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Overview and plan of the talk

Overview

Some tau functions from enumerative geometry/2D topological field theories have an
isomonodromic interpretation.

Examples:

intersection theory on the moduli space of Riemann surfaces (Kontsevich–Witten tau
function) [Bertola and Cafasso, CMP 2017]

open version (Kontsevich–Penner tau function) [Bertola and R, arXiv:1711.03360]

r–spin version [in progress]

Brezin–Gross–Witten tau function [in progress]

stationary sector of the Gromov–Witten theory of P1
[in progress]

Applications:

rigorous asymptotic study of large N matrix integrals

explicit generating functions for correlators

derivation of Virasoro constraints
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Overview and plan of the talk

Plan of the talk

Detailed exposition of the result in the case of the Kontsevich–Witten tau function

Outline of the other cases
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Isomonodromic approach to the Kontsevich–Witten tau function

The Kontsevich–Witten tau function

Let 〈τd1 · · · τdn 〉 :=
∫

Mg,n
ψd1

1 ∧ · · · ∧ ψ
dn
n be the Witten intersection numbers

(d1, ..., dn ≥ 0, d1 + · · ·+ dn = 3g − 3 + n). Form the generating function

F (t1, t3, ...) =
∑
n≥1

∑
d1,...,dn≥0

t2d1+1 · · · t2dn+1

n!
〈τd1 · · · τdn 〉 =

t31
6

+
t3
24

+
t1t5
24

+
t23
24

+
t21 t7
48

+· · ·

Witten, Kontsevich, Dijkgraaf, Verlinde, Verlinde,...1991-1992

τKW (t1, t3, ...) := expF (t1, t3, ...) is a KdV tau function, uniquely selected by the string
equation L−1τ

KW = 0,

L−1 = − ∂

∂t1
+

∑
a≥1, a odd

ta+2
∂

∂ta
+

t21
2
.

Equivalently: τKW (t1, t3, ...) satisfies Lkτ
KW = 0 for k ≥ −1. The operators

Lk =
∑

a≥1, a odd

(a + 2k)!!

(a− 2)!!
(ta−δa,3)

∂

∂ta+2k
+
1
2

∑
a,b≥1, a,b odd

a+b=2k

a!!b!!
∂2

∂ta∂tb
+

t21
2
δk,−1 +

1
8
δk,0

are called Virasoro operators. They commute as [Lk , Ll ] = (k − l)Lk+l for k, l ≥ −1.
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Isomonodromic approach to the Kontsevich–Witten tau function

The Kontsevich matrix integral

Fix N ≥ 1 and take the ratio of determinants

τN(T1, ...,TN) :=
det[φj(λk)]Nj,k=1

det[λ
j−1
2

k ]Nj,k=1

∣∣∣∣∣∣
T`:= 1

`
(λ
−`/2
1 +···+λ−`/2

N
)

where φj(λ) = λ
j−1
2 (1 +O(λ−3/2)) ∈ λ

j−1
2 CJλ−

3
2 K are defined by

(− d
dλ )j−1Ai(λ)∼

exp(− 2
3λ

3/2)
2
√
πλ1/4

φj (λ), λ→+∞ (j≥1).

Equivalently, τN(T1, ...,TN) is the asymptotic expansion of the Kontsevich matrix integral

ZN(Λ) :=

∫
HN

exp tr
(

i
X 3

3
− Λ1/2X 2

)
dX
/∫

HN

exp tr
(
−Λ1/2X 2

)
dX

for positive large Λ = diag(λ1, ..., λN), expressed in the Miwa variables T` = 1
`
trΛ−`/2.

The power series τN(T1, ...,TN) ∈ CJT1, ...,TNK have a stable limit τ(T1,T3, ...) when
N →∞ which is by construction a KdV tau function.

Kontsevich, 1992

τKW (t1, t3, ...) = τ(T1,T3, ...), Tk = −2k/3

k!!
tk .
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Isomonodromic approach to the Kontsevich–Witten tau function

The Airy Stokes’ phenomenon

To describe the isomonodromic formulation of the Kontsevich–Witten tau function we

start by the Airy ODE d
dλΨ0(λ) =

[
0 1
λ 0

]
Ψ0(λ). Its Stokes’ phenomenon at λ =∞ can

be summarized in the Riemann–Hilbert problem below.

−
+

M=

[
1 i
0 1

]
−

+

M=

[
1 0
i 1

]

−
+

M=

[
1 0
i 1

]

+

−
M=

[
0 −i
−i 0

]

Ψ0(λ+) = Ψ0(λ−)M

Ψ0(λ) ∼ λSG(1 +O(λ−
1
2 ))eϑ(λ), λ→∞

Ψ0(λ) analytic, analytically invertible

S = −1
4
σ3

G =

[
1√
2

1√
2

1√
2

− 1√
2

]
ϑ(λ) =

2
3
λ

3
2 σ3
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Isomonodromic approach to the Kontsevich–Witten tau function

Schlesinger transformations (à la Bertola–Cafasso)

Fix N ≥ 1 and points λ1, ..., λN and introduce the matrix

DN(λ) = DN(λ;λ1, ..., λN) :=
N∏
j=1

diag(
√
λj −

√
λ,
√
λj +

√
λ).

Find ΨN(λ) = ΨN(λ;λ1, ..., λN) such that

ΨN(λ+) = ΨN(λ−)M, ΨN(λ) ∼ λSG(1 +O(λ−1/2))eϑ(λ)D−1
N (λ), λ→∞

ΨN(λ)Dn(λ) analytic and analytically invertible.

If solvable, by Liouville Theorem we get an isomonodromic system:

d
dλ

ΨN(λ;λ∗) = AN(λ;λ∗)ΨN(λ;λ∗),
d

dλj
ΨN(λ;λ∗) = Ωj,N(λ;λ∗)ΨN(λ;λ∗) (1 ≤ j ≤ N).

Bertola and Cafasso, 2017
The isomonodromic tau function τN(λ1, ..., λN) coincides with the Kontsevich matrix
integral.
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Isomonodromic approach to the Kontsevich–Witten tau function

The limit N → ∞

The tau function depends only on D−1
N MDN (Bertola–Malgrange form). Then we can

pass to the limit N →∞ by replacing

D−1
N (λ, λ1, ...., λN) 7→ exp

∑
`≥1, ` odd

σ3T`λ
`/2

where T` = 1
`

(λ
−`/2
1 + · · ·+ λ

−`/2
N ).

Therefore we consider the following Riemann–Hilbert problem:

Ψ(λ+;T∗) = Ψ(λ−;T∗)M, Ψ(λ;T∗) ∼ λSG(1 +O(λ−1/2))eΘ(λ;T∗), λ→∞

Ψ(λ;T∗) analytic, analytically invertible, Θ(λ;T∗) = exp
∑

`≥1, ` odd

σ3(T` +
2
3
δ`,3)λ`/2

Again we have an isomonodromic system (A,Ω` polynomials in λ)

d
dλ

Ψ(λ;T∗) = A(λ;T∗)Ψ(λ;T∗),
d

dT2d+1
Ψ(λ;T∗) = Ω2d+1(λ;T∗)Ψ(λ;T∗) (d ≥ 1)

and it can be proved (Bertola and Cafasso, 2017) that its isomonodromic tau function
τ(T∗) has τKW (T∗) as asymptotic expansion.
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Isomonodromic approach to the Kontsevich–Witten tau function

One–point function

The isomonodromic tau function is defined by the Jimbo–Miwa–Ueno formula:

∂

∂T2d+1
log τ(T∗) = − res

λ=∞
tr
(

Ψ−1 dΨ

dλ
∂Θ

∂T2d+1

)
dλ = − res

λ=∞
tr
(

Ψ−1 dΨ

dλ
σ3

)
λ

2d+1
2 dλ

Therefore we can compute the one–point function as follows:

−
∑
d≥0

(2d + 1)!!

2−
2d+1
3 λd+1

〈τd〉 = −
∑
d≥0

(2d + 1)!!

2−
2d+1
3 λd+1

∂ log τ(t∗)

∂t2d+1

∣∣∣∣
t∗=0

=

=
∑
d≥0

1
λd+1

∂ log τ(T∗)

∂T2d+1

∣∣∣∣
T∗=0

= −
∑
d≥0

1
λd+1 res

µ=∞
tr
(
µ1/2Ψ−1

0 (µ)
dΨ0(µ)

dµ
σ3

)
µddµ =

= tr
(
λ1/2Ψ−1

0 (λ)
dΨ0(λ)

dλ
σ3

)
and Ψ(λ;T∗ = 0) = Ψ0(λ) is known (Airy functions) therefore (after a simple
Laplace–Borel transform) we obtain the well known formula (Itzykson and Zuber, 1991)

∑
d≥0

〈τd−2〉X d = exp
X 3

24
, i.e. 〈τ3g−2〉 =

1
24gg !

.
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.
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Isomonodromic approach to the Kontsevich–Witten tau function

n–point function

Following a similar strategy, from the Jimbo–Miwa–Ueno formula we can compute
inductively the n–point functions:

Bertola, Dubrovin and Yang, 2015
Let

A(λ) :=

−
1
2

∑
g≥1

(6g−5)!!

24g−1(g−1)!
λ−3g+2 −

∑
g≥0

(6g−1)!!
24g g !

λ−3g∑
g≥0

6g+1
6g−1

(6g−1)!!
24g g !

λ−3g+1 1
2

∑
g≥1

(6g−5)!!

24g−1(g−1)!
λ−3g+2

 .
Then

∞∑
d1,d2=0

(2d1 + 1)!!(2d2 + 1)!!

λd1+1
1 λd2+1

2

〈τd1τd2〉 = tr
A(λ1)A(λ2)

(λ1 − λ2)2 −
λ1 + λ2

(λ1 − λ2)2

∞∑
d1,...,dn=0

(2d1 + 1)!! · · · (2dn + 1)!!

λd1+1
1 · · ·λdn+1

n

〈τd1 · · · τdn 〉 = −1
n

∑
σ∈Sn

tr (A (λσ1) · · ·A (λσn ))∏
j∈ Z

nZ

(
λσj − λσj+1

) .
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Isomonodromic approach to the Kontsevich–Witten tau function

Virasoro constraints

All the Virasoro constraints follow from the fact that a total differential is residueless:

res
λ=∞

tr
d
dλ

(
Ψ−1 dΨ

dλ
λ

2(d+k+1)+1
2 σ3

)
dλ = 0⇒ ∂

∂T2d+1
(Lkτ) = 0, k ≥ −1.

E.g. let us derive the string equation L−1τ = 0: we need one preliminary observation

Ω`=
(
∂Ψ
∂T`

Ψ−1
)

+
=
(

Ψ ∂Θ
∂T`

Ψ−1
)

+
=(Ψσ3Ψ−1λ`/2)

+

A=( ∂Ψ
∂λ

Ψ−1)
+

=(Ψ dΘ
dλΨ−1)

+
=

∑
`≥1, ` odd

(
Ψ `
2 T̃`λ

`
2−1σ3Ψ−1

)
+

=
∑

`≥1,` odd

`
2 T̃`Ω`−2

where T̃` = T` + 2
3δ`,3. Hence

0=− res
λ=∞

tr d
dλ

(
Ψ−1AΨλ

2d+1
2 σ3

)
dλ=− res

λ=∞
tr
(

Ψ−1 dA
dλΨσ3λ

2d+1
2 + 2d+1

2 Ψ−1 dΨ
dλσ3λ

2d−1
2
)

dλ=

=−
∑

`≥1, odd

`
2 T̃` res

λ=∞
tr
(

Ψ−1
dΩ`−2

dλ Ψσ3λ
2d+1
2
)

dλ− 2d+1
2

∂ log τ
∂T2d−1

+ 1
2 δd,0T1=

=
∑

`≥1, odd

`
2 T̃`

∂2 log τ
∂T`−2∂T2d+1

+ 2d+1
2

∂ log τ
∂T2d−1

+ 1
2 δd,0T1= ∂

∂T2d+1

 ∑
`≥1, odd

`
2 T̃`

∂ log τ
∂T`−2

+
T21
4

= ∂
∂T2d+1

(
L−1τ
τ

)
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Isomonodromic approach to the Kontsevich–Penner tau function

The Kontsevich–Penner tau function

The Kontsevich–Penner matrix integral is (Λ = diag(λ1, ..., λN), Q a parameter)∫
HN

exp tr
(
iX

3

3 − Λ1/2X 2
)

det(1− iXΛ−1/2)Q
dX

/∫
HN

exp tr(−Λ1/2X 2)dX .

As in the Kontsevich case, sending N →∞ one can build the Kontsevich–Penner tau
function, which is a formal KP tau function τ(T1,T2, ...;Q) in the Miwa times

T`(Λ) =
1
`
trΛ−`/2.

Conjecture (Pandharipande–Solomon–Tessler, Alexandrov–Buryak–Tessler,
Safnuk,...)

Let F (t1, t2, ...;Q) be the generating function for the (refined) open intersection numbers

F (t1, t2, ...;Q) :=
∑
n≥1

∑
b≥0

Qb
∑

r1,...,rn≥0

tr1+1 · · · trn+1

n!
〈τ r1

2
· · · τ rn

2
〉b =

=
t31
6

+
t3
24

(1 + 12Q2) + Qt1t2 +
t2t4
2

Q2 +
t23
24

(1 + 12Q2) + Qt21 t4 + ...

Then F (t1, t2, ...;Q) = log τ(T1,T2, ...) with Tk = (−1)k 2k/3
k!!

tk .
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Isomonodromic approach to the Kontsevich–Penner tau function

The Kontsevich–Penner tau function as an isomonodromic tau
function

As done by Bertola and Cafasso for the Kontsevich tau function, we want to identify the
Kontsevich–Penner tau function with an isomonodromic tau function. This is done in the
same way as explained above, but starting from the following variation of the Airy
equation:

d
dλ

Ψ0(λ) =

 0 1 0
0 0 1
Q λ 0

Ψ0(λ)

Bertola and R, 2017
The isomonodromic tau function associated to the isomonodromic system obtained as
above by Schlesinger transformations of ODE above at the points λ1, ..., λN coincides
with the Kontsevich–Penner matrix integral.
One can pass (formally) to the limit N →∞ and apply the same considerations above to
identify the Kontsevich–Penner tau function with the isomonodromic tau function of a
3× 3 system. Therefore generating functions for n–point functions and Virasoro
constraints can be computed in the same way.
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Isomonodromic approach to the Kontsevich–Penner tau function

One–point function (open case)

By the same strategy explained above we are able to compute the n–point functions.

Bertola and R, 2017

∑
r≥0

〈τ r
2−2〉X

r
2 = e

X3
6

(
2F2

(
1
2−Q 1

2 +Q
1
2

1
2

∣∣∣− X 3

8

)
+ Q X

3
2 2F2

(
1−Q 1+Q

1 3
2

∣∣∣− X 3

8

))
=

= 1 + QX
3
2 +

1 + 12Q2

24
X 3 +

Q + Q3

12
X

9
2 +

1 + 56Q2 + 16Q4

1152
X 6 + ...

For Q = 0 it reduces correctly to the closed case giving exp X3

24 .

An equivalent alternative expression for the same one–point function:

∑
r≥0

〈τ r
2−2〉X

r
2 = e

X3
24
∑
j≥0

Aj(Q)

(j − 1)!!
X

3j
2 ,

(
2 + X

2− X

)Q

=
∑
j≥0

Aj(Q)X j .
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Isomonodromic approach to the Kontsevich–Penner tau function

n–point function (open case)

Introduce Pk
a,b(Q) (polynomials in Q, a, b = 0,±1, k = 0, 1, 2, ...)∑

m≥0

Γ
(
a−b+1

2

)
Γ
(
a−b+1+6m

2

)ZmP2m
a,b (Q) = e

Z
3 2F2

(
1−a−b−2Q

2
1+a+b+2Q

2
1
2

1+a−b
2

∣∣∣− Z

4

)
∑
m≥0

Γ
(
a−b+2

2

)
Γ
(
a−b+4+6m

2

)ZmP2m+1
a,b (Q) = −2Q + a + b

2
e

Z
3 2F2

(
2−a−b−2Q

2
2+a+b+2Q

2
3
2

2+a−b
2

∣∣∣− Z

4

)
and the matrix A(λ)

A(λ) :=
∑
k≥0

Q Pk
1,−1(Q)λ−

3k+2
2 Pk

−1,−1(Q)λ−
3k
2 Pk

0,−1(Q)λ−
3k+1
2

Q Pk
1,0(Q)λ−

3k+1
2 Pk

−1,0(Q)λ−
3k−1
2 Pk

0,0(Q)λ−
3k
2

Q Pk
1,1(Q)λ−

3k
2 Pk

−1,1(Q)λ−
3k−2
2 Pk

0,1(Q)λ−
3k−1
2

 .
Bertola and R, 2017
For n ≥ 2 we have

∑
r1,..,rn≥0

〈
n∏

i=1

(−1)ri ri !!

2
ri
3 λ

ri +1
2

i

τ ri−1
2

〉
= −1

n

∑
i∈Sn

tr
A(λi1) · · ·A(λin )

(λi1 − λi2) · · · (λin − λi1)
− δn,2(

λ
1
2
1 − λ

1
2
2

)2 .
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Isomonodromic approach to the Kontsevich–Penner tau function

Open Virasoro constraints

The Kontsevich–Penner tau function satisfies

Lkτ = 0, k ≥ −1

where

Lk(Q) =
∑
a≥1

a

2

(
Ta +

3
2
δa,3

)
∂

∂Ta+2k
+

1
4

∑
a,b≥1, a+b=2k

∂2

∂Ta∂Tb
+

+
3
2
Q

∂

∂T2k
+

(
T 2

1

4
+ QT2

)
δk,−1 +

(
1
16

+
3
4
Q2
)
δk,0

Such Virasoro constraints can be obtained by the isomonodromic method as explained
before and they coincide with those computed by Alexandrov (2016).
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Isomonodromic approach to the open r–spin tau function

r–spin intersection numbers

More generally one can consider a model of the form (Λ = Y r )∫
HN (γ)

exp tr

(
(X+Y )r+1−Y r+1

r+1 − XY r
)

det(XY−1 + 1)Q
dX

/∫
iHN

exp tr

(
1
2

r−1∑
a=0

XY aXY r−1−a

)
dX .

r = 2⇒ Kontsevich–Penner model; Q = 0⇒ r–spin (closed) intersection numbers.

R, in progress
This matrix model coincides with the isomonodromic tau function of the
(r + 1)× (r + 1) isomonodromic system which is built as above by Schlesinger
transformations at the N points λj = y r

j of the ODE

dΨ0(λ)

dλ
=


0 1 · · · 0
...

...
. . .

...
0 · · · 1
Q λ · · · 0

Ψ0(λ).

The same arguments about the formal limit N → +∞ can be applied to this case ⇒ we
can compute open r–spin intersection numbers and the open r-spin Virasoro constraints
(in progress).
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Isomonodromic approach to the GW theory of P1

The stationary sector of the GW theory of P1

The stationary Gromov–Witten invariants of P1 are the rational numbers

〈τd1 · · · τdn 〉g,β :=

∫
Mg,n(P1,β)

n∧
i=1

ev∗i (ω)
n∧

i=1

c1 (Li )
di

with nonvanishing condition d1 + ...+ dn = 2g − 2 + 2β, β ∈ H2(P1,Z) = Z,
ω ∈ H2(P1,C),

∫
P1 ω = 1.

Recently Dubrovin and Yang have found explicit formulae for n–point functions; such
formulae have been later proved with Zagier (an independent proof which makes use of
the Topological Recursion was given by Marchal).

Goal: identify such formulae with the isomonodromic approach; do they come from a
matrix model?
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Isomonodromic approach to the GW theory of P1

The Riemann–Hilbert problem for the stationary sector of the GW
theory of P1: the bare problem

Let us denote by Jν(x) the standard Bessel function;

Jν (x):=( x
2 )ν

∑
n≥0

(−1)n

n!Γ(n+ν+1) ( x
2 )2n.

Introduce the piecewise analytic matrix

aI (λ):=
√

2πsJ
λ− 1

2
(2s), bI (λ):=

√
πs
2

(
− 2ie2πiλ

e2πiλ+1
J
λ+ 1

2
(2s)+ 1

cos(πλ)
J−λ− 1

2
(2s)

)
,

aIV (λ):=
√

2πsJ
λ− 1

2
(2s), bII (λ):=

√
πs
2

(
2i

e2πiλ+1
J
λ+ 1

2
(2s)+ 1

cos(πλ)
J−λ− 1

2
(2s)

)
,

aII (λ):=e−iπλbIV (−λ), bII (λ):=eiπλaIV (−λ), aIII (λ):=eiπλbI (−λ), bIII (λ):=e−iπλaI (−λ).

Ψ(λ)

∣∣∣
λ∈Q`

:=

[
a`(λ;s) b`(λ−1;s)

a`(λ+1;s) b`(λ;s)

]
, `∈{I ,II ,III ,IV}

QII QI

QIVQIII

−+

+

−
+−

+

−

Bertola and R, in progress

Ψ(λ) is analytic and analytically invertible

Ψ(λ)∼(1+O(λ−1))( es
λ )λσ3

Ψ(λ−1)=

[
λ
s
− 1

2s −1
1 0

]
Ψ(λ)

det Ψ(λ)≡1
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Isomonodromic approach to the GW theory of P1

The Riemann–Hilbert problem for the stationary sector of the GW
theory of P1: dressing and the tau function

Dress the jump matrices by

exp ξ(λ; t∗), ξ(λ; t∗) :=
1
2
σ3
∑
k≥1

tkλ
k

and let Ψ(λ; t∗) = Γ(λ; t∗)
( es
λ

)λσ3 the solution of the dressed RHp.

The matrix Ψ̂(λ; t∗) := Ψ(λ; t∗)eξ(λ;t∗) satisfy deformation equations

∂tj Ψ̂(λ; t∗) = Ωj(λ; t∗)Ψ̂(λ; t∗), Ωj(λ; t∗) =
1
2

(
Γ(λ; t∗)σ3Γ−1(λ; t∗)λ

j
)

+

and the Jimbo–Miwa–Ueno one–form is closed:

ω
(
∂tj
)

:= − res
λ=∞

tr
1
2

(
Γ−1 dΓ

dλ
σ3

)
λjdλ, ∂taω (∂tb ) = ∂tbω (∂ta) .

Therefore introduce
∂tj log τ(t∗) = ω

(
∂tj
)
.

Proposition (Bertola and R, in progress)

By construction, the logarithmic derivatives of τ(t∗) evaluated at t∗ = 0 coincide with
Dubrovin, Yang and Zagier’s formulae for the stationary GW invariants of P1.
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Isomonodromic approach to the GW theory of P1

The matrix model for the stationary sector of the GW theory of P1:
two Bessel matrix functions

The following model was conjectured to yield stationary GW invariants of P1 (Aganagic,
Dijkgraaf, Klemm, Marino and Vafa, 2006):

f (λ) :=

+∞∫
−∞

exp
(
λx − ex − e−x) dx =

+∞∫
0

exp
(
λ log t − t − t−1) dt

t
= 2K−λ(2).

f (λ) admits two distinct matrix versions λ→ Λ = diag(λ1, ..., λN):∫
HN

exp tr
(

ΛX − eX − e−X
)

dX = cN
det
[
∂b−1
λ f (λa)

]N
a,b=1

∆(λ1, ..., λN)∫
H+
N

exp tr
(
Λ logT − T − T−1) dT

detT
= c ′N

det [f (λa + b − 1)]Na,b=1

∆(λ1, ..., λN)

The matrix model we obtain from Schlesinger transformations is

τN(λ1, ..., λN) =

det
[

Ψ22 (λa + b − 1)
(

es
λa

)λa
]N
a,b=1

∆(λ1, ..., λN)
.
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Isomonodromic approach to the GW theory of P1

Open problems

Understand better the relation with the matrix models

Add descendants of the identity operator

Compare with the Eguchi–Yang model:

∫
HN

exp trN

V (X ) +
∑
`≥1

t`
`
X ` + 2

∑
`≥1

t̂`X
`(logX − c`)

 dX

V (x) := −2x(log x − 1), c` :=
∑̀
j=1

1
j
.
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Thank you for your attention!
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