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The Steiner Tree Problem

Steiner Tree Problem: Given N points P; € X in a metric
space, (e.g. X a graph, with P; given vertices), find a connected
(sub-)graph F C X containing the points P; and having minimal
length.

An optimal graph F is called a Steiner Minimal Tree (SMT).

Examples. X = RX: Euclidean (or geometric) STP (design of
optimal transport channels /networks w.r.t. given terminal
points)

X C G c R¥ (contained) in a fixed grid G (or X ¢ R¥ endowed
with the ¢! metric): rectilinear STP (optimal design of net
routing in VLSI circuits for k = 2, 3).

Euclidean STP is a NP-hard problem. Existence of PTAS,
especially developed in case k = 2.
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Euclidean STP - features of solutions
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Acyclic graph, max N — 2 Steiner points (incident angles = 120°)

No additional Steiner points < SMT = MST (Minimal Spanning Tree,
easy to compute)

Steiner ratio (MST/SMT) in R?: 2/+/3 (euclidean, open conj.),

2/3 (rectilinear
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Variational formulations of STP

Set formulation in metric spaces

Formulation of the STP in a metric space X [Paolini-Stepanov]:
given A C X a compact (possibly infinite) set of terminal points,

(STP) = inf{#'(S), S connected, S > A}

Existence relies on Golab compactness theorem for compact
connected sets. Allows for even further generalizations
(e.g. infH1(S), SU A connected).

Functional framework not easy for computations.
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Variational formulations of STP

Formulation for measures

STP vs Branched Optimal Transport.

Formulation for measures instead of sets: the network S connecting
the P; is made by streamlines of a vector measure (current)

= 0(x)Ts(x) - H' L_S flowing unit masses located at P;, i < N, to
Py. The transport cost is a sublinear (concave) function of the mass
density, to favour branching [Xia]. For 0 < a < 1,

(M.) = mf{ (1) = /S 6 () K (x), divie = (N — 1)5p, — Zap}

Rmk. (M) is well-behaved, as a mass minimization problem, i.e. the
minimization of the total variation norm M;(x) = ||x||, it corresponds
to an Optimal Transport Pb. with L' cost, (cf. Beckmann Pb.)

while (M) = (STP) corresponds to size minimization (minimizing
sequences a priori non compact).

Existence for o > 0: [Xia], [Bernot-Caselles-Morel], [Depauw-Hardt].
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Variational formulations of STP

Formulation for measures

Expected convergence (M,,) — (My) as o« — 0

(cf. [Marchese- Massace3|]

‘666

Figure 1: Optimal irrigation of two discrete measures by one single source for
a = 0.1,0.6 and 0.95

o e

Figure 2: Optimal irrigation of four discrete measures by one single source for
a=0.1,0.6 and 0.95

(picture from [Oudet-Santambrogio])
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Variational formulations of STP

Approximations for (M,,) and (M) in R?

Approximation of (Mp) in R? by F. (1) = Mo(z) + €My (1)
[Depauw-Hardt], [Morgan]

Variational approximation (via I'-convergence) of (M,,) through phase
transition functionals defined for u € H'(R?; R?)
[Oudet-Santambrogio]

M) = [ et [ 9up (@ve= - p)
R2 R2

Approximation of minimizers of (Mp) by minimizers of phase transition
functionals in R? [Bonnivard-Lemenant-Santambrogio], [Millot & al.],
[Chambolle-Merlet-Ferrari]

N
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where d,,(x;, xy) = inf{ [ p(x)dH(x), 7(0) = xi, (1) = xn}. Level
sets {d, = 0} are connected and d,, — d with {d = 0} = SMT.
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Variational formulations of STP

Optimal partitions in R2

If P; € 09, Q C R? convex, (STP) is related to a minimal partition
problem, e.g.
inf{ [, [Vul, ue BV(Q;{ey,...,en}), Ujaq = U} [Ambrosio-Braides]

Variants, approximations, convex relaxation and dual formulation:
[Otto et al.], [Oudet], [Bretin et al.], [Chambolle-Cremers-Pock]
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Variational formulations of STP

Plateau Problem in covering spaces

Interpretation of area minimizing surfaces as solutions of a Plateau
problem for currents in a suitable covering space of RX.
Use of the calibration method [Brakke],

The case k = 2 corresponds to STP: analysis and variational
approximation [Bellettini-Amato-Paolini]

Caibrations [Pluda-Carioni]
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Variational formulations of STP
Plateau Problem for polyhedral chains
Let’s try to formulate (STP) as a Plateau problem for polyhedral (or

rectifiable) 1-chains T =" L; with 0T =" a;P;
Integer multiplicities a; € Z are not suited: Plateau problem

corresponds to an OT problem (M;) = inf[|T||, with [| T|| = > [L;].

len L - curvents 7 \ >

Some examples of troubles: non connectedness, no Steiner

(branching) points...
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Plateau problem for G-currents vs STP
The approach of [Marchese-Massaccesi]
Let’s try with a more general discrete coefficient group G: what

should be the requirements on G?
G normed abelian group (e.g. G < E additive subgroup of a Banach

space E)
T=> qL, 0T = ZVIGL—ZQIP,, GEG =) 0
i=1 ien;
1T =Dl 15l gl =1V = 1T =) |4l

N N
ZQ:’P/ =0T < Z gi=0  (boundary)

Zg,- £0 VAC{1,..,N}, A£{1,..,N} (connectedness)

ien

| > iea 9ill = 1 ensures both connectedness and || T|| = > |L].
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Plateau problem for G-currents vs STP

The approach of [Marchese-Massaccesi]

Consider for example E = RN-1, G=2zZN-1, g; = ¢; for
i=1,.,N-1,gv=—S""e

Remark. Endowing E* (positive orthant of E) with the /> norm
fulfills all previous requirements!
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Plateau problem for G-currents vs (M,)

The approach of [Marchese-Massaccesi]

Remark. Endowing E* with the ¢9 norm fulfills all requirements for an
equivalent formulation of the irrigation problem (M,), with a = g~ .

Remark. any norm on E that coincides with /> (resp. £9) on E™* is
suited to handle (My) = STP (resp. (M,,).

A natural choice, having in mind optimal convex relaxations of the
problem, is to considet the largest possible extension to E (convex
1-homogeneous envelope) of r (resp. éf’B)

This envelope coincides with the norm introduced by
[Marchese-Massaccesi] to study (Mp) (resp. (M.,,)) via the calibration
method.
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Rectifiable G-currents

Original definition by [Fleming], generalization to metric spaces by
[Depauw-Hardt]. We follow [Marchese-Massaccesi].

Let G < E be a discrete subgroup of a (m-dimensional) Banach
space E, R c Rk a (closed) d-rectifiable set, 7(x) € A.(R¥) a
H9-measurable orientation for R (a unit simple d-vectorfield tangent
to R), and g(x) : R — G C E a H%-measurable G-valued multiplicity
function defined on R. The vector measure T (with spt T = R)

T=T(9,,R) =9g(x)@7(x)-HL_R

is a rectifiable G-current. Itis a limit in (C!)* of polyhedral G-chains.
Rmk. If g;, j = 1,.,m is a basjs for E, with ||gj|| = 1, then we may
write g(x) = >_; ¢ (x)e; with ¢/(x) € Z and accordingly T =3, Te;,
with 7/ = g/(x)7(x) - H? L_R a (cassical) rectifiable current.
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Normal (resp. integral) E- (resp. G-) currents

E-currents T are defined by duality with smooth compactly supported
E*-valued forms w(x) = 6(x) @ ¢(x) = 3, wj(x)€ € E* @ A*(R¥).

Exterior derivative dw(x) = =, dwj(x)e/

Mass norm || T|| = sup{T(w), [|0]le~ <1, ||¢]l« <1}
Boundary 0T (w) = T(dw). Rmk. 9T =3_,0Te;.
Tl <400 = T = (329 @7)|url,

T(w) = [ 2210(x), gi(x)) - (¢(x), 7i(x))d| 7|

Normal currents: N(T) = ||T|| + ||0T|| < +o0

Integral currents: both T and 9T rectifiable G-currents
T(w) = [oprr (0(x), 9(x)) - (6(x), 7(x))dH(x)

ITI = Japer 1901 dHI (%)

(CH)* closure and compactness theorem for N-bdd normal and
integral currents: apply componentwise [Federer-Fleming]
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Plateau Pb for Normal and Integral currents vs (M.,,)

Given S a d-rectifiable G-current, existence of mass-minimizers for
the Plateau problems

(Mg) =inf{||T||, T integral G-current, 0T = S}
(Mg) = inf{||T||, T normal E-current, T = S}

(Mg) is a convex relaxation of (Mg)

Rmk. Incase S = Zf; gi ® 0p,, (Mg) is equivalent to (M,,) in view of

Lemma (M-M)

For any compact connected set K C RX s.t. K O {P1,...,Pn} and
H'(K) < +o0, AT 1-rectifiable G-current s.t. 9T = S, spt T
connected and sptT C K.

Rmk. Structure of 1-currents: (nonunique) decomposition in acyclic
and cyclic part. T = 3>, Uy + 3=, Cp, with || T|| = 35 [|Uj]| + 32, | Cel|
and 9C, = 0. In particular, solutions of (M,,) are acyclic.
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Plateau Pb for Normal and Integral currents vs (M.,,)

Rmk. For G=Z and E =R, (Mg) and (Mg) are equivalent in case T
is a 1-current [Smirnov], [Paolini-Stepanov] or a (k — 1)-current
(coarea formula). Much less is known for d-currents, 1 < d < k — 1,
and also for 1 < d < k — 1 for general G. In particular, the conjecture
(Mg) = (Mg) is open for 1-currents in RX.

Rmk. (Mg) = (Mg) if the normal E-current T decomposes as

T = [, Tadxand 0T = [, dT\dX with T, integral G-currents, with
IIT]| = [, |ITAlldX (true in the classical case E = R and G = Z:
Smirnov decomposition of solenoidal vector fields into elementary
solenoids)

Rmk. (Mg) = (M) if and only if the following homogeneity property
holds for integral G-currents T with fixed boundary:

inf{||T||, 0T =nS}=n-inf{||T||, 0T =S}  VneN.

(Mg) = (Mg) follows in combination with the approximation of
E-currents by rational multiples of polyhedral G-currents.
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Calibrations

A method to prove that (Mg) = (Mg) for some given boundary S is to
construct a calibration for the minimizers of (Mg).

Let Ty be a minimizing G-current. An element ¢ of the dual space of
To (a generalized E*-valued differential form) is a calibration if

(o, To) = || Toll, llell« <1, {p,0R) = 0 for every E-boundary 0R.

In fact, for any E-current T s.t. 9T = S = 9T, there exists R s.t.

T = Ty + OR. Hence

I Toll = (¢, To) = (#; To + OR) = (¢, T) < [|el||ITI| < || T]]

and Ty is also minimizing among normal currents. The method is
used when the candidate minimizing G-current Ty is known.

Remark. In [Marchese-Massaccesi] some examples of (generalized)
calibrations are constructed for STP with terminal points at the
vertices of an equilateral triangle, of a square, of a hexagon and at
the vertices of a hexagon together with its center.

In [Massaccesi-Oudet-Velichkov] an approximation scheme is
implemented to find them numerically, and tested in the above cases.
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Convex relaxation of (M, ) in R¥ [BOO]

Let S be an integral G-boundary. Interested in S = 3"V, g;dp,

Let Ty be an integral G-current s.t. 9To = S. For any other T normal
E-current s.t. 9T = S, we have 9T = 9Ty, hence in R¥ there exists
an E-current R such that T = Ty + OR.

Rmk. If T is an integral G-current then we may choose R to be
integral (by Federer deformation Thm).

Hence we may reformulate (Mg) and (Mg) as follows

(Mg) =inf{F(R) =||To + 0R||, R integral G-current}
(Mg) =inf{F(R) = ||To + 9R||, R normal E-current}

Remark. For k = 2, R = xdu, with u € BV(R?; Z).

Remark. ([Alberti-Baldo-O]) dR integral 1-(classical) boundary in R,
k >3 < Juec WHP(RK R, |u| =1a.e. st R = Ju, where

Ju = 5« d(ur (pF " volgi—2)) = 5 *d(z (1) ).
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Convex relaxation of (M,) in RX

Example. S = e(dp, — 6p,) + €2(5p, — 0p,) iIN RX, k =2, 3.

Case k=3. 0R = Juje; + Juzez, uj € WHP(R3; ST,
Juj = IV x (Ul Vu? — u?vul)

Case k=2. 0R =V 'uie; + V' her, u; € BV(R? 7Z)
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Convex relaxation of (M,) in RX

Revisiting (Mg). Let To = (' g/e)) @ 71! LsptT = 1" ey,
and R = Z/'i—ﬂ Ju;e;. Denote U = (uy, ..., uy—1), we have, for k > 3,
FR)=FU) = [ sup |+
1<j<N-1
where |; + Juj| is the total variation of the vector measure p; + Ju;.
In the case k = 2 we obtain

f(H):f(U):/ sup |+ V7 y

1<j<N-1
with u; € BV(R?;7Z), i.e. a minimal partition problem with drift term s

Remark. If P; € 99, Q c R? convex, take Ty s.t. spt To N Q = 0.
Minimizing F(U) reduces to the minimal partition problem

Fa(U) = / sup [V
Q

1<j<N—1

for u; € BV(Q; Z), with suitable Dirichlet boundary conditions
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Convex relaxation of (M,) in RX

Revisiting (Mg). Write the normal current R = Zj'\fﬂ Rle,

set A/ = xw; with w; a measure-valued (k — 2)-differential form.

We have 0R; = «dw;. In the same way let y; = xn; and let §; = *7;
(1-form) and v; = *w; (2-form).

Denote Q = >~ wje;, W =3, v;€j, recall d* = — x d« on 2-forms. We
have

F@=FW) = [ s [@+da)l= [ s 5=

1<j<N—1 1<j<N-1

for Q, v e L' with dQ, d*V € M.

Recall: for a 2-form § = 3=, ;. 6"dx; A dx; in R¥ we have

§ o0 90
d9—2<z ax’)dx,

i=1 1<j<i i<j<k
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Convex relaxation of (M,) in RX

Examples in R? and R3.

Case k = 2. We have F(Q2) = / sup  |uj+ V' w))|
1<j<N—-1

for w; € BV(R?). (Mg) =inf{F(Q), Q€ BV}

Case k = 3. We have F(Q) :/ sup |+ V x wj)|

1<j<N-1
for wj € L'(R3;R3), and V x wj € M(R3; R®).

(Mg) = inf{F(Q), Qel, dQe M}

Numerical approach. We develop a discrete approximation scheme
for (Mg) = inf F(Q) = inf 7(V¥) based on proximal operators and
alternate projections. Remark that this gives also a discrete
approximation scheme for the mean curvature flow of networks with
given terminal points in the non parametric framework.
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Dual formulation

Also the dual formulation is suitable to exploit efficient discrete
approximation schemes as e.g. in [Chambolle-Cremers-Pock].

Let = =}, {;e; the matrix-valued measure form representing To, and
d*V the one representing 0R. Let ® = 3_, ¢;¢; be a test form. Then

F(W)= sup [¢—d"y|(RY)
1<j<N-1
== - d"V| =sup{(=—d"V,d), [[¢|[. <1}
= sup{(Z, ®) + (V,d®), [||[. <1}

where ||®||, = sup, [ 1" ¢;(x).

Remark. This formulation extends (and rigorously justifies!) the dual
formulation for the minimal partition problem in a convex subset of R?
proposed by [Chambolle-Cremers-Pock].
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Reformulation of (Mg) as a Beckmann-type Problem

Recall that given two distributions f, and f; of equal mass in R, the
Beckmann optimal allocation problem consists in finding

inf{/ ., divu—f1fo}
Rk

among y vector Radon measures on RX.

For S = Z;i‘ﬂ 6 @ (p, — Jpy), let T_: >_j Hj€ anormal E?current
(emph. p; vector measures). Condition 9T = S translates into

diV/LjZ(SPj—(SPN, j=1,...,N—1
and (Mg) translates into

inf{/sup,uﬂ, divu; = ép —dp, V1 §j§N1},
J

to be compared with the Beckmann - OT problem

inf{/lel, div > py = ZJP —15PN}
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A discrete convex setting based on Chambolle-Cremers-Pock

Non uniquement provides convexe combination of minimizers

h2
min > > jan

(ul)1<i<n€L, @B pcqr,... . n—13 ER2T)2V ! 2 teT Pc{l,...,.N—1}

(V'u}) = > (Wh)e

Pc{1,..,N-1},ieP
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1
Link with irrigation problem / ACH) /Q . |Dul|? + ﬁW(“? )

27
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Variational approximation for (Mg) = (M,)

Goal: find functionals F.(U) of Ginzburg-Landau type that
approximate F(U) in the sense of I'-convergence. Recall some facts:
Case k > 3: define E.(u) = [, |Vul*~" + L(|ul? — 1), with

ue WH1Qc R",Rk 1) Then for any sequence (u.) of minimizers
of E. (under given constraints) there exists u € W'P(Q; Sk-2) s.t. (up
to a subsequence)

]
lloge]

and Ju is a mass-minimizing integral boundary in Q (under
corresponding limiting constraints) [Alberti-Baldo-O]. Cf. also
[Sandier] in case Q = R¥ \ {P1, Ny, ..., Py, Np}.

Case k = 2: define E.(u) = [,,|Vul? + L sin®(ru), with
ue W'23(Q cR?). Then up to a subsequence of (constrained)
minimizers (u.) of E, there exists u € BV(Q; Z) s.t.

Ju, — Ju in (C}(Q))", E.(uc) — |Ju|(2)

uo—u inl', eE.(u)— c|Vu|(Q)

and Vu is a (constrained) minimizer of the TV in Q [Modica-Mortola].
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Variational approximation for (Mg) = (M,,) [BOO]

Casek =2: For p = 7H"_~ a multiplicity one rectifiable 1-current in
R?, define EF(u) = [, e*(u)dx = [o, [u+ VT ul? + L sin(ru), with
ue Wh2(Qc R2) Then, up to a subsequence of minimizers (u,) of
E" there exists u € BV(R?; Z) s.t.

uo—u inl', €eEMu.) — colu+ V' ul(R?)

and u minimizes | + VT u|(R?) on BV(R?; Z) (cf. [Baldo-O])

M. Bonafini, G. Orlandi, E. Oudet Euclidean Steiner tree problem 2/91/17



Variational approximation for (Mg) = (M.,,)

Proposition ([BOO] '-convergence, k = 2)

LetPy,... Py € B2, S = YN ;@ (55, — 0p,), To = 07 mjey it
0Tp = S.

ForU = (uy,..,un_1) € W'2(R%;RN-1) Jet

fE(U):/]R sup e/(uj)dx.

2 1<j<N—1
Let U. be a minimizer of F.. Then, up to a subsequence,
U. — Uin LY(R?;RN=1), e F.(U.) — coF(U) and

U minimizes F on BV(R?; ZN-1).

M. Bonafini, G. Orlandi, E. Oudet Euclidean Steiner tree problem 2/91/17



Variational approximation for (Mg) = (M,,) [BOO]

Case k = 3: Let Ty = u = 7H'" L~ be an integral current without
boundary in Q ¢ R3, so that in particular we have, for a good cover
{Vi}of Q, ul_ V= Jvf = xdA?, with A* = v* x av’, v! ¢ WP(V,; C),
|v¢| = 1. The expression Vsu = Vu + iA’u on V, defines globally on
Q\ {P4, ..., Pn} a covariant derivative V4u. Let

EX(w) = [ et(w)dx = [ [Vauft + (1 u)
Q Q

for u € W'2(Q; C). Let (u.) be a sequence of minimizers of E*.
There exists u € W'P(Q; S') s.t. (up to a subsequence)

. 1
Ju. — Ju in (CH(Q))*, mEe(ue) — |+ Ju|(Q)
and T = Ju+ p = Ju + Ty is a mass-minimizing integral current
without boundary in Q in the integral homology class of Ty.

(cf. [Alberti-Baldo-O, Baldo-O, BOO])
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Variational approximation for (Mg) = (M.,,)

Proposition ([BOO] I'-convergence, k = 3)
LetPy, .. .PyeR% S=311"6® (65 —dp,). To= Y 16 sit

0Ty =S.
ForU = (uy,..,un_1) € W'2(R3,CN-1) Jet

J:E(U):/R sup  el’(u;) dx.

3 1</<N-1
Let U. be a minimizer of F.. Then, up to a subsequence,
JU. — JU in (C}(R®))*, “o‘Tle-‘E(UE) — F(U) and

U minimizes F on W'P(R3; (S1)N-1).
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Variational approximation for (Mg) = (M,,) [BOO]

Case k > 3: Let —To = 1 = 7H' L_~ be an integral current without
boundary in Q c R, so that in an open neighborhood W ¢ Q of
spt To, ul_ W = Jv, with v € WP(V; Rk, |v| = 1.

Let B=1y Vv and define

Er(w) = [ etu)o= [ [Vu— B+ (1~ ol

for u € WTK(Q; RkK—1). Let (u.) be a sequence of minimizers of E*.
There exists u € W'P(Q; S¥-2) s.t. (up to a subsequence)

U E(u) i — (@)

Jue — Ju in (GH(Q)", TogalE

and T = Ju — p = Ju+ Ty is a mass-minimizing integral current
without boundary in Q in the integral homology class of Ty.

(cf. [ABO, BOO])
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Variational approximation for (Mg) = (M.,,)

Proposition ([BOQO] F—convergence k > 3)

S.t 87-0 = S
For U = (uy, .., un—1) € WHAT(RK, RAN=1)) fet

]-}(U):/R sup e’(uj)dx.

K 1<j<N-1
Let U, be a minimizer of F.. Then, up to a subsequence,
JU, — JU in(C(}(Rk)) = F(U) = F(U) and

U minimizes F on WP(RK; (Sk—=T)N-1),

2 |Iogs|
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Gamma-convergence and first results associated to this

formulation (non convex setting, local minima)

i 2y Lo
iy = [ 1Dl W

Gy = [ h sw i)
Q\y; 1<i<N-1

(1,0,0.0,0,0] [0.0,0{1.0,0]

[0.0.0,1,1,1]f [0.0,0,0,0,1]

(-1.-1,-1.-1,-1-1)
—
[0,0,1,1,1,1)

[0,1,0.0,0,0] [0,0,0.0,1,0]
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Harmonic maps with prescribed degree and (M,)

[Baldo-O] ’17

Recall the relaxation result for harmonic sphere-valued maps with
prescribed degree ([Brezis-Coron-Lieb], [AImgren-Browder-Lieb])

inf{/ |Du|k1} _olP—Q|
v Rk

P,QcRK, V ={uec WHK(S), deg(u,P) = +1, deg(u,Q) = -1}

Proposition ([Baldo-O] '17)

Let Py, ..., Py € R* and define, fori=1,....N — 1,
Vi = {u e WUK(RK, Sk=1), deg (u, P;) = 41, deg (u, Py) = —1},

E(U):/ sup |Dui|"*1, U= (u,..,un—1) e V=1V,
R

K 1<i<N—1
We then have infyE(U) = cx(Mp)

Rmk. Generalizations to (M,,) and to arbitrary dimensions/ambients
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Some concluding remarks

Remark. Previous theory may be generalized to solve variants
of STP, and (M,,), e.g. rectilinear STP, (M,,) on manifolds (cyclic
part has to be taken into account), on sufficiently nice metric
spaces (e.g. manifolds with densities),...

Remark. Useful formulation of the size minimization problem in
homology classes of manifolds (cf. [Morgan])

Remark. Numerical implementation for F. in case k = 2,3 cf.
[Bretin et al.], [Oudet] for k =2

Remark. Find analogies (if any) with dynamical models of
transport (e.g. colliding/sticky particles with mass absorbtion)

Remark. General open question: prove, disprove, establish
conditions under which (Mg) = (Mg).

(e.9. (Mg) # (Mg) incase || - ||g = || - ||¢=, calibration example
in [BOO])

Thank you for your attention!
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