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Scattering states of two ‘atoms’ in the Nelson model
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Non-commutative recurrence

1 Let â, b̂ be (possibly non-commuting) operators on X .
2 Let xn ∈ X be a sequence s.t.

xn = âxn−1 + b̂xn−2

with initial conditions x0 and x1 = âx0.
3 Problem: Determine xn.
4 Solution 1.

xn =
∑

j1+2j2=n

{â(j1), b̂(j2)}x0,

where {â(j1), b̂(j2)} is the sum over all possible distinct permutations
of factors â, b̂ each one appearing j1, j2 ≥ 0 times, respectively.
[Jivulescu, Messina, Napoli, Petruccione 07/08, Puhlfürst 15]
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Non-commutative recurrence

1 Let â, b̂ be (possibly non-commuting) operators on X .
2 Let xn ∈ X be a sequence s.t.

xn = âxn−1 + b̂xn−2

with initial conditions x0 and x1 = âx0.
3 Problem: Determine xn.
4 Solution 2.

xn = Qâ,b̂[exp(
n−1∑
i=1

bi+1,i∂ai+1∂ai )an . . . a1]x0,

where Qâ,b̂[an . . . bj+1,j . . . bj′+1,j′ . . . a1] = â . . . b̂ . . . b̂ . . . â.
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Lemma

The relation xn = âxn−1 + b̂xn−2 with x1 = âx0 is solved by
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Non-commutative recurrence

Lemma

The relation xn = âxn−1 + b̂xn−2 with x1 = âx0 is solved by

xn = Qâ,b̂[exp(
n−1∑
i=1

bi+1,i∂ai+1∂ai )an . . . a1]x0,

where Qâ,b̂[an . . . bj+1,j . . . bj′+1,j′ . . . a1] = â . . . b̂ . . . b̂ . . . â.

Proof. Write δi := bi+1,i∂ai+1∂ai and dn−1 :=
∑n−1

i=1 δi and compute

exp(dn−1)an . . . a1

= {exp(dn−2) exp(δn−1)anan−1 . . . a1}
= {exp(dn−2)anan−1 . . . a1}+ {exp(dn−2)(δn−1)anan−1 . . . a1}
= an{exp(dn−2)an−1 . . . a1}+ bn,n−1{exp(dn−3)an−2 . . . a1}. �
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Goal / Application

Proving infrared regularity of physical quantities which suffer from
superficial infrared divergencies even after the implementation of
multi-scale techniques

.

Crucial bounds for collision theory of many atoms/electrons in
Nelson model
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Nelson model with many electrons/atoms

Definition

The Nelson model with many atoms/electrons is given by:

(1) Hilbert space H = Γ(L2(R3)at/el)⊗ Γ(L2(R3)ph).

(2) Hamiltonian H = Hat/el + Hph + HI , where

(a) Hat/el =
∫
d3p p2

2m c∗(p)c(p),

(b) Hph =
∫
d3k |k|a∗(k)a(k),

(c) HI =
∫
d3p d3k λ ρ̃(k)√

2|k|
(c∗(p + k)a(k)c(p) + h.c.).

(3) Momentum operator: P̂ =
∫
d3p p c∗(p)c(p) +

∫
d3k k a∗(k)a(k).
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Nelson model with one electron/atom

Definition
The Nelson model with one electron is given by:

(1) Hilbert space H(1) = L2(R3)at/el ⊗ Γ(L2(R3)ph).

(2) Hamiltonian H(1) = p2

2m + Hph + φ(Gx), where

(a) Hph =
∫
d3k |k|a∗(k)a(k),

(b) φ(Gx) =
∫
d3k λ ρ̃(k)√

2|k|
(e−ikxa∗(k) + e ikxa(k)).

(3) Momentum operator: P̂(1) = p +
∫
d3k k a∗(k)a(k).

A. Pizzo From infrared problems to non-commutative recurrence



The Nelson model
Scattering states of two ‘atoms’ in the Nelson model

Localization of atoms / electrons and non-commutative recurrence

Neutral particle (’atom’)

P

P

H

(1)

(1)

Σ

P E

Suppose that the ’charge’ of the massive particle is zero, i.e. ρ̃(0) = 0.
Then (generically):

Hsp := {Spectral subspace of the lower boundary} 6= {0}
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Renormalized creation operators of ‘atoms’

1 For h ∈ C∞0 (R3) consider Ψh ∈ Hsp given by

Ψh := Π∗
∫ ⊕

d3P h(P)ψP .

2 Let us define the renormalized creation operator of Ψh:

ĉ∗(h) :=
∞∑
n=0

1√
n!

∫
d3pd3nk h(p)f np (k1, . . . , kn)a∗(k1) . . . a∗(kn)c∗(p − k),

where {f nP }n∈N are the wave-functons of ψP .

3 With this definition

ĉ∗(h)Ω = Ψh.
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Asymptotic creation operators of ‘atoms’

Definition

For h ∈ C∞0 (R3) let us define

ĉ∗t (h) := eiHt ĉ∗(e−iEth)e−iHt .

ĉ∗out(h) := limt→∞ ĉ∗t (h) (if it exists) is called the asymptotic creation
operator of the ’atom’ smeared with h.
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Scattering states of two atoms

Theorem

For h1, h2 ∈ C∞0 (R3) with disjoint supports the limits

Ψout
h1,h2

:= lim
t→∞

ĉ∗t (h1)ĉ∗t (h2)Ω

exist and span a subspace naturally isomorphic to Hsp ⊗a Hsp.

1 This theorem was proven before at fixed infrared cut-off
(Fröhlich 73) and assuming non-zero photon mass (Albeverio 73).

2 We treat the case of massless photons and ρ̃(k) = χ(k)|k|α, α > 0,
χ(k) > 0 near zero (no infrared cut-off in H).

3 However, we have to replace f nP with f nP,σt
in ĉ∗t (hi ) for

limt→∞ σt = 0.

A. Pizzo From infrared problems to non-commutative recurrence



The Nelson model
Scattering states of two ‘atoms’ in the Nelson model

Localization of atoms / electrons and non-commutative recurrence

Scattering states of two atoms

Theorem

For h1, h2 ∈ C∞0 (R3) with disjoint supports the limits

Ψout
h1,h2

:= lim
t→∞
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Idea of the proof

1 Let Ψt := eitH ĉ∗(h1,t)ĉ
∗(h2,t)Ω, with hi,t(P) = e−itEPhi (P).

∂tΨt = eitH i [[HI , ĉ
∗(h1,t)], ĉ∗(h2,t)]Ω.

2 This can be expressed by integrals of the form∫
d3r̃ λ

ρ̃(r̃)√
2|r̃ |

e−i(Ep−r̃+Eq+r̃ )th1(p − r̃)h2(q + r̃)f n+1
q+r̃ (r , r̃)f mp−r̃ (k).

3 (Non-) stationary phase gives integrable decay of ∂tΨt , provided we
can control derivatives of P 7→ f nP (k) up to second order.

4 We replace P 7→ f nP (k) with P 7→ f nP,σt
(k) with limt→∞ σt = 0.

Using non-commutative recurrence relations we will show

|∂βP f
n
P,σt

(k1, . . . , kn)| ≤ 1√
n!

(cλ)n

σδλt

n∏
i=1

χ[σ,κ)(ki )

|ki |3/2
.
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Ground-state wave-functions

1 Let ψP,σ ∈ Γ(L2(R3)) be ground-states of H(1)
P,σ i.e.

H
(1)
P,σψP,σ = EP,σψP,σ,

where σ > 0 is the infrared cut-off in the interaction
2 Let {f nP,σ(k1, . . . , kn)}n∈N0 be the wave functions of ψP,σ:

f nP,σ(k1, . . . , kn) =
1√
n!
〈Ω, b(k1) . . . b(kn)ψP,σ〉.

3 We need, for |β| = 0, 1, 2 and δλ → 0 for λ→ 0

|∂βP f
n
P,σ(k1, . . . , kn)| ≤ 1√

n!

(cλ)n

σδλ

n∏
i=1

χ[σ,κ)(ki )

|ki |3/2
.
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Localization of atoms / electrons and non-commutative recurrence

Fröhlich formula for ground-state wave-functions

1 Define f n(k1, . . . , kn) := b(k1) . . . b(kn)ψ b(k) = a(k)e ikx

2 Using Hψ = Eψ, we obtain

f n(k1, . . . , kn) = (−)Rn

n∑
i=1

vσ(ki )f n−1(k1, . . . ǐ . . . , kn),

where Rn := (HP−kn,σ
− EP,σ + |k |n)−1, vσ(ki ) := λ

χ[σ,κ)(ki )√
2|ki |

.

3 This has the form xn = âxn−1 + b̂xn−2 with b̂ = 0.
4 Solution:

f n = (−1)nn!Psym(vσn . . . v
σ
1 )(Rn . . .R1)ψ.
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Localization of atoms / electrons and non-commutative recurrence

Derivatives of Fröhlich formula

1 Fröhlich formula:

f n = (−1)nn!Psym(vσn . . . v
σ
1 )(Rn . . .R1)ψ.
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Scattering states of two ‘atoms’ in the Nelson model

Localization of atoms / electrons and non-commutative recurrence

Novel formula for ground-state wave-functions

1 f W ,n(k1, . . . , kn) := bW (k1) . . . bW (kn)ψ,

bW (k) := W ∗b(k)W = b(k) + |k |−1vσ∗ (k),

W = eb
∗(|k|−1vσ∗ )−b(|k|

−1vσ∗ ),

2 To control ∂βP f n it suffices to control ∂βP f W ,n.
3 Using the Schrödinger equation, we obtain

f W ,n(k1, . . . , kn) =
n∑

i=1

vσ∗ (ki )(RnΛn)f W ,n−1(k1, . . . ǐ . . . , kn)

+
∑

1≤i<i ′≤n

vσ∗ (ki )v
σ
∗ (ki ′)Rnf W ,n−2(k1, . . . ǐ . . . ǐ

′ . . . , kn)

4 This is a recurrence xn = âxn−1 + b̂xn−2 for b̂ 6= 0.
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+
∑

1≤i<i ′≤n

vσ∗ (ki )v
σ
∗ (ki ′)Rnf W ,n−2(k1, . . . ǐ . . . ǐ

′ . . . , kn)

4 This is a recurrence xn = âxn−1 + b̂xn−2 for b̂ 6= 0.
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xn = Qâ,b̂[exp(
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bi+1,i∂ai+1∂ai )an . . . a1]x0

=: exp(
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i=1

b̂i+1,i ∂̂ai+1 ∂̂ai )
[
ân . . . â1

]
x0
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+
∑

1≤i<i ′≤n

vσ∗ (ki )v
σ
∗ (ki ′)Rnf W ,n−2(k1, . . . ǐ . . . ǐ
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f W ,n = n!Psym

[n/2]∑
`=0

∑
2≤i1�···�i`≤n

(−1)`

2`
vσ∗;1 . . . v

σ
∗;n ×

×(Ri1 ∂̂i1 ∂̂i1−1) . . . (Ri` ∂̂i` ∂̂i`−1)

[
(RnΛn) . . . (R2Λ2)(R1Λ1)

]
ψ,
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Localization of atoms / electrons and non-commutative recurrence

Derivatives of the novel formula

1 Novel formula:
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2 To show: ‖∂βP f W ,n(k1, . . . , kn)‖ ≤ cn

σδλ

∏n
i=1

vσ(ki )
|ki | for |β| = 2.

3 Rules of the game:

‖Ri‖ ≤ c |k |−1
i

∂Pψ = RΛψ, ∂PRi = RiΛ
iRi , where Λ := ∇P(E − H)

‖RΛψ‖ ≤ c

σδλ
, ‖Q̄⊥RΛRΛψ‖ ≤ c

σδλ
.

4 New mechanism for absorbing resolvents saves the game:
(Ri1 ∂̂i1 ∂̂i1−1) effectively removes one resolvent.
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‖RΛψ‖ ≤ c

σδλ
, ‖Q̄⊥RΛRΛψ‖ ≤ c

σδλ
.

4 New mechanism for absorbing resolvents saves the game:
(Ri1 ∂̂i1 ∂̂i1−1) effectively removes one resolvent.
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Summary

1 We proved, for |β| ≤ 2 and δλ → 0 for λ→ 0

|∂βP f
n
P,σ(k1, . . . , kn)| ≤ 1√

n!

(cλ)n

σδλ

n∏
i=1

χ[σ,κ)(ki )

|ki |3/2
.

2 The estimate quantifies localization of atoms / electrons in space.

3 For this purpose, we exhibited interesting algebraic structure of these
wave-functions encoded in a non-commutative recurrence relation.

4 Starting from LSZ and FK ideas and using this estimate we could
construct atom-atom and atom-electron scattering states in the
Nelson model.

Wojciech Dybalski, A. P. Coulomb scattering in the massless Nelson model
I,II,III

Wojciech Dybalski From Faddeev-Kulish to LSZ...

A. Pizzo From infrared problems to non-commutative recurrence



The Nelson model
Scattering states of two ‘atoms’ in the Nelson model

Localization of atoms / electrons and non-commutative recurrence

Summary

1 We proved, for |β| ≤ 2 and δλ → 0 for λ→ 0

|∂βP f
n
P,σ(k1, . . . , kn)| ≤ 1√

n!

(cλ)n

σδλ

n∏
i=1

χ[σ,κ)(ki )

|ki |3/2
.

2 The estimate quantifies localization of atoms / electrons in space.

3 For this purpose, we exhibited interesting algebraic structure of these
wave-functions encoded in a non-commutative recurrence relation.

4 Starting from LSZ and FK ideas and using this estimate we could
construct atom-atom and atom-electron scattering states in the
Nelson model.

Wojciech Dybalski, A. P. Coulomb scattering in the massless Nelson model
I,II,III

Wojciech Dybalski From Faddeev-Kulish to LSZ...

A. Pizzo From infrared problems to non-commutative recurrence



The Nelson model
Scattering states of two ‘atoms’ in the Nelson model

Localization of atoms / electrons and non-commutative recurrence

Summary

1 We proved, for |β| ≤ 2 and δλ → 0 for λ→ 0

|∂βP f
n
P,σ(k1, . . . , kn)| ≤ 1√

n!

(cλ)n

σδλ

n∏
i=1

χ[σ,κ)(ki )

|ki |3/2
.

2 The estimate quantifies localization of atoms / electrons in space.

3 For this purpose, we exhibited interesting algebraic structure of these
wave-functions encoded in a non-commutative recurrence relation.

4 Starting from LSZ and FK ideas and using this estimate we could
construct atom-atom and atom-electron scattering states in the
Nelson model.

Wojciech Dybalski, A. P. Coulomb scattering in the massless Nelson model
I,II,III

Wojciech Dybalski From Faddeev-Kulish to LSZ...

A. Pizzo From infrared problems to non-commutative recurrence



The Nelson model
Scattering states of two ‘atoms’ in the Nelson model

Localization of atoms / electrons and non-commutative recurrence

Summary

1 We proved, for |β| ≤ 2 and δλ → 0 for λ→ 0

|∂βP f
n
P,σ(k1, . . . , kn)| ≤ 1√

n!

(cλ)n

σδλ

n∏
i=1

χ[σ,κ)(ki )

|ki |3/2
.

2 The estimate quantifies localization of atoms / electrons in space.

3 For this purpose, we exhibited interesting algebraic structure of these
wave-functions encoded in a non-commutative recurrence relation.

4 Starting from LSZ and FK ideas and using this estimate we could
construct atom-atom and atom-electron scattering states in the
Nelson model.

Wojciech Dybalski, A. P. Coulomb scattering in the massless Nelson model
I,II,III

Wojciech Dybalski From Faddeev-Kulish to LSZ...

A. Pizzo From infrared problems to non-commutative recurrence



The Nelson model
Scattering states of two ‘atoms’ in the Nelson model

Localization of atoms / electrons and non-commutative recurrence

Summary

1 We proved, for |β| ≤ 2 and δλ → 0 for λ→ 0

|∂βP f
n
P,σ(k1, . . . , kn)| ≤ 1√

n!

(cλ)n

σδλ

n∏
i=1

χ[σ,κ)(ki )

|ki |3/2
.

2 The estimate quantifies localization of atoms / electrons in space.

3 For this purpose, we exhibited interesting algebraic structure of these
wave-functions encoded in a non-commutative recurrence relation.

4 Starting from LSZ and FK ideas and using this estimate we could
construct atom-atom and atom-electron scattering states in the
Nelson model.

Wojciech Dybalski, A. P. Coulomb scattering in the massless Nelson model
I,II,III

Wojciech Dybalski From Faddeev-Kulish to LSZ...

A. Pizzo From infrared problems to non-commutative recurrence


	The Nelson model
	Scattering states of two `atoms' in the Nelson model
	Localization of atoms / electrons and non-commutative recurrence

