Some New g-Series Conjectures

Shashank Kanade
University of Denver

Based on joint works with:
Matthew C. Russell, Debajyoti Nandi



1. Preliminaries



Partitions will be written most of the times in @ weakly increasing order.



Partitions will be written most of the times in @ weakly increasing order.

Example: 9=1+2+3+3.



Partitions will be written most of the times in @ weakly increasing order.
Example: 9=1+2+3+3.

Generating function:

>pa =154

n>0 n>1



Partitions will be written most of the times in @ weakly increasing order.
Example: 9=1+2+3+3.

Generating function:
1

1—q"

> opma"=1]

n>0 n>1

We will never bother with analytic convergence



Partitions will be written most of the times in @ weakly increasing order.
Example: 9=1+2+3+3.

Generating function:

>pa =154

n>0 n>1

We will never bother with analytic convergence; everything is a
purely formal power series identity.



Partitions will be written most of the times in @ weakly increasing order.
Example: 9=1+2+3+3.

Generating function:

>pa =154

n>0 n>1

We will never bother with analytic convergence; everything is a
purely formal power series identity.

Pochhamer symbols:



Partitions will be written most of the times in @ weakly increasing order.
Example: 9=1+2+3+3.

Generating function:

>pa =154

n>0 n>1

We will never bother with analytic convergence; everything is a
purely formal power series identity.

Pochhamer symbols:

(:q)=(1—a)(1—aq)...(1-agd™")
(@ q)=0-90-a)...(1-ad)
(a; )oo =(1-a)(1—-aq)..
(a1, a2, a3, )t = (a1; 9)(a2; 9)e(as; q)



Partitions will be written most of the times in @ weakly increasing order.
Example: 9=1+2+3+3.

Generating function:

>pa =154

n>0 n>1

We will never bother with analytic convergence; everything is a
purely formal power series identity.

Pochhamer symbols:

(:q)=(1—a)(1—aq)...(1-agd™")
(@ q)=0-90-a)...(1-ad)
(a; )oo =(1-a)(1—-aq)..
(a1, a2, a3, )t = (a1; 9)(a2; 9)e(as; q)



Rogers-Ramanujan identities

Discovered by:



Rogers-Ramanujan identities

Discovered by:

L. ). Rogers (1894)



Rogers-Ramanujan identities

Discovered by:

L. ). Rogers (1894) S. Ramanujan (1913)



Rogers-Ramanujan identities

Discovered by:

L. ). Rogers (1894) S. Ramanujan (1913) . Schur (1917)



Rogers-Ramanujan identities

Discovered by:

L. ). Rogers (1894) S. Ramanujan (1913) . Schur (1917)

RR1



Rogers-Ramanujan identities

Discovered by:

L. ). Rogers (1894) S. Ramanujan (1913) . Schur (1917)

RR 1
Partitions of n whose adjacent parts differ by at least 2



Rogers-Ramanujan identities

Discovered by:
L. ). Rogers (1894) S. Ramanujan (1913) . Schur (1917)

RR1

Partitions of n whose adjacent parts differ by at least 2
are equinumerous with



Rogers-Ramanujan identities

Discovered by:

L. ). Rogers (1894) S. Ramanujan (1913) . Schur (1917)

RR 1

Partitions of n whose adjacent parts differ by at least 2
are equinumerous with

partitions of n with each part =1,4 (mod 5)



Rogers-Ramanujan identities

Discovered by:

L. ). Rogers (1894) S. Ramanujan (1913) . Schur (1917)

RR 1

Partitions of n whose adjacent parts differ by at least 2
are equinumerous with

partitions of n with each part =1,4 (mod 5)

Example

9=9 9=9
=148 =14+1+14+6
=247 =1+44+4
=3+6 =1+1+14+14144

=1+3+5 =T+ T4+T14+T4+1 4+ 1414141



Rogers-Ramanujan identities

Discovered by:

L. ). Rogers (1894) S. Ramanujan (1913) . Schur (1917)

RR 1

Partitions of n whose adjacent parts differ by at least 2
are equinumerous with

partitions of n with each part =1,4 (mod 5)

Example
9=9 9=9
=148 =14+14+14+6
=247 =1+4+4
=3+6 =1+1+14+14144
=1+3+5 S I o [ B B R

1 difference-2 partitions 1 partitions with = 1,4 (mod 5)



Generating functions

Generating functions:

n 1
%pdiﬂ’erence 2(n)q - (1 — C])(T _ C]Z')('I _ C]6)(1 _ q9) o



Generating functions

Generating functions:

g 1
%pdiﬂ’erence 2(n)q - (,] — Q)U — C]Z')('I — C]6)(1 — qg) o
q1 q4 qn2
F e Rl T ey Y e Do B ) B

1
(1-a)(1-ag9)(1-q°)(1-7°)...




Generating functions

Generating functions:

g 1
%pdiﬂ’erence 2(n)q - (,] — Q)U — C]Z')('I — C]6)(1 — qg) o
q1 q4 qn2
F e Rl T ey Y e Do B ) B

1
(1-a)(1-ag9)(1-q°)(1-7°)...




Generating functions

Generating functions:

g 1
%pdiﬂ’erence 2(n)q - (,] — Q)U — C]Z')('I — C]6)(1 — qg) o
q1 q4 qn2
L e R ) T ey S e Do B ) R

:
(1-a)(1-ag9)(1-q°)(1-7°)...

Analytic sum-side Product-side

Partition-theoretic sum-side



1+3+6+38



1+3+6+38

___________



1T+34+6+8

e e 000 0100

10 0 0 000 Remove the
I ~p ) ~
---- 2-staircase

[ ]



1T+34+6+8

e o000 000 ° o
L’._'_f_'_:' C Remove the )
I ~p ) ~ o
—I=i=l= 2-staircase

® °



1+3+6+8 T+14242
CECOCICICIC R oo

:_.__. LI Remove the )

:. oie ~p . ~~ P 0

---- 2-staircase

¢ °



1+3+6+8 T+14242
CECOCICICIC R oo

:_.__. LI Remove the )

:. oie ~p . ~~ P 0

---- 2-staircase

¢ °

RR partitions
of length 4



1+3+6+8 T4+14+2+2
IO IR oo
:_.__. ® o0 Remove the )
e o0 ~p ) ~ o

Sooc 2-staircase

O [ )
RR partitions o Partitions

<— Bijection —
of length 4 of length 4



1+3+6+8 T4+14+2+2

IO IR oo

:_.__. LI Remove the )

e o0 ~p ) ~ o

Sooc 2-staircase

O [ )

RR partitions o Partitions

<— Bijection —

of length 4 of length 4
e C]Z'
(9:9)4



1+3+6+8 1414242
IO IR oo
:_.__. ® o0 Remove the )
e o0 ~p ) ~ o
Sooc 2-staircase
O [ )
RR partitions o Partitions
<— Bijection —
of length 4 of length 4
Put back x* . g*
<~
2-staircase (9:9)4



1+3+6+8 T+1+2+2
o0 000 siee oo
:_.__. LI Remove the )
e o0 ~p ) ~ o

Sooc 2-staircase

O [ )
RR partitions o Partitions

<— Bijection —
of length 4 of length 4
xtqPtite. gt Put back Xt gt
(G:9)s 2-staircase (9;9)s



1+3+6+38

___________

RR partitions
of length 4

TR N A
xqg g

(G; Q)4

g ol

>0 (9:9)e

Remove the

~P

2-staircase

<— Bijection —

Put back

2-staircase

<~ 2-staircase ~»

T+1+2+42

Partitions
of length 4




Jagged partitions

T4+3+4+4+11412



Jagged partitions

0000 1 Remove
FICICOKH Wz . ~
Pooooos ! -staircase
@ oo
i
R
T4+34+44+44+11+12 ~y CTMOVE
2-staircase



Jagged partitions

/o000 00000 0,00 o0
EEERTCRICOR oo
:0 e o o N Remove X X
e v e e T ) cnirease
BoSoss2 ! -staircase
1 ole °
v o

R
143444441412 o I

2-staircase



Jagged partitions

e e 60006060 00,00 L)
DEERTORED .o
:_0_ _0_2_0____] Remove X X
FICICOKH Wz c ~
e S o oE 1 -staircase
1@ oie °
Pk .
R
143+ 4+4+11+12 T 11,0,-2,3.2
2-staircase



Jagged partitions

e e 60006060 00,00 L)
DEERTORED .o
:_0_ _0_2_0____] Remove X X
FICICOKH Wz c ~
e S o oE 1 -staircase
1@ oie °
Pk .
R
143+ 4+4+11+12 T 11,0,-2,3.2
2-staircase

Jagged partition



Partition-
theoretic
Sum-side
Product side
Analytic
sum-side




Partition-
theoretic
Sum-side
~ Light years
Product side
Analytic
sum-side




Partition-

theoretic

Sum-side

~ Light years
Product side
Analytic
L/
sum-side .i



Rogers-Ramanujan 2

RR 1:



Rogers-Ramanujan 2

2

q
RR 1:
nzzjo (9:9)n



Rogers-Ramanujan 2

q” 1
RR 1: =
nzzjo (g;9)n mzi1l_([mod 5 (1—a™)




Rogers-Ramanujan 2

q” 1
RR 1: =
nzzjo (g;9)n mzi1l_([mod 5 (1—a™)

See whether for any C,



Rogers-Ramanujan 2

q” 1
RR 1: =
nzzjo (g;9)n mzi1l_([mod 5 (1—a™)

n’+Cn
q

See whether forany C, >

is a product.
n>0 (G; Q)n P




Rogers-Ramanujan 2

q” 1
RR 1: =
nzzjo (g;9)n m5i11_([mod 5 (1—a™)

n’4Cn
q

is a product.

See whether for any C,
/ Eo (g:9)n

RR 2: Analytic version



Rogers-Ramanujan 2

q” 1
RR 1: =
nzzjo (g;9)n m5i11_([mod 5 (1—a™)

n’4Cn
q

See whether forany C, >

is a product.
n>0 (G; Q)n P

RR 2: Analytic version
qn2+n 1

2 @D msdineas =07




Rogers-Ramanujan 2

q” 1
RR 1: =
nzzjo (g;9)n m5i11_([mod 5 (1—a™)

n’4Cn
q

is a product.

See whether for any C,
J Eo (g:9)n
RR 2: Analytic version
qn2+n 1

2 @D msdineas =07

Now, experiment if there is a partition-theoretic sum-side:



Rogers-Ramanujan 2

q” 1
RR 1: =
nzzjo (g;9)n m5i11_([mod 5 (1—a™)

n’4Cn
q

is a product.

See whether for any C,
J Eo (g:9)n
RR 2: Analytic version
qn2+n 1

2 @D msdineas =07

Now, experiment if there is a partition-theoretic sum-side:
RR 2



Rogers-Ramanujan 2

q” 1
RR 1: =
nzzjo (g;9)n m5i11_([mod 5 (1—a™)

n’4Cn
q

is a product.

See whether for any C,
J Eo (g:9)n
RR 2: Analytic version
qn2+n 1

2 @D msdineas =07

Now, experiment if there is a partition-theoretic sum-side:

RR 2
Partitions of n whose adjacent parts differ by at least 2 and



Rogers-Ramanujan 2

q” 1
RR 1 =
nzzjo (g;9)n m5i11_([mod 5 (1—a™)

n’4Cn
q

is a product.

See whether for any C,
J Eo (g:9)n
RR 2: Analytic version
qn2+n 1

2 @D msdineas =07

Now, experiment if there is a partition-theoretic sum-side:

RR 2

Partitions of n whose adjacent parts differ by at least 2 and
whose smallest part is at least 2



Rogers-Ramanujan 2

2
RR1: >

" _ 1
150 (4 @n m=+1 (moa 5) (1—9™)
qn2+ n

is a product.

See whether for any C,
J Eo (g:9)n
RR 2: Analytic version
qn2+n 1

2 @D msdineas =07

Now, experiment if there is a partition-theoretic sum-side:

RR 2

Partitions of n whose adjacent parts differ by at least 2 and
whose smallest part is at least 2

are equinumerous with

partitions of n with each part =2,3 (mod 5)



A few generalizations

Andrews-Gordon: (mod 7)



A few generalizations

Andrews-Gordon: (mod 7)
Partitions of n where parts satisfy



A few generalizations

Andrews-Gordon: (mod 7)
Partitions of n where parts satisfy

are equinumerous with



A few generalizations

Andrews-Gordon: (mod 7)
Partitions of n where parts satisfy

are equinumerous with

partitions whose parts are # 0, £3 (mod 7).



A few generalizations

Andrews-Gordon: (mod 7)
Partitions of n where parts satisfy

are equinumerous with

partitions whose parts are # 0, £3 (mod 7).

q”12+2”%+2nm2
e Analytic sum-side: qnTm
m,nzz:zo (9:9)n,(G: Q)n,



A few generalizations

Andrews-Gordon: (mod 7)
Partitions of n where parts satisfy

are equinumerous with

partitions whose parts are # 0, £3 (mod 7).

q”12+2”%+2nm2
e Analytic sum-side: qnTm
m,nzz:zo (9:9)n,(G: Q)n,

e Deform the g exponent by a linear term



A few generalizations

Andrews-Gordon: (mod 7)
Partitions of n where parts satisfy

are equinumerous with

partitions whose parts are # 0, £3 (mod 7).

q”12+2”%+2nm2
e Analytic sum-side: qnTm
m,nzz:zo (9:9)n,(G: Q)n,

e Deform the g exponent by a linear term
~» Two other identities : # 0,+i (mod 7), i =1,2.



A few generalizations

Andrews-Gordon: (mod 7)
Partitions of n where parts satisfy

are equinumerous with

partitions whose parts are # 0, £3 (mod 7).

q”12+2”%+2nm2
e Analytic sum-side: qnTm
”uﬂzz:ZO (9:9)n(9: ),

e Deform the g exponent by a linear term
~» Two other identities : # 0,+i (mod 7), i =1,2.
Guess the partition sum-sides



A few generalizations

Andrews-Gordon: (mod 7)
Partitions of n where parts satisfy

are equinumerous with

partitions whose parts are # 0, £3 (mod 7).

q”12+2”%+2nm2
e Analytic sum-side: qnTm
”uﬂzz:ZO (9:9)n(9: ),

e Deform the g exponent by a linear term
~» Two other identities : # 0,+i (mod 7), i =1,2.
Guess the partition sum-sides ~» Differ in “initial conditions”.



A few generalizations

Andrews-Gordon: (mod 7)
Partitions of n where parts satisfy

are equinumerous with

partitions whose parts are # 0, £3 (mod 7).

q”12+2”%+2nm2
e Analytic sum-side: qnTm
”uﬂzz:ZO (9:9)n(9: ),

e Deform the g exponent by a linear term
~» Two other identities : # 0,+i (mod 7), i =1,2.
Guess the partition sum-sides ~» Differ in “initial conditions”.

e In general, there are such identities for all odd moduli:
(mod 2R + 1).



A few generalizations

Andrews-Gordon: (mod 7)
Partitions of n where parts satisfy

are equinumerous with

partitions whose parts are # 0, £3 (mod 7).

q”12+2”%+2nm2
e Analytic sum-side: qnTm
”uﬂzz:ZO (9:9)n(9: ),

e Deform the g exponent by a linear term

~» Two other identities : # 0,+i (mod 7), i =1,2.

Guess the partition sum-sides ~» Differ in “initial conditions”.
e In general, there are such identities for all odd moduli:

(mod 2R + 1).

e For even moduli, one more condition on partition-theoretic
sum-sides



A few generalizations

Andrews-Gordon: (mod 7)
Partitions of n where parts satisfy distance at least 2 at distance 2

are equinumerous with

partitions whose parts are # 0, £3 (mod 7).

qm12+2”§+2nmz
e Analytic sum-side: _ghTr
”1,”22220 (9:9)n(9: ),

e Deform the g exponent by a linear term
~» Two other identities : # 0,+i (mod 7), i =1,2.
Guess the partition sum-sides ~» Differ in “initial conditions”.
e In general, there are such identities for all odd moduli:
(mod 2R + 1).
e For even moduli, one more condition on partition-theoretic
sum-sides ~~» Andrews-Bressoud identities.
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[1] RR and principal subspaces

A =C[X_1,X_9,X_3,...]

I—2 = X_1X1 = X2,1

.3 = X_1X_3 + X_2X_ = 2X_1X_>y

I 4 = X_1X_3 4+ X_2X_3 + X_3X_1 = X2, 4 2X_1X_3

5 = X_1X_4 + XX 3+ X_3X_2 + X_4X_q = 2X_2X_3 + 2X_1X_4

and so on consider r_j,j > 2.

Definition (actually, a Theorem of Calinescu-Lepowsky-Milas):
Principal Subspace

This is the of level 1 “vacuum module” ofsA[2.
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e W/ has a basis of monomials satisfying difference-2 conditions.
(proved by several people in different contexts)

Graded dimension of W = First RR.
The “other” standard module for sl, at level 1 gives the second RR.

Higher level for sl,: Andrews-Gordon identities

Change sl,: Noncommutative algebras. [Work of Butorac,
Capparelli, Calinescu, Georgiev, Lepowsky, Milas, Penn, Primc,
Trupcevic, Sadowski,...]
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-G = @ Agihizﬁ) G = @Afhi C]IAﬂ> Co=W— 0

f1,, <=2 <=2
& e e jyee = A EN- N fj A==€ Joeo ff-sasc
R
— =
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n=

The homology of this complex captures “relations” amongst the
elements r_,,r_3,r_4,....

1
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A certain limit, Kh(T(n, o0)), called the stable unreduced Khovanov
homology of torus knots, exists (StoSic).

Conjecture (Gorsky-Oblomkov-Rasmussen “12)

Kh(T(n, o)) is dual to the homology of the Koszul complex
determined by the elements r_,...,r_,_1. (Note: their gradings
are different than ours.)
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[2] RR and affine Lie algebras

g : affine Lie algebra.

aj:fori=0,...,tpositive simple roots of g.
L(X) : integrable, highest weight module for g, with highest
weight A

¢ : the level of L(A), £ = A(c). Note that £ € N.
ch(L(X)) : the “character” of L(X)

c e zfle=™,...,e7™]].

X(L(N)) : the “principally specialized” character of L(A),

X(LA)) = (€7 ch(LAD)|g-aoomar vs o

gooey
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Principally specialized characters

Theorem

Principally specialized characters of integrable modules are infinite
periodic products.

Example: g = EE = Af).

X(L(No)) = x(L(A)) = [T(1 =) " = F(q)

n>0

X(L(3No)) = x(L(3M))
Flg)- [T —a)"(1 - ¢>")~"

n>o0
X(L(2No + A1) = x(L(M + 2A0))
— F(C]) . H(1 _ q5n+1)—1(—| _ q5n+4)—1_

n>0

Second factor: character of the “vacuum space”. "
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mechanism: Z-algebras.

e Sum sides are given by explicitly building a basis using
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Many other ways to mine identities:

e Meurman and Primc: Look at the entire modules, not just vacuum
spaces.
~~» New identities found by Meurman-Primc, Siladic (proved by
Dousse), Primc-Sikic.

e Beyond principal specializations: Analytic sum-sides are given by
Hall-Littlewood polynomials. (Ole Warnaar)

16
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Capparelli’s identity
Partitions of n into distinct parts # +1 (mod 6)

are equinumerous with
partitions of n = m; + - - - + ¢ with

» Smallest part 7 is at least 2
» Adjacent parts differ by at least 2
» 2 <7 —m<3= 7+ m =0 (mod 3).

One more identity.

Proofs by Andrews, Andrews-Alladi-Gordon, Tamba-Xie, Capparelli,
Meurman-Primc, Dousse-Lovejoy.
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Nandi’s conjectures for A§2> level 4

Conjecture: Nandi (2014), a slight reformulation due to A. Sills

Number of partitions of n into parts = 42,43, +4 (mod 14) is the
same as number of partitions n = m + - - - + m with:

™ 751

i1 — i > 2and iz, — i > 3

Tiy2 — M = 3 == Wi # Tip2

Tiyo — T = 3, migp 0dd = m; # mij4
Tipy — T = 4, Tiyp 0dd = miyq # iy

vVvvyVvYyvyy

Let: A = (mp — 7, W3 — Moy - ooy Tt — Ti—1)
None of the following are subwords of A :
(0,3,3), (0,3,2,3), (0,3,2,2,3) ... ad infinitum.

It is getting harder to implement Z-algebras to mine new identities.
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3. Experimental strategies:
Sums to products
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Matthew C. Russell in his Rutgers Ph.D. Thesis found companions
lua, Isa, lsa Whose products sides involved “negatives” of the residues
of the asymmetric product sides.

Difference on the partition-theoretic sum-sides: only in the initial
condition.
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divisible by either 3 or 4

are equinumerous with
partitions of the same integer where:
» Difference between successive parts is not 1,2 or 5,
» Smallest part is not 1,2 or 5.
This identity generalizes to a pair of co-prime integers (p,q) in place
of (3,4).
(2,3) gives a well known “sequence avoiding” identity of MacMahon.

(2,2t + 1) already found by Andrews.
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» An odd part 2j + 1 is not immediately adjacent to either of 2j or
2j — 2.
» Smallest part is not equal to 1 or 3.
Can be embedded in an infinite family.
Recently, Matthew C. Russell found a bijective proof!

... there are several more.
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4. Experimental strategies:
Products to sum




Look at those level 2 modules for Affd)d that are contained in the

(vector space) tensor product of inequivalent level 1 modules.
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Look at those level 2 modules for Affd)d that are contained in the

(vector space) tensor product of inequivalent level 1 modules.

Algebra Products Mod
AgZ) Alladi’s companion to Schur’s identity Mod 6
AP Gollnitz-Gordon identities Mod 8
A§2> Rogers-Ramanujan identities Mod 10 ~» Mod 5
AP 777 Mod 12
AQ Nandi’s products Mod 14

Here one has to conjecture identities based on educated guesses

unless one is ready to do some extremely tedious algebraic computations

31



. 2 2 2 2
=<0
1 ) a3 (677 Q5

aq

32



@o 2 2 2 2

=<0

1 ) a3 (677 Q5

aq
Module Product

L(Ao + A1) (9.9%,4%¢% 9" q?)
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@o 2 2 2 2

=<0

1 ) a3 (677 Q5

aq
Module Product

L(Mo + A1) (9.9".9%.¢°,q": q)
LA (6% 6%)(d% e %, a%a%,q"% q?)

L(As) (a".4°9°q.q% q?)

Should have partition-theoretic sum-sides differing only in initial
conditions.
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an additional copy of 2j or a 2j + 1 are forbidden.)

Product Partition-theoretic sum-side
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" q([+2j+3fe)(i+2j+3l?f1)+3k2+y‘+b/+b}v 1

_1 pu—
Z( ) (9:9); (9 a%); (3% G°) (9,6%,4%48,9™; 9.,

i,j,k>0

. q(i+2j+3re)(i+z/'+3we4)+3»e2+2/+2/+m (q6; q12)00
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" q(/’+2j+3k)(i+2[+3k71)+3k2+/+b/+b}’e 1

_1 pu—
Z( ) (9:9); (9 a%); (3% G°) (9,6%,4%48,9™; 9.,

i,j,k>0

. q(i+2j+3re)(i+z/'+3we4)+3»e2+2/+2/+we B (qe; q12)00
o (@:9);(a%0*);(a% %),  (9°.0°.6%6%0°.9°; q7),
(i42j+3R) (i4+2j43kR—1)+3R*+-4i+6]+12k 1
> (-t -
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Analytic sum-sides differ only in the linear term in the exponent of g.
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q(/’+2j+3k)(i+2[+3k71)+3k2+/+b/+b}’e 1

—1)f _
2, (D (9:9); (9 a%); (3% G°) (9,6%,4%48,9™; 9.,

1,j,k=0

” q(i+2j+3ie)(i+2j+3fef1)+3k2+2/+2/+b}e (qe; q12)
,J,Z,e;o(_ (@:9)i(a%0%); (%%,  (9%,6°0%65 0°q%: g?),
" q(i+2j+3fe)(/'+2j+3kf1)+3k2+4/+fJ/+W2}? 1
_1 p—
Z =) (g:9); (g% 9*); (a5 q°), (%,9°,9°q,4% q")
i,j,k>0 J

Analytic sum-sides differ only in the linear term in the exponent of g.

~ Vary this term!
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Z qq(a‘* “);(a% %),

T (30,0595, q7q?) .

ij,k>0

( ) P2 4-bij4+6iR+42 +12jR+12R? ]3] 1
@) (@%@ ),  (30.6.0,¢,6 %),
f? : 2 4ij4+-6iR+4/2 +12jR+12R? — 2] — 3k (q3; qwz)

q); (9% 9*); (2% q°)

: 2 Lij4+-6iR+-42 +12jR4+12R2 +i+2j+3k

" 0,9 ¢5,65¢% 90 q?)

(@%9") .

:0);(a%a%); (9% q°)y,

k’ ql 2 4 Lij+-6iR+4J2 +12jR+12R? — ]

2
P

~ (4%4%,4%9,9°,q";q7)
1

Zk; )i (0% 9%); (% %),

) P2 -Lij+-6iR+4j2 +12jR4+-12R? +2i+-3] + 6k

T (9,6%9,35,9q7)
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Z q q (@50 (@% ), (0.9, 9,qTq7).,
E ) P2 4-bij4+6iR+42 +12jR+12R? ]3] 1
(@:0): (099, (@% ), (0.659.¢% 0% a7,
f? I+4U+6)k’+4j +12jk+12R* —2j—3k (q3;q12)oo

q); (9% 9*); (2% q°)

: 2 Lij4+-6iR+-42 +12jR4+12R2 +i+2j+3k

" 0,9 ¢5,65¢% 90 q?)

(@%9") .

:0);(a%a%); (9% q°)y,

2
P

~ (4%4%,4%9,9°,q";q7)

k C]' 2 4 Lij+-6iR+4J2 +12jR+12R? — ] 1
Zk; (@0 (%), (0,9,9,¢%q% ),
) P2 -Lij+-6iR+4j2 +12jR4+-12R? +2i+-3] + 6k 1

Z; 19); (9% a%); (3% 0%)

Observe the pairings on the products.

" (65,05 35,9,9;q7)

35



: 2 4 Lij+-6iR+42+12]R+12R> -+

1

Z qq(a‘* “);(a% %),

" (3,055,897, q2) .

ij,k>0

E ) P2 4-4ij4+6iR+42 +12jR+12R? 3] 1
@) (@%@ ),  (30.6.0,¢,6 %),
f? : 2 4ij4+-6iR+4/2 +12jR+12R? — 2] — 3k (q3; qwz)

q); (9% 9*); (2% q°)

: 2 Lij4+-6iR+-42 +12jR4+12R2 +i+2j+3k

" 0,9 ¢5,65¢% 90 q?)

(@%9") .

:0);(a%a%); (9% q°)y,

k’ ql 2 4 Lij+-6iR+4J2 +12jR+12R? — ]

2
P

" (¢%9%,95,0,97°,q9": )

1

Zk; )i (0% 9%); (% %),

) P2 -Lij+6iR+4j2 +12jR4+-12R? +2i+-3]+ 6k

T (9,69,65,q9q7)
1

Z; 19); (9% a%); (3% 0%)

Observe the pairings on the products.

" (65,05 35,9,9;q7)

[1]-[5],

35



: 2 4 Lij+-6iR+42+12]R+12R> -+ 1

% q q (99,595, (4,959,097 6,
( ) P2 4-bij4+6iR+42 +12jR+12R? ]3] 1
e (@0)i(a%a%);(a% %), " (9,0%9,6%,4% 97,
Z f? q 24 4ij4-6iR-+472+12jk+12R2 — 2] — 3k _ (q3; qwz)
o a); (9% 9*); (9% a°)y, (9,9%,9°959°,9"%9")
Z : 2 Lij4+-6iR+-42 +12jR4+12R2 +i+2j+3k (q9; q12)
= :0);i (9%9);(9°% q°), " (6%,6%,654,4°,q"; %),
k C]’ 2 bij-6iR+47+12jR+12R? — | 1
Zk; )i (6%, (@%a%),  (9,6,9,65,9q7%),
) P2 +-4ij+6iR+42+12jR+12R?+-2i+-3)+-6 1
Z; :9); (9% 9*); (9% q°)y, ~(@,65,¢5,9,97: )

Observe the pairings on the products.  [1]-[5], [2]-[6],

35



: 2 4 Lij+-6iR+42+12]R+12R> -+

1

Z qq(a‘* “);(a% %),

T (30,0595, q7q?) .

ij,k>0

( ) P2 4-bij4+6iR+42 +12jR+12R? ]3] 1
@) (@%@ ),  (30.6.0,¢,6 %),
f? : 2 4ij4+-6iR+4/2 +12jR+12R? — 2] — 3k (q3; qwz)

q); (9% 9*); (2% q°)

: 2 4ij4+-6iR+-42H12jR4+12R2 +i+2j+3k

= (3,95 5,45,¢°,9%; q7)__

(9%:9%)

2
z; :0);(a%a%); (9% q°)y,

k’ ql 2 Lij+-6iR+4J2 +12jR+12R? — ]

" (¢%4%,95,d,97°,q":q7)

1

Zk; )i (0% 9%); (% %),

) P2 -Lij+-6iR+4j2 +12jR4+-12R? +2i+-3] + 6k

T (9,6%9,35,9q7)
1

Z; 19); (9% a%); (3% 0%)

Observe the pairings on the products.

" (65,05 35,9,9;q7)

[1]-[5],  [2]-[6], [3]-[4]

35



: 2 4 Lij+-6iR+42+12]R+12R> -+

1

Z qq(a‘* “);(a% %),

( ) P2 4-bij4+6iR+42 +12jR+12R? ]3]

T (30,0595, q7q?) .

1

(9:9); (9% 9*); (% q°)

ij,k>0

" (90,65,9,9%,9%q7)

f? I+4I)+6)k’+4j +12jR+12R* —2j—3k (q3. qwz)
_ ! o)
a); (9% 9*); (9% a°)y, (9,6%6°4%4°%4"%;q"),,
: 2 Lij4+-6iR+-42 +12jR4+12R2 +i+2j+3k (q9. q12)
! o)

Z
z; :0);(a%a%); (9% q°)y,

k’ ql 2 4 Lij+-6iR+4J2 +12jR+12R? — ]

~ (4%4%,4%9,9°,q";q7)

1

Zk; )i (0% 9%); (% %),

) P2 -Lij+-6iR+4j2 +12jR4+-12R? +2i+-3] + 6k

T (9,6%9,35,9q7)

1

Z; 19); (9% a%); (3% 0%)

Observe the pairings on the products.

Remove stairs, get partition sum-sides.

[1]-[5],

[2]-[6],

" (65,05 35,9,9;q7)

(3)-[4]

35



: 24 4ij46iR42 +12jR+12R 4]

1

Z )i (@%:9%);(a% q°)y

( ) 2L +6iR+4j2 +12jR+12R2 i — 3

T (30,0595, q7q?) .

1

(9:9); (9% 9*); (% q°)

" (90,65,9,9%,9%q7)

1j,k=0
f? q 2 Lij6iR+47 +12jR+12R —2)— 3k (q3; qwz)oo
= Q)@@ ),  (9,¢56%958,q%q?),,
> , 2 Lij+-6iR+42 +12jR+12R>+i-+2j+3k (q9; q12)oo
z; ) (5% (@5 0%,  (0%¢%¢59,4°,47 7).
B *% q’ 2 bij-6iR+47+12jR+12R? — | 1
Zk; (@0 (%), (0,9,9,¢%q% ),
) P2 +-4ij+6iR+42+12jR+12R?+-2i+-3)+-6 1
Z; 1)1 (9%.9%); (3% G°)y, (@95, d,9M 47,

Observe the pairings on the products.

Remove stairs, get partition sum-sides.

[1]-[5],

(1]-[2],

[2]-[6],

(3)-[4]

35



: 2 4 Lij+-6iR+42+12]R+12R> -+

1

Z qq(a‘* “);(a% %),

( ) P2 4-bij4+6iR+42 +12jR+12R? ]3]

T (30,0595, q7q?) .

1

(9:9); (9% 9*); (% q°)

ij,k>0

" (90,65,9,9%,9%q7)

)k q’ 2 4ij4+-6iR+4/2+12jR+12R? — 2] —3k (q3' qwz)
! o)
q); (% a%);(a% q°), ~ (9,9%.6%,654%,97; %)
k R4+-12R%+ 3K 9. 412
I 2 4 4ij4-6iR+4]7 +12]R4+12R% +1+2j+3k (q q )oo

2
Z; :4);(a%a%); (9% q°)y,

= (@,¢%,659.9°,q7; q?)

*% q’ 2 bij-6iR+47+12jR+12R? — | 1

Zk; )i (@ (@% 6,  (3,6%.9,65,q":q%)
) P2 +-4ij+6iR+42+12jR+12R?+-2i+-3)+-6 1

Z; 1a)i (9% 9%);(a% @°), T (@65 65,q g7

Observe the pairings on the products.

Remove stairs, get partition sum-sides.

[1]-[5],
[1]-(2],

(2]-[6],
[3]-[4],

(3)-[4]

35



: 2 4 Lij+-6iR+42+12]R+12R> -+ 1
j{: q q (@50 (@% ), (0.9, 9,qTq7).,
E ) P2 4-bij4+6iR+42 +12jR+12R? ]3] 1
(@:0): (099, (@% ), (0.659.¢% 0% a7,
f? :+4u+6m+4j +12jk+12R2 —2j—3k (q3; qwz)oo

q); (9% 9*); (2% q°)

I 2 Lij4+-6iR+-42 +12jR4+12R2 +i+2j+3k

= (9,9, 5,45,¢%,9%; q7) __

(@%9") .

Z
z; ) (9% a*);(a% q°)

= (@,¢%,659.9°,q7; q?)

I 2 Lij4-6iR+4]7 +12]R+12R% — 1
ji; )i (@67 (@% 6%, (0,990,954 q7),,
) P2 -Lij+6iR+4j2 +12jR4+-12R? +2i4-3]+ 6k 1

14);(%9); (9% q%)y,

\\/M

Observe the pairings on the products.

Remove stairs, get partition sum-sides.

" (65,05 35,9,9;q7)

[11-5],  [2]-[e],  [3]-[4]
(11-(2], [3]-[4], [5]-[6]

35



: 2 4 Lij+-6iR+42+12]R+12R> -+

1

Z qq(a‘* “);(a% %),

( ) P2 4-bij4+6iR+42 +12jR+12R? ]3]

T (30,0595, q7q?) .

1

(9:9); (9% 9*); (% q°)

ij,k>0

" (90,65,9,9%,9%q7)

f? I+4I)+6)k’+4j +12jR+12R* —2j—3k (q3. qwz)
_ ! o)
a); (9% 9*); (9% a°)y, (9,6%6°4%4°%4"%;q"),,
: 2 Lij4+-6iR+-42 +12jR4+12R2 +i+2j+3k (q9. q12)
! o)

:0);(a%a%); (9% q°)y,

k’ ql 2 4 Lij+-6iR+4J2 +12jR+12R? — ]

2
P

~ (4%4%,4%9,9°,q";q7)

1

Zk; )i (0% 9%); (% %),

) P2 -Lij+-6iR+4j2 +12jR4+-12R? +2i+-3] + 6k

T (9,6%9,35,9q7)

1

Z; 19); (9% a%); (3% 0%)

Observe the pairings on the products.

Remove stairs, get partition sum-sides.

[1]-[5],

(1]-[2],

[2]-[6],
[3]-[4],

" (65,05 35,9,9;q7)

(3)-[4]
(5]-[6]

35



e Can verify up to partitions of 500 using recursions/expansions.
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e Can verify up to partitions of 500 using recursions/expansions.
e 51 =5,+gS; where S; <» Identity i forAgz).

o Let
xe: im XDy gy 2@y 209)
9=1- 52(q) 9-1- 53(q) 4-1- 53(q)’

36



e Can verify up to partitions of 500 using recursions/expansions.
e 51 =5,+gS; where S; <» Identity i forAgz).
o Let

_ e 91(9) () _ o S2(9)
SN 7y B U ) B AP )
Limits coming from sum-side match the ones coming from
product-sides
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e Can verify up to partitions of 500 using recursions/expansions.
e 51 =5,+gS; where S; <» Identity i forAgz).
" s 5:(a) 50
=lm s Ymdnsm mdmsg
Limits coming from sum-side match the ones coming from
product-sides (assuming the limits from sum-sides exist).
Namely,
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e Can verify up to partitions of 500 using recursions/expansions.
e 51 =5,+gS; where S; <» Identity i forAgz).
o Let

. 51(9) . Si(9) . S2(9)
=S VTS fT M S
Limits coming from sum-side match the ones coming from
product-sides (assuming the limits from sum-sides exist).

Namely,

_ V341
2

X y=24+vV3 z=1+3.
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