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New features in the Ginzburg-Landau theory
Noncentrosymmetric superconductors in a nutshell:
» Examples in 3D, 2D, and 1D
» Electron-lattice spin-orbit coupling and electron band splitting
» Rashba model
Cooper pairing in nondegenerate bands:
» Intraband vs interband pairing
» Two-band model
Unusual nonuniform superconducting states:

» Helical states
» Interband phase solitons
» Zero-field instabilities
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Ginzburg-Landau free energy

Bardeen-Cooper-Schrieffer theory: superconductivity is due to the
coherent motion of the pairs of electrons with k and —k near the
Fermi surface (Cooper pairs)

Order parameter in superconductors = wave function of the pairs

Single component: 5(r) (e.g., classic BCS or high-7.. SCs)

Many components: n; (7), ...,nn(7) (€.9., N = 2in SrosRuO4, N =9in
superfluid >He)

Simplest model of noncentrosymmetric SCs:
N = 2, order parameters 7 (r),n_(r)
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Ginzburg-Landau free energy

Free energy denSity: F= Funiform + Fgradient + Fmagnetic

Single component — standard GL:

B a 2, (B-H) —
= —T)n*+ = K|D .  D=-iV+_—A
F=a(T =To) " + 50" + K|Dn|” + ——2-——, iV 4+
Noncentrosymmetric superconductors:
Funiform = 41 (T)|77+|2 + A2(T)‘777|2 + AB(ninf +c.c.)

+ Bins|* + Baln-|* + Bslny *In-?
+ Biy*n? +c.c.) + (Bsns|? + Beln-|*)(nin— + c.c.)

Sensible approximation: B3z = By = Bs; = Bg =0
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Ginzburg-Landau free energy

H no orbital effect:
2DSC e M Lo
in a parallel field i B(r)=H

GL free energy density: F = F, + F_ + v, (nin- +n-ny)

Intraband contributions:

Fx = axlml® + Balml* + Kx Vi [?
+KxIm 5 (H x V)] +  LyH?In|?
—_———

Lifshitz invariant ”diamagnetic” term

Superconducting current by the pairs:

3 =—4e) KxIm(n3Vny) +2¢ Y Ky(H x 2)[n,|?
A A

Lifshitz invariants (Mineev & KS '94; Agterberg '03; KS '04) =
unusual nonuniform SC states, etc
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3D noncentrosymmetric superconductors

o) Li,PtsB (2K), LisPd3B (8K), MosAl,C (10K)
Td Ti5Reg4 (66K), Y203 (1 7K), TLa384 (8K)

T LaRhSi (4K), LalrSi (2K)

Cu CePt,Si (0.5K), CeRhSis (1K), CelrSis (1.5K)
C. LasB,Cs (7K)

Csy MoN (15K), GaN (6K)

Dy, MoC (9K), NbSe (6K), ZrPuP (13K)

Cs. MoS, (1K)

C. Ulr (0.1K)

inversion I

R

(from E. Bauer et al, PRL 92, 027003 (2004))
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2D noncentrosymmetric superconductors

6 La,Cu0,
Insulator/insulator interface: s L2000,
LaAlO;/SrTiO3 (LAO/STO) . L0,
LaTiOs/SrTiO3 (LTO/STO) E Leu0,

2 La,CyarZ5:0
Metal/insulator interface: 1 oo
LSCO/LCO e,
Doped insulator surface: . R
STO, WO,3 M 4 9  La, ;Sr, ,,CuO,
Typically: T, <1K 5 : il

FeSe single layers on doped STO
substrate: 7.=109K

SUBSTRATE

(from J. Pereiro et al, Phys. Express 1, 208 (2011))
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1D noncentrosymmetric superconductors

Superconductor

Proximity-induced
superconductivity

in semiconducting wires n

Y2

(experiment: InSb nanowire on Vi V3 V3 Vi1
NbTiN SC substrate, H — 100mT) ~ L I i ——

(from M. Leijnse and K. Flensberg,
Semicond. Sci. Technol. 27, 124003 (2012))

~1 and - — topologically-protected zero-energy bound states
a.k.a. Majorana quasiparticles
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Electron bands

No inversion + spin-orbit coupling — nondegenerate Bloch bands

Time-reversal K (K = i62K))
and inversion I: |
|k), KI|k) belong to k
K|k),I|k) belong to —k
bands twofold degenerate at all &

Time-reversal K, no inversion:
|k) belongs to k
K|k) belongs to —k
bands nondegenerate at (almost) all &
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Spin-orbit coupling

" 6[VU(r) x ﬁ]J

P b
4m?c

Electron-lattice SO coupling: H = o +U(r) +

Noninteracting electrons:

Hy=>" Y leu(k)duvlas +iAum(k)dap + B (k)oas)k ks
k,uv o,f=1,]

I—symmetric I—asymmetric

Auv(k) = _Auu(k) = _AW(_k)

By, (k) = By (k) = =By (k)

+ additional constraints due to point-group symmetry

Band degeneracy is lifted if B,,, (k) # 0

4
Nondegenerate Bloch bands &, (k) = &,,(—k) labelled by n
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Spin-orbit coupling

TR invariant points: —K = K + G )

K, K,
2D square lattice (spacing = d) y
G, Gy Gi+Gs G2
Kl = - = X ' =2
{ Z} {07 9 g 9 } - GW/Z > .
2, 2 1 2
G, = Ema Gy = 73/

Bloch bands &, (k) remain
pairwise degenerate
at the TRI points
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Electron band structure

band 61-hole 63-hole 65-¢lectron
B

Band structure of
CePt5Si: band 62-hole

SO band splitting:

CePt38i: FEso ~ 200 meV

Li,PdsB:  Eso ~ 30 meV Eso > SC energy scales |
Li;Pt;B: Eso ~ 200 meV

LAO/STO: FEso ~ 1..10 meV
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Minimal model of SO coupling

Generalized Rashbamodel: Hy = > [eo(k)dap+ v(k)oas ]a;aakﬁJ
k,ap=1,{ X

antisymmetric SO coupling, By (k) = ~v(k) = —v(—k) )

Two Bloch bands: &, (k) = e(k) + |y (k)]
(band index n = A =+ — helicity)

The original Rashba model:
v(k) = a(kyd — kz 1)
Ex(k) = e(k) + |al\/ k2 + k2
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Symmetry of the SO coupling

Point-group symmetry: gv(g~'k) = v(k) (g - lattice rotation or
reflection)

21 PGsin 3D ’73D<k)

o alkod + kyj + k. 2)

Cu ar(kyd — k) +das (kY — k2 )k, 2

T, alky (k2 — k2)& + ky (k2 — k2)9 + k. (k2 — k2)2]
10PGsin2D  ~ap(k)

(of) (a1]€w + agky)i + (a3k‘m + a4ky)g} + (a5k$ + aﬁky)é
CQ (alkx + agky)i‘ + (agkx + (14k‘y)g

D, a(kyd — kz7)

Dg a(kyZ — kz9)
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Symmetry of the SO coupling

5 point groups in 1D Y1ip(ks) = ak,

C, = {E} a=a1% + asy + asz
D, ={E,o,} a = axf + azZ

D, ={E,0,} a = axy

C, ={F,0.0,} a=ait + asxj

V={F 0,0y 0.0y} a=asj

SC in quantum wires:
no reflection symmetry z — —z
due to substrate
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Superconducting pairing in nondegenerate bands

In real noncentrosymmetric SCs: T.< e. < Eso,€ep J

interband pairing

is suppressed [/ Fulde-Ferrel
Larkin-Ovchinnikov
state

(

only intraband ‘

pairing survives (‘,
A (k) A_(k)
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Superconducting pairing in nondegenerate bands

Cooper pairing of the time-reversed states in the same band:

!/
znt E E V;ln k k ck:—i—q ,,Ck ,,Ck:’ rL’Ck’+q n’
kk’q nn’

o =Kef K= tu(k)cly
phase factor, t,,(k) = —t,,(—k) j

Mean field (M = # of nondegenerate bands crossing the Fermi level):

M
Hyp = % SNy [An( )b o+ A;(k)ék,nék,n}

keBZn=1

Gap functions are even: A, (k) = A, (=k) J
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Superconducting pairing in nondegenerate bands

Symmetry properties: K : A, (k) — A’ (k)

g c G An(k) — An,(gilk)

Basis-function expansion (in IREP T): A, ( Z e ba(k

Mdy order parameter components \J

Example: Gy;p =D, (e.g. oxide interfaces)

r dr | ¢r(k) = ¢r(—k)

Ay 1 1

Ay 1 ok (k2 k)
B 1 k2 —k;
B, 1 kok,

E 2 -
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Superconducting pairing in two-band model

Band representation: A, (k) = Ay (=k), A_(k)=A_(-k)

Spin representation:

Aup = As(k)(i02)ap + A(k)Y(K) (i662)ap singlet-triplet mixing
———
d(k)=—d(—k)

Ay (k) + A_(k)
2 )

A (k) = A_(k)

A, (k) = )

Av(k) =
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Novel features in superconducting state

This talk:

» Unusual nonuniform states: helical, phase solitons, zero-field
instabilities

Not today:

» Topology in normal state: Berry flux, Z, invariants

» Topology in SC state: bulk-boundary correspondence, Majorana
quasiparticles

» Magnetoelectric effect

» Unusual effects of disorder
> ...
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Ginzburg-Landau free energy

Simplest case: unit IREP, two bands: n=XA=+ = n.(r), n_(r)

2D SC Zt Hlly

in a parallel field |

GL free energy density: F =F, + F_+ F,

Intraband:

Fy = (uniform terms) + K| V0|2 + Ky Im [n5(H x V).nx] +LaH?na|?

Lifshitz invariant

N F 2
2

TcO

Np ~ N

A2 FA

Ky~ —5~vE,  |[Kx| ~ 1BUF N, Lx~

T2 T2
c0 c0

Interband pair tunneling:  F,,, = v (70— + n ny)

Lifshitz invariants = nonuniform instability

Kirill Samokhin Noncentrosymmetric superconductors



Low fields: helical state

Helical state — stable at low field | a(1) = me'” |

q=CH, T.(H)= Tcg—C’szJ Cip= 01,2(01:|:,K:|:3K:E7L:|:)

L __cOFr 20F
VY Y W VAV, P

No supercurrent in the helical state:

Origin of the modulation: band displacement and deformation by H
Ex(k) = Ex(k) = &(k) — AupY (k) H, Ex(k) # Ex(—k)

H+#0
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(Possible) phase diagram in 2D

SN=0 5 ON=0.05

helical (single g):
Nt (r) = Age*?”

stripe (multiple q):

.| Stripe Helical Stripe ™,

igr
R ceeud ne(r) = E Age'?
i Helical q
Uniform 1
0.0 0.2 0.4 0.6 08 1.0 00_0 0.2 0.4 0.6 0.8 1.0
T/Tc T/Tc

(from D. Agterberg and R. Kaur, PRB 75, 064511 (2007))
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High fields: phase soliton lattice

High fields: competing phases?

London approximation: 7y (r) = |ny|e"#*®)

Supercurrent: j, = —4e Y Ki|n[*Voox +2¢H > Kylna* =0
A A

current conservation + boundary conditions

1 p
Vepr =——Vi0+¢q, Vo =——"-—V,0+
P+ 1+, q P T+p " q
Kylnyg? _H Y\ Kam/[?

O=pr -9, p= NES
* K_|n_|? 2 >0\ Kol ?

w4 and ¢_ arelocked (9 =0orm) = helical state

V.0 #0 = phase soliton state
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High fields: phase soliton lattice

London free energy density:
f=0)+ 1(Vf,309)2 + Vo(1 — cos®) — h(V,0)
N——

2
bias
H(K, K.
h=" = -2, Vo |vm
B <K+ K)’ 0 o [V

Sine-Gordon equation single soliton (v, < 0):
. ——  0(x) = m + 2arcsintanh(z /&)
20 — Vysinf =
Vab = Vosind =0 &5 =1/+/Vo, energy = ¢;

At low soliton density ns:  Folitons — Fro solitons = (€1 — 2mh)ng + ...

Soliton lattice

ath > hs =¢/2m
lattice spacing

~ 26 InHy/(H — Hy)

02m

i 3
x/1
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Zero-field nonuniform superconducting states

Lifshitz gradient terms are possible even at H = 0!

GL energy for a tetragonal SC, point group Cy,:
F=F(+F_ +F,+F,

Additional Lifshitz invariant: Fr = K Re(n} V.n_ —n*V.ny) J

Zero-field nonuniform instability: 7, = ’77A,0€W if K > K.

Attempt at microscopic derivation:

~ 1 A Jal L ~
Hip = v Z Z Vi (K, K'; q)c;chrq,)\c;fc,)\ck',)\/Ck'+q7>\'
kk'q AN

q-expansion: Vs (k, k/; q) = U)\)\/(k, k,) + ib)\)\/(k, k’)q + O(qz)

treat as a perturbation —J
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Zero-field nonuniform superconducting states

k, A K, A

Correction to the free energy = < >

K, A KA

c

. ey 1 9 2¢Ce,
Magnitude of the Lifshitz term: K = §N+N, In — 18]

B= (b, (kK)) — invariant polar vector (for Cu,: 3 || 2)

B # 0 in pyroelectric crystals:
G = Cla CSv 027 CQU7 C4a C4’U) C37 C3’Ua C67 CGU
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Zero-field nonuniform superconducting states

Other types of zero-field Lifshitz invariants:

weak SO coupling + spin-triplet pairing:  A(k,r) = d(k, r)(i6:62)

dr
inIREP It d(k,r) = Zna(r)‘aoa(k)v Ppalk) = —pa(—k)

a=1

e.g., 3-component order parameter n = (11,72, 7n3) in a cubic crystal
G=0, T'=F, ~v(k)=k ¢auik)x<eauk;

Lifshitz invariant:  F, = Kp(n;Vyns + 15 V.m +n3Vane + c.c.) J

LI magnitude depends on the SO band splitting: K, « |yo]
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Open questions

In the presence of the Lifshitz gradient terms:
» Stable SC states, H — T phase diagram, in 2D, 3D?
» Single vortex structure? Abrikosov vortex lattice structure?
» Nonequilibrium properties (TDGL)?
Same questions — in other SC systems with “built-in” periodic
instabilities
e.g. for the Fulde-Ferrell-Larkin-Ovchinnikov state (high-field
paramagnetically-limited BCS):

Fgradient = _K2|D77|2 + K4‘D277|2
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Conclusions

» Absence of inversion symmetry + electron-lattice spin-orbit
coupling = nondegenerate electron bands

» Momentum-space symmetry of the SC states in
noncentrosymmetric crystals differs from the standard
centrosymmetric case

» The SC order parameter in noncentrosymmetric SCs has at least
two components, one per each helicity band

» Linear gradient terms in the GL energy (Lifshitz invariants) are
responsible for a variety of new effects, e.g. nonuniform SC
states, even at zero applied field

Supported by ® gggzg
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