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Uses of 7-functions

1. Integrable dynamical systems (autonomous). Generating
functions for (isosospectral) commutative flows in integrable
systems (KP, Toda, etc.). (Similar to Hamilton’s principle function
on level sets of invariants.)

2. Integrable dynamical systems (nonautonomous). Generating
functions for isomonodromic deformations.

3. Random processes, random matrices, conformal field theory.
Partitions functions for random processes, etc. subject to
integrable deformations.

4. Quantum integrable systems and solvable lattice models.
Solutions to Bethe ansatz equations .(Addition theorems.)
5. Enumerative geometry, topology. Combinatorial generating

functions for enumerative invariants. (Intersection numbers,
Gromov-Witten invariants, weighted Hurwitz numbers, etc.)
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0 General classical Hurwitz numbers
@ Enumerative group theoretical meaning (Frobenius)
@ Geometric meaning (Hurwitz)
@ Graphical encoding of branched covers “Constellations”
@ Simple double Hurwitz numbers (Okounkov/Pandharipande)

e KP and 2D Toda 7-functions as generating functions
@ Simple (single and double) Hurwitz numbers
@ r-functions as generating functions for Hurwitz numbers
@ Weighted Hurwitz numbers: weighted branched coverings
@ Geometric weighted Hurwitz numbers: weighted coverings
@ Examples

9 Fermionic representations and topological recursion
@ Fermionic representation of 7-function and Baker function
@ Fermionic representation of adapted basis
@ Spectral curve: quantum and classical
@ Pair correlator (spectral kernel)
@ Current correlators as generating functions
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General classical Hurwitz numbers Enumerative group theoretical meaning (Frobenius)

Factorization of elements in Sy

Question: What is the number N'F(u(, ... 1) 1) of distinct ways
the identity element | € Sy in the symmetric group Sy can be written

as a product
I =hiho--- hy

of k elements h; € Sy in the conjugacy classes of cycle type
h; € cyc(u))) for a given sequence of partitions {u()};—y _, of N?

Young diagram of a partition. Example i = (5,4,4,2)
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General classical Hurwitz numbers Enumerative group theoretical meaning (Frobenius)

Representation theoretic answer (Frobenius-Schur)

The Frobenius-Schur formula expresses this in terms of characters:

F(u™, ... = > h"ZHX’\ , 1 = N

AA=N i Zu

1
where hy = (det o +j)‘) is the product of the hook lengths of
the partition A = Ay > --- > Ay, > 0, where

(1)) is the irreducible character of representation \ evaluated in

the conjugacy class (7, and
z, == [ [I™®) (mi(w))! = Jaut(p)]
i

is the order of the stabilizer of an element of cyc(u)
(m;(n) =# parts p; of 1. equal to /).
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General classical Hurwitz numbers Geometric meaning (Hurwitz)

Geometric meaning (Hurwitz)

Hurwitz numbers: Let H(u(), ..., (%)) be the number of inequivalent
branched N-sheeted covers of the Riemann sphere, with k branch
points, and ramification profiles (u('), ..., u(¥)) at these points.

The Euler characteristic of the covering curve is given by the
Riemann-Hurwitz formula:

I
2-29g=2N-d, d:= 25*(M(i)),
i=1
g = genus of covering curve,

where 0*(u) = |u| — () = N — £(p) is the colength of the partition.
The Monodromy Representation shows these two enumerative
invariants are identical.

HD, .o n®) = Fu, ..., u®).
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General classical Hurwitz numbers Geometric meaning (Hurwitz)

Example: 3-sheeted branched cover with ramification profiles (3)

and (2,1)
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General classical Hurwitz numbers Graphical encoding of branched covers “Constellations”

Graphical encoding of branched covers: Constellations
Constellations:

© Let P be a generic (non-branched) base point of the covering
C—CP' and (P4, ..., Py) an ordering of the points of C over P.

@ Let (QM,... Q%) be an ordering of the branch points of the cover
r—CP', with (Qj(’)), j=1,.. .,Mj(.’) the ramification points over
these, having ramification indices ram(Qj(i)) = M,(-i) equal to the
parts of the partitions (u("), ..., u(9)

© For each simple, closed curve Cjin P € CP! based at P € CP!
and going once around Q) in the positive sense, there is a unique
lift to I whose monodromy is an element h; € cyc(u)) c Sy
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General classical Hurwitz numbers Graphical encoding of branched covers “Constellations”

Constellations (cont’d)

O Draw a bipartite graph on I', with vertices of two types: “coloured”
and “stars”. The “coloured” vertices are the points {Qj(')} and the
star vertices are the points {Py, ..., Py}. The edges consist of the
pairs of segments of the contours around each ramification point
Q}’) starting or ending at one of the unramified ones P, ..., Py.
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General classical Hurwitz numbers Graphical encoding of branched covers “Constellations”

>
: i
(4) : :
(p) -

Q(j) P

To these, we add two more “fixed” branch points, say Q(® = 0,
Q1) = o, with ramification profiles x(® := ;4 and k1) .= »

Harnad (CRM and Concordia) Weighted Hurwitz numbers and topological re: Sept. 4, 2018 10/43



General classical Hurwitz numbers Graphical encoding of branched covers “Constellations”

Example (N =5, k =23)

hg = (321), hy=hy, = (14)
pM=(3,1,1), u®=2,21), u®=(21,1,1),

M::M(O):(37171))7 V;:Iu(4):(2,1,1,1)
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General classical Hurwitz numbers Graphical encoding of branched covers “Constellations”

Example: Simple single/double Hurwitz numbers
(Pandharipande/Okounkov)

In particular, choosing only simple ramifications u() = (2, (1)"~2) at
d = k points and one further arbitrary one p at a single point, say, 0,
we have the single simple Hurwitz number:

Hd(:u) = H((2, (1 )n—1 oo 200 )n—1 ) 1)-
By the Frobenius-Schur formula this is

H (1) = XA(#)(Cont)\)d7

z
A=l
where the content sum of the Young diagram associated to \ is
defined as

)

cont()\)::Zj—/ 22)\ i—2i+1)=

(iHex

xA((2,(1)"2)hy
Z(2,(1)m-2)
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General classical Hurwitz numbers Simple double Hurwitz numbers (Okounkov/Pandharipande)

Simple single/ double Hurwitz numbers
(Pandharipande/Okounkov)

The simple (double) Hurwitz number (Okounkov (2000)), defined as

Cova(p,v) = Hgp(u,v)) = H((2,(1)" 1), (2,(1)" "), )

have the ramification types (,v) at two points, say (0, cc), and simple
ramification () = (2, (1)"~2) at d = k other branch points.

Combinatorial meaning: paths in the Cayley graph

Combinatorially, this equals the number of d-step paths in the
Cayley graph of S, generated by transpositions, starting at an
element h € cyc(u) and ending in the conjugacy class cyc(v).
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General classical Hurwitz numbers Simple double Hurwitz numbers (Okounkov/Pandharipande)

Example: Cayley graph for S, generated by all transpositions
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KP and 2D Toda 7-functions as generating functions Simple (single and double) Hurwitz numbers

Hypergeometric 7-function as generating function for simple
single and double Hurwitz numbers: (Okounkov, Pandharipande)

Define

PN, i= 3 NP, ) ()

72DToda(10) (N ¢, §) Zywre’(p (N, B)sa(t)sx(s)

exp exp exp — A
where 1} = I "=« rP(8) == &”
(ier

and
tI(t1,t2,...), S:(S1,82,...)

are the KP and 2D Toda flow variables.
For N = 0, we have

exp(o 5) eB cont(\)

v

Harnad (CRM and Concordia) Weighted Hurwitz numbers and topological re: Sept. 4, 2018 15/43



KP and 2D Toda 7-functions as generating functions Simple (single and double) Hurwitz numbers

mKP Hirota bilinear relations for 7"F(N,t), t .= (t;,t,...), Ne Z

}{ NN g 2 P (Nt — [z ) PNt + 5t + [z7']) = 0
Z=00

§0tz):=> ot 2, [z7V);:= 17 z~!, identically in 6t = (0t;, 61, .. .)
i—1

v

2D Toda Hirota bilinear relations for 72°%(N.t,s), s := (51,52, . ..)

7{ ZNfN’efg(ét,z)TgToda(NJ _ [271]75)T§T°da(N’,t +ot+[z7"],8) =
Z=00

i ZN-N'g=s0s2)2Toda(N 4 1 t, s — [2])r2T%(N' 1,1, + ds + [2])
Z=

1., . . .
[z]i == 7z’, identically in 6t = (0t1, o, ...), 08 := (851,08p,...)

v
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KP and 2D Toda 7-functions as generating functions T-functions as generating functions for Hurwitz numbers

Change of basis: Frobenius character formula
Using the Frobenius character formula:

S)\(t) _ Z XA(N) p,u(t)

Z
o lul=A) H

where we restrict to
iti = P, iS,' = p;
and the p,’s are the power sum symmetric functions

() 00

Pu = Hpun Pi == ZX‘; p; = Z,V.;a
i=1 a a=1

=1
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KP and 2D Toda 7-functions as generating functions T-functions as generating functions for Hurwitz numbers

Generating functions for single and double simple Hurwitz
numbers (Okounkov, Pandharipande)

7B () .= FKPOA) (0, 1) = nywhf efcontNg, (t)

A
e
= ny Z Z ngp M)pu(t)
n=0  d=0 " p,ul=n
2D(78) (1, 5) := 720T0%(1:6)(0 , 8) — Z HAlgheontN g (1)s,(s)

A

00 00 ad
SO LD DEANED SRR RI LRI N
n=0

d=0 " pwlul=v|=n

These are therefore generating functions for the simple single and

double Hurwitz numbers.
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KP and 2D Toda 7-functions as generating functions Weighted Hurwitz numbers: weighted branched coverings

Weighted Hurwitz numbers: weighted branched coverings

Choose a weight generating function

G(z)=1+> g
i—1

For Okounkov-Pandharipande’s simple single and double Hurwitz
numbers: G(z) = €~
If G(z) is expressible as an infinite (or finite) product expansion

G(z) = ﬁ(1 + zcj)), or G(z):= ﬁ(1 —zc)™", e=(cy,0,...),
=1 i=1

the g;’'s are the elementary or complete symmetric functions

gi = ei(c), org; = hi(c).

of the weight determining parameters ¢ = (¢4, Co, . . . ).
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KP and 2D Toda 7-functions as generating functions Geometric weighted Hurwitz numbers: weighted coverings

Suppose the generating function G(z) and its dual G(z) := G(lz)

can be represented as infinite (or finite) products

G(2) = [J(1 + ze), =11+— R
i=1 i=1

Define the weight for a branched covering having a pair of branch
points with ramification profiles of type (1, ), and k additional
branch points with ramification profiles (1.'),..., 1)) to be:

1 o (uM) o (k)
We(p™, ..., uk)y - kl Z Yoo S
oSk 1<iy<- <l
f*(/\)
1 K () £ ()
Wé(,u( )7._'7M() — Z Z Cig(1#) 7'”Ci(,(lf) ,

oeSk 1<ih <+ <l

where the partition X of length k has parts (\1,. .., \c) equal to the
colengths (¢*(u("),..., ¢*(u())), arranged in weakly decreasing

order.
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KP and 2D Toda 7-functions as generating functions Geometric weighted Hurwitz numbers: weighted coverings

Definition (Weighted geometrical Hurwitz numbers)

The weighted geometrical Hurwitz numbers for n-sheeted branched
coverings of the Riemann sphere, having a pair of branch points with
ramification profiles of type (i, v), and k additional branch points with
ramification profiles (1", ..., u(%)) are defined to be

s /
Hamv) =Y > We™, ... st HE®, ... p0, p,v)
k=0 () k)
i £ (uh)=d

s /
Hi(wv) =Y > Wep, . uHED, w0 ),
k=0 L)k
YLy e (u)=d

where 3~ denotes the sum over all partitions other than the cycle type
of the identity element.
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KP and 2D Toda 7-functions as generating functions Geometric weighted Hurwitz numbers: weighted coverings

Content product formula and 7-function

Choose the following parameters of the hypergeometric 7- function
content product formula

rf8)= 1] GG -nB8)= ] rfi®

(e _ (e
r8(8) := G(j8) = L,
- Pt
]
p= el =T[GiB), po=1
i=1

p—j:eTij:HG_‘l(_iﬁ)ﬂ j:172a

i=1
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KP and 2D Toda 7-functions as generating functions Geometric weighted Hurwitz numbers: weighted coverings

Theorem (Hypergeometric 7-functions as generating function for
weighted branched covers )

Geometrically,

HGBN(¢, s) Z’YW ré(B)sx(t)sx(s)

:ZZEZ VW HE (1, 1), ()P (8)8°

a=0 /iy
is the generating function for the numbers Hg(u, v) of such weighted
n-fold branched coverings of the sphere, with a pair of specified branch
points having ramification profiles (u,v) and genus given by the
Riemann-Hurwitz formula

229 = () + £(v) -
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KP and 2D Toda 7-functions as generating functions Geometric weighted Hurwitz numbers: weighted coverings

Weighted constellations: Coloured {Q(QLWK} vertices and edges

Q(J’)
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KP and 2D Toda 7-functions as generating functions Geometric weighted Hurwitz numbers: weighted coverings

Weighted constellations: White {Q,(O)} vertices

Q

©

Q(O)
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KP and 2D Toda 7-functions as generating functions Geometric weighted Hurwitz numbers: weighted coverings

Weighted constellations: Black { Q(>)'} vertices

Harnad (CRM and Concordia) Weighted Hurwitz numbers and topological re: Sept. 4, 2018 26/43



KP and 2D Toda 7-functions as generating functions Geometric weighted Hurwitz numbers: weighted coverings

7 function as generating functions for weighted constellations

Taking the product of all weights over all vertices and edges and
summing gives the 7-function

(G,B’)’) t s Z Z |'u|HG ,Ua )p,u(t)pl/( )

—Q MY
|pl=[v]
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KP and 2D Toda 7-functions as generating functions Examples

Example 1: Okounkov’s simple double Hurwitz numbers

G(z) = exp(z), exp;= /1|
7(8) = exp(iB),  r*(B) = 1] exp(8G - 1),

(e

v

Example 2: Belyi curves: strongly monotone paths

G(z)=E(z):=1+2z, E(z,J)= ﬁ(1 +2J4)

a=1
er=1, g=0forj>1, rf(B)= [] 1+8G-1)
((i)ex
J j—1
TF=> I(1+kpB), T5=-> In(1-kB), j>0.
k=1 k=1

v
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KP and 2D Toda 7-functions as generating functions Examples

Example 3: Signed Hurwitz numbers: weakly monotone paths

G(z) = H(z) := T Hi=1, ie Nt
f,-”(ﬁ):ﬁ -z, B =J[(-8G-0)",

(f/)EA

n(1-ig), TE Zln +iB), j>0.

T M\

Combinatorially, H,‘_’,(u, v) = FA(u,v) enumerates d-step paths in the
Cayley graph of S, from an element in the conjugacy class of cycle
type u to the class cycle type v, that are weakly monotonically
increasing in their second elements.
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KP and 2D Toda 7-functions as generating functions Examples

Signed Hurwitz numbers: weakly monotone paths (cont’d)
Specializing to:

1

1
t= TtrAN, Sj

:7trBN, ABenNN g=1/N

Gives the ltzykson-Zuber-Harish-Chandra integral

7_H,1/N _ IN(A, B) . / e—trUAUTBdIu(U)
UEU(N)

det ] / 1<//<N
= k!
H )A(b)

Harnad (CRM and Concordia) Weighted Hurwitz numbers and topological re: Sept. 4, 2018 30/43



KP and 2D Toda 7-functions as generating functions Examples

Signed Hurwitz numbers: weakly monotone paths (cont’d)

The coefficients HZ(u, v) are double Hurwitz numbers that enumerate
n-sheeted branched coverings of the Riemann sphere with branch
points at 0 and co having ramification profile types ¢ and v, and an
arbitrary number of further branch points, such that the sum of the
complements of their ramification profile lengths (i.e., the “defect"
in the Riemann Hurwitz formula) is equal to d. The latter are counted
with a sign, which is (—1)"*¢ times the parity of the number of branch
points .
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Fermionic representations and topological recursion Fermionic representation of 7-function and Baker function

Fermionic representation of hypergeometric 2D Toda 7-functions

The fermionic creation and annihiliation operators {1, z/},T},-ez satisfy
the usual anticommutation relations and vacuum state |0)
vanishing conditions

[, ¥]]+ =05 ©il0)=0, fori<0, vf|0)=0, fori>0.

The shift flow abelian subgroups I' ;. = {v4(t}, T— = {y_(s)} are
defined in terms of the current components J{,};cz as

A(t) = XS W A () = XS = Zwkd’}m’ icZ.
keZ

Choose the parameters of the hypergeometric 7- function as:

j j—1
pi=e" =1[GiB), pj=e""=][(G(-iB)", j=1,2,....
i=1 i=0

v
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Fermionic representations and topological recursion Fermionic representation of 7-function and Baker function

Fermionic expressions for the 7-function and Baker function
The 7-function is expressed fermionically as

7o(N,1,8) := (N|3+ () C,A-(S)IN)

where
Cp = eZieZ(Ti‘f‘iln('Y)):wi%T:

The Baker function and dual Baker function are

(01vd 3+ (Vv (2)Ca-(s)[0)

V,(z,t,8) = —(N.1,8) )
0[v_ 134 (V)01 (2)C,5—(s)|0
w;;(z,t,s):< |v M(Tp)(qfv,(tz,)s)ﬂ (s)10)

P(2) =Y iz, i) = yfz7 T,

ieZ ieZ

v
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Fermionic representations and topological recursion Fermionic representation of 7-function and Baker function

Fermionic representation of adapted bases
Adapted basis

W (x) = { 10w (1/x)C, (8 BS)x_4[0) if k> 1,

k

(Ol “1(87's) Gy (1/x)CA-(871s)[0) if k <0,
=y Z pi+k—1hi(B~s)xI T
j=0
Dual adapted basis
vy = | QRA/OCA(ET1)02,0) itk > 1
<0!¢*w‘1( 's) & 1w(1/x)C,A-(8718)|0) if k <O.
Z _/ B s)x/+k
j=0
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Fermionic representations and topological recursion Fermionic representation of 7-function and Baker function

Recursion operator
Define the recursion operators

Ry(x) := yxG(+5D),

where

D::Xa

is the Euler operator.
Then

Vi, (x) = REWE(x),
Vo, (x) = RETW ().
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Fermionic representations and topological recursion Fermionic representation of 7-function and Baker function

Theorem (Quantum spectral curve at t = 0)

The function W (x) satisfies

(BD — S(R)) Vg (x) =0,
and V (x) satisfies the dual equation

(BD + S(R-)) Wy (x) = 0.

where

(e}

S(x) = ksgxk.

k=1

Classical spectral curve att =0

X = —mror—
xy = S(vxG(xy)), 1A(S(2)
oxaey) { y = 505G(s(2)
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Fermionic representations and topological recursion Fermionic representation of 7-function and Baker function

Pair correlator
The pair correlator is

1

K(x,x") == X T(G’B”Y)([X] — [X,]75_1S)

— %mywu/x’)¢*(1/X)@p’?—(ﬁ*18)!0>-

Finite degree

In the following, we assume that only a finite number of variables sk
are nonzero, so S(x) is a polynomial

L
S(x) = ksix¥
k=1

of degree L. We also assume that only the first M parameters {c;} are
nonzero, so the weight generating function G(z) is also a polynomial,
of degree M
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Fermionic representations and topological recursion Fermionic representation of 7-function and Baker function

Christoffel-Darboux-type reduction
Define the operators

AL(x):=S(x)£pD
Vi(x) = G(AL(x))

and the Christoffel Darboux-type kernel generating function

LM—1 LM—1

A(r,t) = (rV_(t) — t V. .(r)) ( > > Z At
i=0 j=

The following Christoffel-Darboux type relation expresses K(x, x') as
a finite rank sum in terms of the adapted bases

LM—1 LM—1

Harnad (CRM and Concordia) Weighted Hurwitz numbers and topological re: Sept. 4, 2018 38/43



Fermionic representations and topological recursion Fermionic representation of 7-function and Baker function

Definition (Current correlator generating function)

a=1
— Z Z /-yllu‘lﬁd—E(V) Hg(u, ]/) é‘umﬂ(X‘] 5oco ,Xn)py(s

MoV f(u) n d
Fa(si X1, X HvX)(ln( (@A(t,5))) ko
=S B IR ) B, 5ol

) o tg=n’ )
Fon(sixi,....xn) ==Y AL (1, v) Zumu(x1,. .. x0)Pu(S).
wsvs (p)=n

where V(x) := 3%, )7’ ot
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Fermionic representations and topological recursion Fermionic representation of 7-function and Baker function

Definition (Current correlators as generating functions for
weighted Hurwitz numbers)

The fermionic current correlator is a generating function for
(connected) weighted Hurwitz numbers H9(y, v) at fixed £(u) =

an
Wn(X1,...,Xn) = an(s;X'],...,Xn),

H, X OIIHJ+(X, A-(87"9)0),

where J, (x) := Y., J;x' is the positive part of the current generator.

Definition (Fixed genus generating function)
0 0 »

ngn(xh"'vxn) = Fg,n(s;X1,...,Xn)
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Fermionic representations and topological recursion Fermionic representation of 7-function and Baker function

Ogn(Z1s- s Zn) = Wy n(X(21),...,X(2n)) X'(21) ... X'(2n)0dz1 . .. dzp
X'(21)X'(22) dz1dz;
(X(z1) = X(22))?

Theorem

When2g —2+n >0, &g n(z1,...,2n) has poles only at branch points,
and no poles at zj = ~c.

+4 ,0 5n,2
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Fermionic representations and topological recursion Fermionic representation of 7-function and Baker function

Theorem (Topological recursion)

(g,n satisfy the topological recursion relations. If all branchpoints a
are simple, with local Galois involution z — o4(z), we have

Og.n(z1,...,2n)
_ adzy az, Wq.n(2,0a(2), 22, ..., Zn)
== re [z - } 2(Y(z) — Y(0a(2))) dX(2)

/ ~ /
where Wgn(z,2',2,...,2n) = Og—1,n41(2,2', 22, .. ., Zp)
/

3 ~ /
4 > Qg A+111 (2 1)D gy, 1415 (2, k)
g1+092=9, hwh={2,...,.2n}
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Fermionic representations and topological recursion Fermionic representation of 7-function and Baker function
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