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Background

Joint and ongoing work with many, including...

Daniel Simpson Haakon Bakka Anna Sterrantino Andrea Riebler

Geir-A Fuglstad Finn Lindgren Massimo Ventrucci Sigrunn Sørbye

and others
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Background

Our background: R-INLA (www.r-inla.org)

INLA do Bayesian inference on Latent Gaussian models

Accurate, fast, scale well wrt size, great spatial models support, quite
general with an easy R-interface (www.r-inla.org).

Build models adding model component

η = Xβ + f1(...;θ1) + f2(...;θ2) + · · ·

for Gaussians {fi (·)} conditioned on some hyperparameters θ

Likelihood(s) have hyper-parameters as well

Of course, the model include prior specification for θ, which is the
topic of this talk
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Background

What do we know about priors for θ in this framework?

I cannot say what you know, here is my story...

Not much. And I am not proud of it!

I knew reference priors, which I, except in simple cases, cannot
compute, and I do not want to use. Conjugate priors does not apply
here, and is more “math, not priors”.

I could dig up similar studies/models/examples, and copy and refer to
their prior choice. (Risk averse)

I ran into problems when a student presented his/her hierarchical
model and ask about advice for how to set priors for the f.ex
5-dimensional hyperparameter θ; I did not believed my own advises.

I do not think that I am that unique
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Background

Why is the additive model situation different?

Classical:

I want to estimate the precision from data y , without any context

In this case I just want to get it right!

Additive model:

From data y I add an additional iid random effect

formula = y ~ ... + f(idx, model="iid")

with the “hope” it is not there.

In this case I have a preference for “no random effect” doing inference
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Background

How to proceed from here?

How to think about priors in
hierarchical models?

Is it possible to understand/have
good intuition about them?
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Background

Parameters!

I have an issue with parameters.

σ, σ2, τ , ρ, p, ...

I want to understand their
impact on something I
understand, not their numerical
values!

Invariance
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Background

KISS (Keep it simple, stupid!)

...most systems work best if
they are kept simple rather than
made complicated

...there is no value in a solution
being “clever” but in one being
easily understandable
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Background

Our take on the “prior”-problem

which is

a principled and practical approach to constructing priors

KISS-friendly

a unified way to think about priors

useful

is widely applicable

is transparent

invariant for reparameterisations

something I can understand

better than not knowing what to do

It is not “optimal” or “unique” in any sense. If you prefer something else,
please do...
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PC-priors Principles

Principle I: Occam’s razor

Prefer simplicity over complexity. Simplicity defines the base model

x ∼ N (0, τ I ), base model τ =∞
Student-t, base model Gaussian

Spline model, base model linear/constant effect

AR(1), base model ρ = 0 or ρ = 1−
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PC-priors Principles

Principle I: Occam’s razor

Consider the more complex model

π(x |ξ), ξ ≥ 0

with base model π(x |ξ = 0).

The prior for ξ ≥ 0 should penalise the complexity introduced by ξ

The prior should be decaying with increasing measure by the
complexity (the mode should be at the base model)

A prior will cause overfitting/force complexity if, loosely speaking,

πξ(ξ = 0) = 0
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PC-priors Principles

Principle II: Measure of complexity

Use Kullback-Leibler discrepancy to measure the
increased complexity introduced by ξ > 0,

KLD(f ‖g) =

∫
f (x) log

(
f (x)

g(x)

)
dx

for flexible model f and base model g .

Gives a measure of the information lost when the
base model is used to approximate the more flexible
models
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PC-priors Principles

Principle III: Constant rate penalisation

Define
d(ξ) =

√
2 KLD(ξ)

as the (uni-directional) “distance” from flexible-model to the base model.
Need the square-root to get the scale right.

Constant rate penalisation:

π(d) = λ exp (−λd) , λ > 0

with mode at d = 0

Invariance: OK

H.Rue (bayescomp.kaust.edu.sa) about priors December 4, 2017 14 / 43



PC-priors Principles

Principle III: Constant rate penalisation

Define
d(ξ) =

√
2 KLD(ξ)

as the (uni-directional) “distance” from flexible-model to the base model.
Need the square-root to get the scale right.

Constant rate penalisation:

π(d) = λ exp (−λd) , λ > 0

with mode at d = 0

Invariance: OK

H.Rue (bayescomp.kaust.edu.sa) about priors December 4, 2017 14 / 43



PC-priors Principles

Principle III: Constant rate penalisation

Define
d(ξ) =

√
2 KLD(ξ)

as the (uni-directional) “distance” from flexible-model to the base model.
Need the square-root to get the scale right.

Constant rate penalisation:

π(d) = λ exp (−λd) , λ > 0

with mode at d = 0

Invariance: OK

H.Rue (bayescomp.kaust.edu.sa) about priors December 4, 2017 14 / 43



PC-priors Principles

Principle IV: User-defined scaling

The rate λ is determined from knowledge of the scale or some
interpretable property or impact, Q(ξ) of ξ:

Pr(Q(ξ) > U) = α

Problem dependent: must be!!!

Can make the prior more informative or weakly informative this way
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PC-priors Examples

Example

Base model N (0, 1)

Flexible model N (µ, 1), µ > 0.

KLD is µ2/2 and d(µ) = µ.

PC prior:
π(µ) = λ exp(−λµ)

Can determine λ from a question like

Prob(µ > u) = α
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PC-priors The student-t case

Example: Student-t with unit variance

Degrees of freedom (dof) parameter ν > 2.

This is a difficult case: It is hard to intuitively
construct any reasonable prior for ν at all.

It is hard to even think of dof.
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PC-priors The student-t case

A useful but negative result

Result Let πν(ν) be a prior for ν > 2 where E (ν) <∞, then πd(0) = 0
and the prior overfits

Priors with finite expectation defines the flexible model to be different
from the base model!!!

Why? A finite expectation bounds the tail behaviour as ν →∞
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PC-priors The student-t case

The exp-prior with mean 5, 10, 20, converted to a prior for
the distance
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PC-priors The student-t case

The uniform prior with upper= 20, 50, 100, converted to a
prior for the distance
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PC-priors The precision of a Gaussian

The precision of a Gaussian

PC prior for the precision κ when κ =∞ defines the
base model

“random effects”/iid-model

The smoothing parameter in spline models

etc...

Result Let πκ(κ) be a prior for κ > 0 where
E (κ) <∞, then πd(0) = 0 and the prior overfits.
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PC-priors The precision of a Gaussian

The precision case (II)

π(σ) = λ exp(−λσ)
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PC-priors The precision of a Gaussian

Comparison with a similar Gamma-prior
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PC-priors The precision of a Gaussian

Student-t case revisited

PC prior for the dof ν

PC prior for precision κ

This is OK as the parameters are (almost) orthogonal in interpretation
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Spatial models Area models

Area models
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Spatial models Area models

Area models

SMR

0.000 to 1.150
1.150 to 1.508
1.508 to 1.945
1.945 to 2.464
2.464 to 5.714
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Spatial models Area models

The “CAR”-model

Instrinsic GMRF model

E(xi | . . .) = x∂i

Var(xi | . . .) = 1/(κ|∂i |)
Usually a “sum-to-zero
constraint”

The issue here, is the prior
for κ

1

23

4

5

6

7

8
9

10

11

12

13

14

15

16

17

18

19

20

21

22

23
24

25

26

27

28

29

30

31

32

33 34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

6162

63

64

65

66

67

68 69

70 71

72

73

74

75

76

77

78

79

80

81

82

83

84
85

86

87

88

89

90
91

92

93

94

95

96

97

98

99
100

101

102

103

104

105

106

107

108

109

110

111

112 113

114

115

116

117

118

119

120

121 122

123

124

125

126

127

128

129

130

131

132

133
134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150
151

152

153

154 155

156

157
158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178
179

180

181

182

183

184

185

186

187

188
189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209 210

211

212

213

214

215

216
217

218

219

220

221

222

223

224
225

226

227

228

229

230

231

232

233

234

235

236

237

238

239

240

241

242 243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259260

261

262

263

264
265

266

267

268

269

270

271

272
273

274

275

276

277

278

279

280

281

282

283

284

285

286

287

Many call this “the CAR model”, never really understood why. This is why it is

named model="besag" in R-INLA

H.Rue (bayescomp.kaust.edu.sa) about priors December 4, 2017 26 / 43



Spatial models Area models

The “CAR”-model

Instrinsic GMRF model

E(xi | . . .) = x∂i

Var(xi | . . .) = 1/(κ|∂i |)
Usually a “sum-to-zero
constraint”

The issue here, is the prior
for κ

1

23

4

5

6

7

8
9

10

11

12

13

14

15

16

17

18

19

20

21

22

23
24

25

26

27

28

29

30

31

32

33 34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

6162

63

64

65

66

67

68 69

70 71

72

73

74

75

76

77

78

79

80

81

82

83

84
85

86

87

88

89

90
91

92

93

94

95

96

97

98

99
100

101

102

103

104

105

106

107

108

109

110

111

112 113

114

115

116

117

118

119

120

121 122

123

124

125

126

127

128

129

130

131

132

133
134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150
151

152

153

154 155

156

157
158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178
179

180

181

182

183

184

185

186

187

188
189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209 210

211

212

213

214

215

216
217

218

219

220

221

222

223

224
225

226

227

228

229

230

231

232

233

234

235

236

237

238

239

240

241

242 243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259260

261

262

263

264
265

266

267

268

269

270

271

272
273

274

275

276

277

278

279

280

281

282

283

284

285

286

287

Many call this “the CAR model”, never really understood why. This is why it is

named model="besag" in R-INLA

H.Rue (bayescomp.kaust.edu.sa) about priors December 4, 2017 26 / 43



Spatial models Area models

The “CAR”-model

Instrinsic GMRF model

E(xi | . . .) = x∂i

Var(xi | . . .) = 1/(κ|∂i |)
Usually a “sum-to-zero
constraint”

The issue here, is the prior
for κ

1

23

4

5

6

7

8
9

10

11

12

13

14

15

16

17

18

19

20

21

22

23
24

25

26

27

28

29

30

31

32

33 34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

6162

63

64

65

66

67

68 69

70 71

72

73

74

75

76

77

78

79

80

81

82

83

84
85

86

87

88

89

90
91

92

93

94

95

96

97

98

99
100

101

102

103

104

105

106

107

108

109

110

111

112 113

114

115

116

117

118

119

120

121 122

123

124

125

126

127

128

129

130

131

132

133
134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150
151

152

153

154 155

156

157
158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178
179

180

181

182

183

184

185

186

187

188
189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209 210

211

212

213

214

215

216
217

218

219

220

221

222

223

224
225

226

227

228

229

230

231

232

233

234

235

236

237

238

239

240

241

242 243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259260

261

262

263

264
265

266

267

268

269

270

271

272
273

274

275

276

277

278

279

280

281

282

283

284

285

286

287

Many call this “the CAR model”, never really understood why. This is why it is

named model="besag" in R-INLA

H.Rue (bayescomp.kaust.edu.sa) about priors December 4, 2017 26 / 43



Spatial models Area models

The “CAR”-model

Instrinsic GMRF model

E(xi | . . .) = x∂i

Var(xi | . . .) = 1/(κ|∂i |)
Usually a “sum-to-zero
constraint”

The issue here, is the prior
for κ

1

23

4

5

6

7

8
9

10

11

12

13

14

15

16

17

18

19

20

21

22

23
24

25

26

27

28

29

30

31

32

33 34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

6162

63

64

65

66

67

68 69

70 71

72

73

74

75

76

77

78

79

80

81

82

83

84
85

86

87

88

89

90
91

92

93

94

95

96

97

98

99
100

101

102

103

104

105

106

107

108

109

110

111

112 113

114

115

116

117

118

119

120

121 122

123

124

125

126

127

128

129

130

131

132

133
134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150
151

152

153

154 155

156

157
158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178
179

180

181

182

183

184

185

186

187

188
189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209 210

211

212

213

214

215

216
217

218

219

220

221

222

223

224
225

226

227

228

229

230

231

232

233

234

235

236

237

238

239

240

241

242 243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259260

261

262

263

264
265

266

267

268

269

270

271

272
273

274

275

276

277

278

279

280

281

282

283

284

285

286

287

Many call this “the CAR model”, never really understood why. This is why it is

named model="besag" in R-INLA

H.Rue (bayescomp.kaust.edu.sa) about priors December 4, 2017 26 / 43



Spatial models Area models

The “CAR”-model

Instrinsic GMRF model

E(xi | . . .) = x∂i

Var(xi | . . .) = 1/(κ|∂i |)
Usually a “sum-to-zero
constraint”

The issue here, is the prior
for κ

1

23

4

5

6

7

8
9

10

11

12

13

14

15

16

17

18

19

20

21

22

23
24

25

26

27

28

29

30

31

32

33 34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

6162

63

64

65

66

67

68 69

70 71

72

73

74

75

76

77

78

79

80

81

82

83

84
85

86

87

88

89

90
91

92

93

94

95

96

97

98

99
100

101

102

103

104

105

106

107

108

109

110

111

112 113

114

115

116

117

118

119

120

121 122

123

124

125

126

127

128

129

130

131

132

133
134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150
151

152

153

154 155

156

157
158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178
179

180

181

182

183

184

185

186

187

188
189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209 210

211

212

213

214

215

216
217

218

219

220

221

222

223

224
225

226

227

228

229

230

231

232

233

234

235

236

237

238

239

240

241

242 243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259260

261

262

263

264
265

266

267

268

269

270

271

272
273

274

275

276

277

278

279

280

281

282

283

284

285

286

287

Many call this “the CAR model”, never really understood why. This is why it is

named model="besag" in R-INLA

H.Rue (bayescomp.kaust.edu.sa) about priors December 4, 2017 26 / 43



Spatial models Area models

The “CAR”-model

Instrinsic GMRF model

E(xi | . . .) = x∂i

Var(xi | . . .) = 1/(κ|∂i |)
Usually a “sum-to-zero
constraint”

The issue here, is the prior
for κ

1

23

4

5

6

7

8
9

10

11

12

13

14

15

16

17

18

19

20

21

22

23
24

25

26

27

28

29

30

31

32

33 34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

6162

63

64

65

66

67

68 69

70 71

72

73

74

75

76

77

78

79

80

81

82

83

84
85

86

87

88

89

90
91

92

93

94

95

96

97

98

99
100

101

102

103

104

105

106

107

108

109

110

111

112 113

114

115

116

117

118

119

120

121 122

123

124

125

126

127

128

129

130

131

132

133
134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150
151

152

153

154 155

156

157
158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178
179

180

181

182

183

184

185

186

187

188
189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209 210

211

212

213

214

215

216
217

218

219

220

221

222

223

224
225

226

227

228

229

230

231

232

233

234

235

236

237

238

239

240

241

242 243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259260

261

262

263

264
265

266

267

268

269

270

271

272
273

274

275

276

277

278

279

280

281

282

283

284

285

286

287

Many call this “the CAR model”, never really understood why. This is why it is

named model="besag" in R-INLA

H.Rue (bayescomp.kaust.edu.sa) about priors December 4, 2017 26 / 43



Spatial models Area models

The “CAR”-model

Instrinsic GMRF model

E(xi | . . .) = x∂i

Var(xi | . . .) = 1/(κ|∂i |)
Usually a “sum-to-zero
constraint”
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Prior for κ

There are several issues!

What to do with singeltons?
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What to do with ‘sum-to-zero’
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What to do with effect of the
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Scaling (I)

Assume a connected graph

κ controls the deviation from the null-space

The geometric mean of the marginal
variances are
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Spatial models Area models

Scaling (II)

Scale each connected component to have
unit gmean

Singletons given iid std normal distribution

One sum-to-zero constraint for each
subgraph > 1 (variants)

Then κ is has clear interpretation as the
marginal precision, controlling the deviance
from the null-space
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Spatial models Area models

Scaling (III)

PC-prior for κ

Feasible max range (−1, 1)

Gives PC-prior params: (U, α) = (1, 0.01)
RR

(0−0.9]
(0.9−1]
(1−1.1]
(1.1−2.58]
Missing

formula = obs35 ~ 1+f(id, model=’besag’,

scale.model=TRUE, graph=’Toscana.graph’,

hyper = list(prec = list(

prior = "pc.prec",

param = c(1, 0.01))))

res = inla(formula, family="poisson", E=exp35, data=counties@data)
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Spatial models Area models

Towards the BYM-model

Additional random effect: structured and
unstructured

Here, there is a lot of “confusion” in the
literature

We also need to distribute variance between
the structured and unstructured part
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Spatial models Area models

The Leroux model

Unstructured precision matrix I

Structured precision matrix R

Leroux model

τ ((1− φ)I + φR)

Just the wrong way to doit!

Convex combination of precision
matrices???
What is φ without scaling???
No meaningful interpretation
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Spatial models Area models

The BYM model: alternative paramerisation

The basic idea is to have a convex
combination of two limiting cases

unstructured
structured (scaled!)

This means

Cov(sum) =
1

τ

(
(1− φ)I + φR−)

which is not the Leroux model

We have priors

PC-prior for τ to shrink the sum to zero
PC-prior for φ to shrink to the simpler
model φ = 0, and is graph dependent
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Spatial models Area models

Computation of the prior for φ

Depends on the graph or R−1

Computations need to make use of the
sparse structure of R

Let z = x + y , where x and y are indep
normal

Then z is the marginal from the joint
distribution of (x , z)

x ∼ N (0, ...) and z |x ∼ N (x , ...)

and (x , z) is Markov

And we need to use that

(I + A−1)−1 = A(A + I )−1
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Spatial models Area models

Prior for φ

Q = INLA:::inla.pc.bym.Q("Toscana.graph")

prior = INLA:::inla.pc.bym.phi(Q,

u = 0.5, alpha = 0.5)

phi = seq(0.01, 0.99, len=1000)

plot(phi, exp(prior(phi)), lwd=2, type="l")
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1
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Spatial models Area models

Application

Proper Poisson quantile regression...

formula = obs35 ~ 1+f(id,

model=’bym’,

scale.model=TRUE,

graph=’Toscana.graph’)

res = inla(formula, family="poisson",

E=exp35, data=counties@data,

control.family = list(

control.link = list(

model = "quantile",

quantile = 0.9)))

RR

(0,0.6]
(0.6,0.7]
(0.7,0.8]
(0.8,0.9]
(0.9,1]
(1,1.1]
(1.1,1.2]
(1.2,1.3]
(1.3,1.4]
(1.4,2.54]
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Spatial models Area models

Gaussian fields

Gaussian field in Rd (d≤ 3) with a Matérn
covariance function with fixed smoothness ν.

PC-prior for range r and variance σ2, with base
model σ2 = 0 and r =∞ (a constant).

Joint PC-prior is (dim= 2)

(1/r , σ) ∼ Exp(λr )× Exp(λσ),

with E(r) =∞ to prevent overfitting.
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Spatial models Area models

Non-stationary Gaussian fields

π(θ) = π(θstationary)︸ ︷︷ ︸
PC-prior for range & stdev

× π(θnon-stationary | θstationary)︸ ︷︷ ︸
shrinkage towards stationarity

H.Rue (bayescomp.kaust.edu.sa) about priors December 4, 2017 38 / 43



Spatial models Area models

Log(range) Log(stdev)
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Spatial models Area models

Non-separable space-time model

Based on Finn’s ideas

written up in the forthcoming PhD-thesis of Elias Krainski.

We need to understand the parameters in this model, which we can map
into

marginal variance

spatial range

temporal range
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Spatial models Area models

New nonsep space-time model
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PC-priors Discussion

Discussion: Priors

Not easy

Makes a difference

Need to ‘calibrate’ priors based on intuitive model properties

PC-priors is a principled constructive approach to construct priors,
and seems very promising

Easy and natural interpretation, as a well defined shrinkage to a
base-model: KISS!

Still work in progress
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PC-priors Discussion
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