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Painlevé Equations
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with a, b, ¢ and d arbitrary constants.
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Painlevé o-Equations
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where 3, ¥y, 0y and k1, ..., k4 are arbitrary constants.
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Special function solutions of Painlevé equations
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Properties of the Second Painlevé Equation

d?q
d—22:2q3+2q+a PH

e Hamiltonian structure

e Airy solutions
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Hamiltonian Representation
P can be written as the Hamiltonian system
dg OHnp 2 1 dp  OHn
— = =p—q —3z, ==
dz Op dz dq
where Hii(q, p, z; a) is the Hamiltonian defined by

:2qp+a—|—% HH

Hulg.p, 2 a) = 39" = (¢° + 32)p — (a + 3)q
Eliminating p then ¢ satisfies P;; whilst eliminating ¢ yields

d*p 1 /dp 2 5 5 5
pd—Z2:§(£> +2p° — 2p” — 5(a + 3) Psy
Theorem (Okamoto [1986])
The function o(z;a) = Hu = 3p* — (¢* + 32)p — (a + 1)q satisfies
A do\? do [ do
— 4 — 2— | 2— — =1 1)2 S
(sz) " (dz) L (Zdz U) i@ty I
and conversely
20"(z) +a+ 3 do
Ca) — q) = —9—
are solutions of Hiy.
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Airy Solutions of P, P3; and Sy;
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d22 9 (dZ) + Pn ZPn 277, 34
d%o : do \° do do
n A n 9 n no_ _ 1,2 S
(3) +1 (@) g (T o) - H
Theorem
Let

©(z; 1) = cos(¥) Ai(() + sin(v) Bi((), (=—2"13;
with ¥ an arbitrary constant, Ai(() and Bi(() Airy functions, and 7,(z) be
the Wronskian

To(2;9) = det [ . ] =W (gp, — .. )
Jtk k=0 dz

dz U dv !

then
d . 7o1(z0) d? d
qn(2;0) = P In g pn(z;0) = —2@ In7,(z;9), ou(z;9) = @11"1 Tn(2;0)

respectively satisfy Py, Py, and Sy, with n € Z.
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Airy Solutions of Py
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Airy Solutions of Py with a = 3 (n = 2)
(Fornberg & Weideman [2014])
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blue/ denote poles with residue +1/—1
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Tronquée Solutions of P;; (Airy with v = 0)
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Plots of the poles of ¢,(z;0) for n = 2, 3, 4; the blue and red circles represent
poles with residues +1 and —1, respectively.
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Airy Solutions of Py,
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Airy Solutions of Py,
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Airy Solutions of Py, Pu(2;0) = —2—5In7,(2;0)

dz
4-
| |
3/\

/ 14

-5 0 | 1 —‘5 - 0 ] 15
~1
_1 |

U s U
n — 27 n =4 n = 6, n =28
University of Kent

Tau Functions of Integrable Systems and Their Applications, BIRS, Banff, Canada, September 2018



Airy Solutions of Sy; on(2:0) = —In To(2;0)
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Airy Solutions of Sy;
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Properties of the Fourth Painlevé Equation
and the Fourth Painlevé s-Equation

¢ 1 (dg\" 3, b
— ¢34+ 4zq% +2(27 — -
22 2 (dz) + 50 Az + (2 a)q+q

20\ do 2 do (do do
— | =4 z— — 4— [ — + 29 — 4+ 20 | =
(sz) (Zdz J) * dz (dz i O) (dz * ) 0

e Hamiltonian Representation

e Parabolic Cylinder Function Solutions
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Hamiltonian Representation of Pyy/
Py can be written as the Hamiltonian system

dq aHIV 2
— — 4gp — g° — 2zqg — 20
1z ap qp — ¢q <q 0
d o
w_ iy — —2p2 + 2pg 4+ 2zp — Vo
dz J0q

where Hiv(q, p, z; 0y, 9 ) is the Hamiltonian defined by
Hiv(q, p, 2300, Voo) = 2q0° — (¢ + 22q + 200)p + Vg
Eliminating p then ¢ satisfies
d?q 1 [dg : 3 3 5 5 2092
— == S¢° +4 2 B — 205 — 1)q — =2

which is Py with a = 1 — 9y + 20, and b = —293, whilst eliminating ¢ then p
satisfies

d>» 1 [dq : 92
L =— (= 6p° — 82p” + 2(2° — 20 + Voo + 1)p — =2
dz>  2p (dz) +op 2 o Ty 2p

and letting p = —1q gives Py with a = 29y — ¥, — 1 and b = —20%..
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Theorem (Okamoto [1986])
The function

0(2:0p, ) = Hiv = 2qp* — (¢° + 22q + 290)p + Uaoq

where q and p satisfy the Hamiltonian system

d

—q:4qp—q2—2zq—2190

g; Hiy
P —2p” + 2pq + 22p — Vo

satisfies the second-order, second-degree equation

25\ ° d 2 do /d d
(d—;) —4<z£—a> +4d—z (d—ZM%) (d—2+21900> —0 Siv

Conversely, if o(z;0y,7+) 1S a solution of Syy, then
o' —2z0" 4+ 20 o+ 220" — 20
0 ) 1900 — ) ; 0 ) 1900 —

(7 00, Vo) = =50 plibo, Vo) = — 155

are solutions of the Hamiltonian system Hyy.
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Parabolic Cylinder Function Solutions of Py
Theorem

Suppose 1,,(z;¢€) is given by

ditky, n—1

Tun(z€) =W (%(2;8),902(2;6), y ,790,(,”_1)(2;6)) = det [ . ]
’ dzdth |
7,k=0

for n > 1, where 7,(z;¢) = 1 and ¢, (2; ¢) satisfies

d*p, depy
d; — 252’% + 2evp, =0, =1

Then solutions of Pry

d’¢ 1 [(dq 23 5 b
12 2q<dz> +od Az + (2 a)q+q

are given by

d . Tyni(z€)
W (g b — —2 Iy Trnt1 (%
qy,n(z,al, 1) z+5dz n g

d T <Z 5)
21 (o g0 bo) = I 2
QI/,n(Z’ a2, 2> gdZ . Ty—l—l,n<z; 8) 7

d . Tuiin(z€)
[3] . b - 1 I/—|—1,TL 3
Q% 3 b3) " Tyn(2;€)

; <a’17 bl) = (8(2n — y)) —2<Z/ + 1)2)

(CLQ, bg) = ( — 8(7?/ + V), —2(V —n+ 1)2)

) (CL3, b3> = (5(21/ — N + 1), —2n2)
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Parabolic Cylinder Function Solutions of Sy

Theorem
Suppose 7,,(z;¢€) is given by

ditky, n—1
Tyn(z;6) =W (go,/(z; e), 0 (z€),..., go(”_l)(z; 5)) — det .
) 174 14 dZ]+k ]k_o
for n > 1, where 1,(z;¢) = 1 and ¢, (2; €) satisfies
d%p, 5 de,
— 2ez
dz’ dz

Then solutions of Siy

20\ d 2 do /d d
(d—;> —4(zd—2—0> +4d—z (d—‘:+2z90> (£+21900) —0

are given by

+ 2evp, = 0, =1

d
Oyn(2) = o In7,,(z¢), (Yo, V) = (e(v —n + 1), —en)
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d*p, de,
i — 2&2% + 2evyp, = 0, =1 (%)

dz

olfv &7

(i) = {{coswmymz) sin(0)Dy(—v32)} exp (122) o
(2 {cos(0)D_, 1(V22) +sin(0)D_, 1(—v22) Y exp (—122),  e=—1

oelfvr =necZ withn >0

o <r cos(0)H,(2) + sin(f) exp(z2)(f_; {erﬁ(z) eXp(—z2)} | I
; \COS(@(—i)an(iz) + sin(6) eXp<—22>% {erfc(z) exp(zQ)} e

olfr=-—n—-1€Z withn >0
( dn

” () = | cos(0)(—1)" H,(iz) exp(z*) + sin(@)@ {erfe(z) eXp(ZQ)} =1
7 \COS(G)Hn(Z> exp(—,z?) + sin(@)% {erﬁ(z) eXp(_22>} | o

with 0 an arbitrary constant, D,({) the parabolic cylinder function, H,(z)
the Hermite polynomial, erfc(z) the complementary error function and
erfi(z) the imaginary error function.
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Plots of Bounded Rational Solutions of Sy

Omn(2) = —ImW(H,(2), Hys1(2), - . ., Hypyn—1(2))

O'ng(Z), ] = 1,2,3,4 0'2’2]'(2), ] = 1,2,3,4 0'3’2]'(,2), ] — 1,2,3,4

0'472]'<Z>, ] = 1,2,3,4 0'5,2]'<Z>, ] = 1,2,3,4 0'10’2]'(2), ] = 1,2,3,4
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Plots of Bounded Special Function Solutions of Sy,

d
JM( ) = —2nz + @ 1nW(g0V, gp’y, o gp(yn_l))
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Orthogonal Polynomials

e Some History
e Monic orthogonal polynomials

e Semi-classical orthogonal polynomials
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Some History

e The relationship between semi-classical orthogonal polynomials and in-
tegrable equations dates back to Shohat [1939] and Freud [1976].

e Fokas, Its & Kitaev [1991, 1992] identified these integrable equations
as discrete Painlevé equations.

e Magnus [1995] considered the Freud weight
w(x;t) = exp (—:1:4 + ta:Z) : x,t € R,

and showed that the coefficients in the three-term recurrence relation
can be expressed in terms of solutions of

%1(%1—1 + dn + qn—|—1> + thn =N
which is discrete P; (dP;), as shown by Bonan & Nevai [1984], and

d?q 1 (dg,\> 3 5 5 5 n?
n_ L = At 2t + in)g, — —
At 2g, ( di ) + g+ A1, + 2 gn)g 2
which is Pry with a = —in and b = —in?
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Freud [1976] considered orthogonal polynomials P,(x) with respect to the
weight
w(z) = |z’ exp(—=[z[™),  p>-1, m>0

which satisfy the three-term recurrence relation
rPy(z) = Ppa(x) + BrBra(x)
and gave recurrence relations for 5, in the cases m = 2,4,6
e m = 2 (Hermite polynomials when p = 0)
26, =n + %p[l — (—1)”]
oem =14
4B, (Bns1 + Bu + Boor) =n+ 2p[1 — (=1)"]
which an autonomous dP;
om =20
650 (Bn-28n-1+ Br_i + 28018 + Bu-1Bn11
+ B 4 2B80Bu1 + By + Bui1Bura) = n+3p[1 — (—=1)"]

Later studies include Lew & Quarles [1983], Bonan & Nevai [1984],
Fokas, Its & Kitaev [1991, 1992], Clarke & Shizgal [1993], Magnus
[1995], ...

University of Kent
Tau Functions of Integrable Systems and Their Applications, BIRS, Banff, Canada, September 2018



For the exponential weight
w(z) = exp(—z* + tz?)
the monic orthogonal polynomials satisfy the recurrence relation
zPy(z) = Poa(z) + Bu(t) Po-a(2)

Theorem (Shohat [1939], Freud [1976], Bonan & Nevai [1984])
The recurrence coefficients for the weight w(z) = exp(—a* + tz?) satisfy

with initial conditions
Joo v exp(—at +ta®)dw

= () === (2
bo =0 b J_exp(—at + ta?) do ()
Theorem (Freud [1976])
The recurrence coefficients for the weight w(z) = exp(—x* + tz?) satisfy
iy P 1
m — = ——
o v v/12
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Extract from Digital Library of Mathematical Functions

18.32 OP’s with Respect to Freud Weights

A Freud weight is a weight function of the form

18.32.1 w(x) =exp(—Q(x)), —o0<x <00,

where (Q(xz) is real, even, nonnegative, and continu-
ously differentiable. Of special interest are the cases
Q(z) = 2*™, m = 1,2,.... No explicit expressions
for the corresponding OP’s are available. However, for
asymptotic approximations in terms of elementary func-
tions for the OP’s, and also for their largest zeros, see
Levin and Lubinsky (2001) and Nevai (1986). For a
uniform asymptotic expansion in terms of Airy func-
tions (§9.2) for the OP’s in the case Q(z) = z* see Bo

and Wong (1999).
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Monic Orthogonal Polynomials

Let P,(z),n=10,1,2,..., be the monic orthogonal polynomials of degree
n in z, with respect to the positive weight w(x), such that

b
/ P, (z)P,(x)w(x)dx = hpbpmn, hy >0, m,n=0,1,2,...

One of the important properties that orthogonal polynomials have is that
they satisfy the three-term recurrence relation

ePy(z) = Pyi1(x) + a,Pp(z) + B, P-1(2)

where the recurrence coefficients are given by

~ ~

An—I—l An A?’L—l—lAn—l
&TL: —_ , /Bn:
An—l—l An A%
with
Ho M1 - Hp—1 Ho M1 o-.. Hp—2  Hn
A — | Bt A2 fn A o— | M1 M2 Hn-1 find
Hn—1 Hn -+ H2pn—2 Hn—-1 HMn -« H2p—3 H2n—1

b
and p = / 2" w(x) dz are the moments of the weight w(z).
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If the weight has the form
w(x;t) = wo(x) exp(te)

©.9)

where the integrals / rPwy(z) exp(tz) de exist for all k& > 0.

— 00

e The recurrence coefficients «o,,(t) and 5, (¢) satisfy the Toda system

day, d sy

dt — Bn — 6n+17 dt — ﬁn(()fn — an—l)

e The kth moment is given by
00 dk: 00 deO
pi(t) = / xFwy(x) exp(te) de = — (/ wo(x) exp(tx) da:) i

o dt* \J -
. dk,LL() ~ .
¢ Ol Mk — T 1. n n
Since (1) o then A, (t) and A,(t) can be expressed as Wronskians
d o A" g "
An(t):W(,uo,—,,T — det :
dt ¢! SEZR Py
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Generalized Freud Weight

w(x;t) = |z]*exp (—a* +t2?) reR, v>-1

e PAC, K Jordaan & A Kelil, “A generalized Freud weight”, Stud. Appl.
Math., 136 (2016) 288—-320

e PAC & K Jordaan, “Properties of generalized Freud polynomials”, /.
Approx. Theory, 225 (2018) 148-175
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Generalized Freud weight
For the generalized Freud weight

w(w;t) = |z[*exp (=2t + ta?) reR

the moments are

to(t;v) = / 2] exp (—:c4 + t:z:2) dr = / v exp (—y2 + ty) dy
- 0

©.¢)

= 27Dy 4 1) exp(MH) D, (— 3V21)

©.9)
pon(t; v) = / x| exp (—at + ta?) da

[ [ @
=7 </OO [ exp (—a* + ta”) dx) = d;fzo
tona1(t,v) = / 2"z Hexp (—xt + t2?) do = 0
forn=1,2,..., where D,(() is the parabolic cylinder function.

When v = n € Z*, then

D_a(— 2V21) = 4/ S {1+ art ()] exp (36) )
where erf(z) is the error function.
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Since p9;41(t; v) = 0 then using ideas due to Hubert [2017]

o 0 po ... pop—2 O
0 o 0 ... 0 Hon
Doy =| F2 Ut B,

ton—2 O po, .. pap—g 0

I I 1 R R 1

0 | 9%) 0 e MUop 0

0 ... 0 n

0 pon 0 o0 flan—o 0

ton 0 popgo ... 0 gy

where
Ho M2 ... H2p—2 H2 4 ... Hop
e R e T
Hon—2 Hon - .. Hipn—4 Hon H2n4+2 - .. H4n—2
d’ pag

which can be written as Wronskians since p; = 7
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Theorem (PAC, Jordaan & Kelil [2016])
The recurrence coefficient (5,(t) in the three-term recurrence relation

rPy(w;1) = Poa(@;t) + Bu(t) Po-1(z; %),

is given by
d. 7m(tv+1) d. 7t y)
n t; — | , n t; = ]
Panltiv) = =20 Panaltiv) = I S
where T,(t;v) is the Wronskian given by
doy Ao,
n ta — Vy 14 2y 1an—1
with 1)
UV —+
bult) = polt:v) = <0773 exp (4t%) D1 ( — 1V21)
d

Remark: The function S, (t;v) = P In7,(t; v) satisfies

429,\* [ dS, > dS, [.dS, s,
4 — (=28, ) +4 p - _p—y) =
(dtQ) (dt S)+ dt(dt n)(dt " V) !
which is equivalent to S;y, the Py o-equation, so

Bon(t;v) = Sy(t; v+ 1) — S,(t; v), Bons1(t;v) = Spi1(t;v) — Sp(t; v+ 1)

University of Kent
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Theorem
The recurrence coefficients [3,(t) satisfy the equation

9 2
S o (ddi”) 4388 — 12 4+ (47 — o)+ o (1)
which is equivavlent to Py, where the parameters a,, and b, are given by
Qop, = —2U — 1 — 1, Aopi1 =V —N
by, = —2n°, bops1 = —2(v +n+ 1)
Further (,(t) satisfies the nonlinear difference equation
R A %t N 2n+ (2v + 1)[1 — (=1)"] 2)

80n

which is the general discrete P;.

Remark: The link between the differential equation (1) and the difference
equation (2) is given by the Backlund transformations

mn 9Mn t | e n— — T 5 T 9Mn t e
Pt = 28, dt ~ ot 45n Pt 28, dt 2 |

45n
with ¢, = in + 120 + 1)[1 — (-1)"].
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The first few recurrence coefficients are:

51(t> — (I)I/
202 — td, — v — 1

t) = ——4——

Palt) 20,
D, v+1

t) = — —

Bult) 202 — 0, — v —1 20,
t D,

t p—

Ault) 2w 12) 28 —id, —v—1
v+ 1)+ 20 +4)P, + (v + 1)%
2V +2)2(v +2)P2 — (v + 1)td, — (v + 1)?]
Bi(t) = vt 2w+ 1) 202t + v+ 1)®, — 4%t
AV t (v + D[(v + 1)®2 + 20tD, — 207]
vt? + (v + 1)(2v + 1)]P2 + 2vt(t* + 4v + 5)D, — 4v*t* — 8% (v + 1)
LD () + (22 — 2v + 1)D2 — 6D, vt + 412
where
d
D,(t) = —In{ Dy (= 2V28) exp (467) }
D_,( —i/2t
=1t+1v2 ( 21\[ )
D, (—3v21)
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1.2

—

-10 _5 0 5 10 -20 ~10 0 10 20

BQn—l(t;%)y n:1727"'75 BQn(t; %)7 n:1727"'75
Plots of the recurrence coefficients (55, 1(¢; %) and (o, (t; %), n=12...,5, for

n =1 (black), n = 2 (red), n = 3 (blue), n = 4 (green) and n = 5 (purple).
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Lemma (PAC, Jordaan & Kelil [2016])
As t — oo, the recurrence coefficient (5, (t,v) has the asymptotic expansion

n  2n2v —n+1)

Bon(t; V) = 7 3 + O(t_5)

t v—n 20 —4vn+n*—v—n)

wa1(t:v) == — Ot
52 +1< 7V) 9 + ! t3 + ( )
for n € N. Further, ast — —o0
n  2n2v+3n+1
utiv) = 4 2RI o109
v+n+1 2wv+n+1)(v+3n+2 B
Bon1(t;v) = — ; + < i;)(, ) + O(t 5)
Conjecture
e 5,11(t; ) is a monotonically increasing function of t.
® Bonsia(tiv) > Bay(t;v), for all t.
o 39,(t;v) has one maximum at t = t5,, with t5, ., > t3,.
University of Kent
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Theorem (PAC & Jordaan [2018])

Forv > —1and [y = 0, there exists a unique 3,(t;v) > 0such that {3,(t; V) } ,en
defined by the nonlinear discrete equation

Bn (6n+1 + 571 + Bn—l — %t) — i[n —+ (2V —+ 1)An] (1)
with A, = 1[1 — (—1)"], is a positive sequence and the solution arises when
D, (- 121
Bt v 175 + 1[ 2
A W )

Consider the discrete equation (1) with initial conditions 5, = 0 and

L1 cos(0)D_, ( — 2v/2t) —sin(0)D_, (3v/21)
Pr=sgt+ 2\@ cos(0)D_,_1( — 2v2t) +sin(0)D_,_1 (2v/21)

with 0 < 0§ < ir a parameter (if 17 < § < 7 then 3, has a pole at a finite
value of ¢), which is the general solution of the Riccati equation

do,
dt

= -+ 4P, + (v +1)
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,(t;0) =

L+ 1\[ cos(0) D, ( — 5v/2t) —sin(0) D, (5v21)

cos(0)D_,_1( — 2v2t) +sin(0)D_,_1 (2v/21)

Since the parabolic cylinder function D, (z) has the asymptotics

(

2V exp(—12%) {1+ O(z72)},
DV(Z) = 9 \/ﬂ

([ [(—v)
then

4+ 0@, as t — oo,
q)y<t; O> — vV —+ 1

- +0O@t™?), as t— —oo,
D, (t;0) = %t + 0@, as ¢ — oo,

v+ 1 3
— t t
@V(t;%w) n +O(t™”), as t— o0,
4+ 001, as t— —o0,

Tau Functions of Integrable Systems and Their Applications, BIRS, Banff, Canada, September 2018

(—2)7"" 1eXp {1—%(9 _2)}

as z — oo,

as z — —oo,

if 0<6<3m,
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cos(0)D_,( — 3v/2t) —sin(f)D_, (5v/21)
cos(0)D_,_1( — 2v2t) +sin(0)D_,_1 (2v/21)

0 = 0 (black), § = 7 (red), = i (blue), § = 7 (green), § = 37 (purple)
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Complex roots of cos(0)D_,_1( — 3
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LV2t) +sin(0)D_,_1 (3v/21)
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Complex poles of 5,(t), j =2,3,4

107 .}O 10 00 ° 10 1
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..‘o'o ..‘o'o .‘. ..o': .".‘.
®Se e So 0O
-10- 2 -10 %626, :“‘..:. .

-10-

Ba(t) Bs(t) Ba(t)

These are tronquée solutions of Py since they have no poles in the half-
plane R(t) < 0.
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Theorem (PAC & Jordaan [2018])

Let t,v € R, then as n — oo, the recurrence coefficient (5,(t;v) associated
with monic generalized Freud polynomials satisfying

B (ﬁn—kl + B + Bt — %t) — i[n + <2V + 1)An]7

where A, = i[1 — (—1)"], has the asymptotic expansion

n t P+ 12Qv+1)4A, )
as n — ox.
V0 e o] i S
=Y b=9 t =10
Generalizes results of Lew & Quarles [1983], Clarke & Shizgal [1993]
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Examples Associated with the Third Painlevé Equation

d

- +cq’ + - P
2z dz Z q

2 1 <dq>2 1dg ag®+b
=—|—) — +
dz g\ dz

2
2o do\’ do\? do do
(Zd22 — dz) + [4 (5) = 22] (z£ — 20) + 421901900& = (2 +9%)z> Sm

Making the transformations

q(z) =t u(t), o(z) = 2h(t), t =

1.2
42'

give
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Semi-classical weights with recurrence coefficients expressible in terms of
solutions of Sy or Sy, the Pir and Py o-equations, include

w(z:t) plt) = [ wlait)da
(1 B ZE2)V_1/2 e:l:ta: T € _17 1] oV F(V + %)7_‘_—1/2 t_yly<t)
(22— 1)""Pet  pelo0) | 2T(v+ b VK, (1)
gV Le vt z € [0,00) 22K, (2/1)

with [,(z) and K,(z) modified Bessel functions, which have the integral
representations

1 \v 1
L(2) (32) / (1— 2212 et 4

- ﬁF(V + %) 1
. (%Z>V - 33'2 o 1\v—1/2 o™ Ao
_¢HW+9[< ) ‘

K,(2Vt) = %t”ﬂ/ "t exp (—x —t/z)dx

0

K,(z)
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Modified Bessel function solution of Pqj;

d2q_1 @ 2_1dq_|_aq2+b
dz

d
- + cq3 + — PHI
2z dz z q

dz2_q

has the solution

Qv N cos(0)1,1(z) — sin(0) K, 11(2)

2 cos(0)1,(z) + sin(0) K, (z)

with [,(z), K,(z) modified Bessel functions and 0 a constant, for the pa-
rameters a = —2v,b=2(1 —v),c=1and d = —1

q(z) =

4

3

[
(-
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Consider the tau-function

7z v) = det |27 cos(0) g 4(2) + 5in(0) K i(2) }

then
d

Sn(z;v) = i In7,(z;v)

satisfies an equation equivalent to Syj.
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n—1

7,k=0
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Conclusions

e The coefficients in the three-term recurrence relations associated with
semi-classical generalizations of orthogonal polynomials can often be ex-
pressed as tau-functions (Hankel determinants) which arise in the solu-
tion of the Painlevé equations and the Painlevé o-equations.

e These solutions of the Painlevé equations are those given in terms of the
classical special functions, the so-called “classical solutions”, which are
not transcendental.

e The moments of the semi-classical weights provide the link between the
orthogonal polynomials and the associated Painlevé equation.

e These ideas can be applied to orthogonal polynomials in other contexts:

x discrete orthogonal polynomials;
+x on the unit circle;
x curves in the complex plane;
x discontinuous weights.
e These results illustrate the increasing significance of integrable systems,

in particular Painlevé equations, in the field of orthogonal polynomials
and special functions.
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Thank You!
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Remark 5.3 (Relation with Painlevé equations). Since all the Painlevé
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