJkNmdpaZWSEsafwVGwsVW3/Dzr9x8ig08cCFwzn3cu89UcaZNp737ZRWVtfWN8qbla3tnd09d//gQctcUQio5FK1I6KBsxQCwwyHdqaAiIhDKxpeT/zWIyjNZHpvRhmEgvRTljBKjJV67tGtVICpFHaZ1SDGQsbAdc+tejVvCrxM/DmpojmaPferG0uaC0gN5UTrju9lJiyIMoxyGFe6uYaM0CHpQ8fSlAjQYTF9YIxPrRLjRCpbqcFT9fdEQYTWIxHZTkHMQC96E/E/r5Ob5DIsWJrlBlI6W5TkHBuJJ2ngmCmgho8sIVQxeyumA6IINTazig3BX3x5mQT12lXNv6tXG+fzNMroGJ2gM+SjC9RAN6iJAkTRGD2jV/TmPDkvzrvzMWstOfOZQ/QHzucPBjyWMw==</latexit>


