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Schrodinger operators with purely imaginary electric

potentials

A=-A+iV

@ Linearized Ginzburg-Landau with current and no magnetic
field

e Orr-Sommerfeld equations - hydrodynamic stability (mainly
1D)

@ 2D Bloch-Torrey equation (dMRI)

oM — AM — M x B=0

@ controllability of Kolmogorov type equations
Oif + V10 f — 92 = u(t,x,v)

periodic (y =1,2)
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1D analysis

2
c=- L D)= (e HEO) e BE.0))

Ivlev & Kopnin (1984), Davies (2007)
(£—-N"
Claim: o(L£) =0

Three Proofs:
1. Show that Ker (£ — X) = {0} vAeC
A € R by translation x — x — &

u= CAI(e™5(x + i\)) + GAI(—e ™/%(x + i\))=u ¢ [2(R,C)
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1D analysis

2
c=- L D)= (e HEO) e BE.0))

Ivlev & Kopnin (1984), Davies (2007)
(L=

Claim: (L) =10

Three Proofs:
1. Show that Ker (£ — X) = {0} vAeC
A € R by translation x — x — &

u= CAI(e™5(x + i\)) + GAI(—e ™/%(x + i\))=u ¢ [2(R,C)

2. Translational invariance: XA € o(L)=A+iv € o(L) Vv € R
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1D analysis

2
c=- L D)= (e HEO) e BE.0))

Ivlev & Kopnin (1984), Davies (2007)
(L=

Claim: (L) =10

Three Proofs:
1. Show that Ker (£ — X) = {0} vAeC
A € R by translation x — x — &

u= CAI(e™5(x + i\)) + GAI(—e ™/%(x + i\))=u ¢ [2(R,C)

2. Translational invariance: XA € o(L)=A+iv € o(L) Vv € R
Discreteness of the spectrum=-c(L) =0
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3. Semigroup estimate:

e+ Lu =0 —u=e t£f
u(+,0)="f

0: Fourier transform in x of u

<

~  db
+w2uA—% 0
,0)=1

S

—~ ~+
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3. Semigroup estimate:

e+ Lu =0 —u=e t£f
u(-,0)=f

0: Fourier transform in x of u

ot + Wi~ -0
o(-,0) = f

A 1
i(w,t) = f(w)exp {—w2t —wt® — 3t3}
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3. Semigroup estimate:

e+ Lu =0 —u=e t£f
u(-,0)=f

0: Fourier transform in x of u

ot + Wi~ -0
o(-,0) = f

A 1
i(w,t) = f(w)exp {—w2t —wt® — 3t3}

et < Cem*/P=0(L) = 0

Davies (2007)
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Semi-infinite 1D problem

Dirichlet
2

d?
£l = — 5t ix D(LY) = H*(Ry) N HF(R4) N L2(Ry; x* dx)
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Semi-infinite 1D problem

Dirichlet

d2
£l = — 5t ix D(LY) = H*(Ry) N HF(R4) N L2(Ry; x* dx)

o(LY) = {e™ 3oy Ai(va) =0
span(£P) = L2(R, ) Almog (2008), Almog & Helffer (2015)
Neumann, Robin
D(LR) = {u € H*(Ry) N L*(Ry; x*dx) | /(0) = ku(0) }
Transmission u = (ug, u_)
D(L]) = {u e H*(Ry) x H*(R_) | xu € L*(R)
U (0) = v’ (0) = &[u4(0) — u-(0)]}
Grebenkov, Helffer & Henry (2016)
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d -2 2
EQZ—@—FIX (ﬁz) ( )ﬁL(Rxdx)

Yaniv Almog Complex Schrodinger



2
Lr= —% +ix* D(L2) = H*(R) N L*(R; x* dx)
X

o(L2) = {e™*(2n —1)}2, span(Ly) = L3(R).
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d2
Lzz—ﬁ+/x D(£2) = H*(R) N L%(R; x* dx)
o(L2) ={e™*(2n —1)}32;  span(Ls) = L*(R).

Higher dimensions

Yaniv Almog Complex Schrodinger



d2
Ly = —ﬁ + /X (EZ) ( )m LZ(R X dX)
o(L2) = {e™*(2n—1)}32;  span(Ls) = L*(R).
Higher dimensions
PP=—A+iV V(x)=a1xF +axa (x1,%) € Rx R,
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d2
Lzz—ﬁ+/x D(£2) = H*(R) N L%(R; x* dx)
o(L2) ={e™*(2n —1)}32;  span(Ls) = L*(R).

Higher dimensions
PP=—A+iV V(x)=a1xF +axa (x1,%) € Rx R,

arap > 0=D(PP) = {u € H*(R%) N H3(R%)| Vu € L3(R1)}
Almog & Henry (2016)
IPPull3 = [|Aul3+] Vul3-23(uV V, Vu) YueC=(RZ)NH;(B1(0, R))

IVV| <2+ 3?14 V2
\
1Aull3 + [[Vul3 < CIPPull3 + [|ul3)-
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n—1
P=-A+iV V(X):anx,,+2ajsz aj #0V1I<j<N
k=1
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n—1
P=-A+iV V(X):anx,,+2ajsz aj #0V1I<j<N
k=1

VVI

V2 unbounded

Definition

reN. VeT,if

v
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n—1
P=-A+iV V(X):anx,,+2ajsz aj #0V1I<j<N
k=1

VVI

V2 unbounded

Definition

reN. VeT,if
Q@ Ve C""Y(R",R)

v
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P=-A+iV V(x —oznx,,+Zon aj #0V1I<j<N

VVI

V2 unbounded
reN. VeT,if
Q@ Ve C""Y(R",R)
Q@ (G > 0:
|Br‘nax IDEV(x)| < Gom(V,r,x) V¥x€eR"
m:=m(V,r,x) = Z|DO‘V(X |2+ 1.
|o|<r

v
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Py=—-A+iV,VeT,
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Py=—-A+iV,VeT,

Proposition (Almog, Grebenkov & Helffer)

112 —22:711_1 2
[m2 =1 ul|® + [[m "2 =1 Vul|* <

C (IPvull® + l[ull?) , Vu € C5°(R")
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Proposition (Almog, Grebenkov & Helffer)

112 —22:711_1 2
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Py=—-A+iV,VeT,

Proposition (Almog, Grebenkov & Helffer)

112 —22:711_1 2
[m2 =1 ul|® + [[m "2 =1 Vul|* <

C (IPvull® + l[ull?) , Vu € C5°(R")

r=1

lm*3ul3 + | Vull3 < C(IPvul3 + llull3) Vue G°(R")

4
D(Py) = {u € H*(R")| Vu € L*(R")}

m —— 0o=(P — A)"tcompact
|x]|—o00
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Half-space

#e{D,N,R} RT = {x € R"|x, > 0}.
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Half-space
#c{D,N,R} RT = {x € R"|x, > 0}.

PF =) P
j=1
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Half-space

#e{D,N,R} RT = {x € R"|x, > 0}.

n
PH — ZPJ- Pj = =05 +iayxP V1 < j < n—1
j=1
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Half-space

#e{D,N,R} RT = {x € R"|x, > 0}.

n
PH = ZPJ P = —3>2<j+iajxj2 Vi<j<n-1 Pp,= —(9)2<n+ia,,xn
j=1

P# generator of @]_; e~ 7

C# = (é D(P))
j=1

D(P#) :={u € [*:3(uj)j>1 CC*, L, u,

Jj—+oo

(P#u;)j>1 Cauchy in L%},
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Half-space

#e{D,N,R} RT = {x € R"|x, > 0}.

n
PE="P Pj=-0tiap@V1<j<n-1 Pp=-02+ianx,
j=1

P# generator of @]_; e~ 7
c* =) D(P))
j=1

DPH) = {ue L2 I(w)or < C* ., up 5w,
- J—+0o0

(P#u;)j>1 Cauchy in L%},

D(P#) = {u e H*R?)| Vu € L>(R7) + b.c}
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Half-space

#e{D,N,R} RT = {x € R"|x, > 0}.

n
PE="P Pj=-0tiap@V1<j<n-1 Pp=-02+ianx,
j=1

P# generator of @]_; e~ 7
c* =) D(P))
j=1

D(P#) ={ue L% I(uj)j>1 C C#, uj L—2> u,

Jj—+oo

(P#u;)j>1 Cauchy in L%},

D(P#) = {u e H*R?)| Vu € L>(R7) + b.c}
(P# — X\)~! compact for all A € p(P).
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S# = {u € H*(Q) | ulopa = 0} #=D
S#* = {u € H*(Q)|d,ulpq = 0} #=N
S#* ={ue€ H* Q)| (Oyu + ku)lagg =0}  #=R

S*={ue H*(Q UQ.)|0,us =0,u_
=kluy —u_]on IN_; Oyulpq =0} #=T.
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S# = {u € H*(Q) | ulopa = 0} #=D
S#* = {u € H*(Q)|d,ulpq = 0} #=N
S#* ={ue€ H* Q)| (Oyu + ku)lagg =0}  #=R

S*={ue H*(Q UQ.)|0,us =0,u_
=kluy —u_]on IN_; Oyulpq =0} #=T.

Ap=—hA+iV D(A)= H*(Q,C)nS*
VeldQ) VV(x)#0¥xeQ QcR? 9Qe 3
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S# = {u € H*(Q) | ulopa = 0} #=D
S#* = {u € H*(Q)|d,ulpq = 0} #=N
S#* ={ue€ H* Q)| (Oyu + ku)lagg =0}  #=R

S*={ue H*(QyUQ_)|0,ur = Oyu_
=kluy —u_]on IN_; Oyulpq =0} #=T.

Ap=—hA+iV D(A)= H*(Q,C)nS*
VeldQ) VV(x)#0¥xeQ QcR? 9Qe 3

09, = {x€0Q|VV L 0Q}
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S# = {u € H*(Q) | ulopa = 0} #=D
S#* = {u € H*(Q)|d,ulpq = 0} #=N
S#* ={ue€ H* Q)| (Oyu + ku)lagg =0}  #=R

S*={ue H*(QyUQ_)|0,ur = Oyu_
=kluy —u_]on IN_; Oyulpq =0} #=T.

Ap=—hA+iV D(A)= H*(Q,C)nS*
VeldQ) VV(x)#0¥xeQ QcR? 9Qe 3
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S# = {u € H*(Q) | ulopa = 0} #=D
S#* = {u € H*(Q)|d,ulpq = 0} #=N
S#* ={ue€ H* Q)| (Oyu + ku)lagg =0}  #=R

S*={ue H*(QyUQ_)|0,ur = Oyu_
=kluy —u_]on IN_; Oyulpq =0} #=T.

Ap=—hA+iV D(A)= H*(Q,C)nS*
VeldQ) VV(x)#0¥xeQ QcR? 9Qe 3

00, = {x€0Q|VV LA} Jp= min [VV|(##T)
xcoil)

A = min %J(Ef)
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S# = {u € H*(Q) | ulopa = 0} #=D
S#* = {u € H*(Q)|d,ulpq = 0} #=N
S#* ={ue€ H* Q)| (Oyu + ku)lagg =0}  #=R

S*={ue H*(Q UQ.)|0,us =0,u_
=kluy —u_]on IN_; Oyulpq =0} #=T.

Ap=—hA+iV D(A)= H*(Q,C)nS*
VeldQ) VV(x)#0¥xeQ QcR? 9Qe 3

00, = {x€0Q|VV LA} Jp= min [VV|(##T)
xcoil)

A = min %J(Ef) AP = |v1|/2 v1: rightmost zero of Ai
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S% = {u € H*(Q) | ulog = 0} #=D
S#* = {u € H*(Q)|d,ulpq = 0} #=N
S#* ={ue€ H* Q)| (Oyu + ku)lagg =0}  #=R

S*={ue H*(Q UQ.)|0,us =0,u_
=kluy —u_]on IN_; Oyulpq =0} #=T.

Ap=—hA+iV D(A)= H*(Q,C)nS*
VeldQ) VV(x)#0¥xeQ QcR? 9Qe 3

00, = {x€0Q|VV LA} Jp= min [VV|(##T)
xcoil)

A = min %o(ﬁf) AP = |v1|/2 v1: rightmost zero of Ai

Theorem (Almog (2008), Henry (2015), AGH (2017))

inf Ro(Ap) > A7 [Jnh]?/3 + o(h?3) ash—0




Limit operator (Dirichlet, Neumann, Robin)

x= (X' X1,%) ER"™2 xR x Ry Ef = =02 + iJnxn
Ly=—-0 , +iJjxn-1

L=—Dy+ LT+ L D(Ly) C HART)N L2(RY; x2dx) N ST
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Limit operator (Dirichlet, Neumann, Robin)

x= (X' X1,%) ER"™2 xR x Ry Ef = =02 + iJnxn
Ly=—-0 , +iJjxn-1

L=—Dy+ LT+ L D(Ly) C HART)N L2(RY; x2dx) N ST

# _$3 2
eftl: — etAX/ ® e*tﬁJr ® e*tEH S Ce t J||/12 .
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Limit operator (Dirichlet, Neumann, Robin)

x= (X' X1,%) ER"™2 xR x Ry Ef = =02 + iJnxn
Ly=—-0 , +iJjxn-1

L=—Dy+ LT+ L D(Ly) C HART)N L2(RY; x2dx) N ST

# _$3 2
eftl: — etAX/ ® e*tﬁJr ® e*tEH S Ce t J||/12 .

J|| = 0 Continuous spectrum

o(£) = | J{o(£h) + r}

r>0
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Limit operator (Dirichlet, Neumann, Robin)

x= (X' X1,%) ER"™2 xR x Ry Ef = =02 + iJnxn
Ly=—-0 , +iJjxn-1

L=—Dy+ LT+ L D(Ly) C HART)N L2(RY; x2dx) N ST

# _$3 2
eftl: — etAX/ ® e*tﬁJr ® e*tEH S Ce t J||/12 .

Jj = 0 Continuous spectrum

= Uto(ch) + 1)

r>0

e - A)W—H/ —HE) gy |

C
< A || tLL-N) || g <
< [ et e I e < s
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Upper bound
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Upper bound
p=d(x,00) 5€R"™:maps B(0,6) into IQ
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Upper bound
p=d(x,00) 5€R"™:maps B(0,6) into IQ

n—1

. 1
X €0, V= V(X0)+1Jmp+2kZ:lozi

Yaniv Almog Complex Schrodinger



Upper bound
p=d(x,00) 5€R"™:maps B(0,6) into IQ

n—1

. 1
X €0, V= V(xo)+lJmp+2kZ:lozi

Theorem (Almog & Henry (2016) n =2 # = D)

If Ve(x0) Vss(x0) > 0, Jm = infycaq, |V V(X)|, then

In € o(Ap) A=V (x0)—e™ 3| (Umh)?/3— /a1 /2e'% h‘ ~ o(h).
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Upper bound
p=d(x,00) 5€R"™:maps B(0,6) into IQ

n—1

. 1
X €0, V= V(xo)+lJmp+2kZ:lozi

Theorem (Almog & Henry (2016) n =2 # = D)

If Ve(x0) Vss(x0) > 0, Jm = infycaq, |V V(X)|, then

In € o(Ap) A=V (x0)—e™ 3| (Umh)?/3— /a1 /2e'% h‘ ~ o(h).

AT = inf AP(|[VV(X)]),
xeaﬂﬁ
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Upper bound
p=d(x,00) 5€R"™:maps B(0,6) into IQ

n—1

. 1
X €0, V= V(xo)+lJmp+2kZ:lozi

Theorem (Almog & Henry (2016) n =2 # = D)

If Ve(x0) Vss(x0) > 0, Jm = infycaq, |V V(X)|, then

I\ € o(Ap) : [ A—iV(x0)—e™ 3| (Umh)?/3 =/ 2e"% h‘ ~ o(h).

AT = inf AP(|[VV(X)]),
xeaﬂﬁ

Theorem (Almog, Grebenkov, Helffer (2017))

Let M1 = ZJ:_]:-I‘ |aj|1/2ei7f/4signaj )

Ix e o(An): |A—iV(x0) — NE(k)R3 — 1 (x0)h| ~ o(h).
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Quasimode construction
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Quasimode construction n =2 a1 = «
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Quasimode construction n =2 a1 = «

Leading order

Aou = _h2(uPP + Uss) + i(-/mp + as2) u=Au
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Quasimode construction n =2 a1 = «

Leading order

Aou = _h2(uPP + Uss) + i(-/mp + as2) u=Au

(s,p) = ([l P]V2E, [Umh?]37) & = a(h? /)3,
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Quasimode construction n =2 a1 = «

Leading order

Aou = —h2(upp + uss) + i(Jm,o + asz) u=>\u
(s.p) = ([l WP]V2E, [Umh?]37) & = a(h? /)3,

Be = —urr +iTu+ 51/2( — Uge £ i§2u>
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Quasimode construction n =2 a1 = «

Leading order

Aou = —h2(upp + uss) + i(Jm,o + 0452) u=>\u
(s.p) = ([Ja|PP]/2E, [Umh?)37) &= a(h?/c*)'/3,
Be = —urr +iTu+ 51/2( — Uge £ i§2u>

o(B.) = o(—uw + iT) + Y20 (—uge + i€?)
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Quasimode construction n =2 a1 = «

Leading order

Aou = —h?(upp + uss) + i(Jm,o + 0452) u=Au
(5,0) = ([lal P12, Unb?[37) & = a(h?/cHH/3
Be = —urr +iTu+ 51/2( — Uge £ i§2u>
o(Be) = o(—use + it) + Y20 (—uge £ i€?)

o(Be) = { Ak} er = 1€ |vn| + (2k — 1)e 5125,
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Quasimode construction n =2 a1 = «

Leading order

Aou = —h?(upp + uss) + i(Jm,o + asz) u=Au
(5,0) = ([lal P12, Unb?[37) & = a(h?/cHH/3
Be = —urr +iTu+ 51/2( — Uge £ i§2u>
o(Be) = o(—use + it) + Y20 (—uge £ i€?)

0(Be) = {Anktoker = {3l + (2k — 1)e* 4305,
Eigenfunctions
{unk}ok=1 = {Ai(T + vn)hi(eX75€) mk=1 complete

hy- Hermite functions
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quasimode

U(s, p) = unn(&(s),7(p)) A= UmhTP/A1a
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quasimode

U(s, p) = unn(&(s),7(p)) A= UmhTP/A1a

1 |x—xo| <r C
r= | | V| < —.
0 |x—xo|>2r, r
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quasimode

U(s, p) = unn(&(s),7(p)) A= UmhTP/A1a

1 |x—xo| <r C
0 |x—xo|>2r, r

(Ap = N (s U) = £ |[fll2 < Ch*3 |5 U2
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quasimode

U(s, p) = unn(&(s),7(p)) A= UmhTP/A1a

1 |x—xo| <r C
0 |x—xo|>2r, r

(Ap = N (s U) = £ |[fll2 < Ch*3 |5 U2

€ OB(A, rh) € p(Ap) h/0 < r< 1.

(/s U, (Ap=A")" (s U)) = — [1—(ipss U, (Ap=X")711)]

AF—A
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quasimode

U(s, p) = unn(&(s),7(p)) A= UmhTP/A1a

1 |x—xo| <r C
0 |x—xo|>2r, r

(Ap = N (s U) = £ |[fll2 < Ch*3 |5 U2

€ OB(A, rh) € p(Ap) h/0 < r< 1.

(/s U, (Ap=A")" (s U)) = — [1—(ipss U, (Ap=X")711)]

AF—A

Cauchy Theorem + bound on ||(Ap — A*)7Lf|2

U
o(An) N B(A, rh) # 0
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resolvent estimates

B. =¥ +M2L

d? _d

Lr=— d2+l7' Le=
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resolvent estimates

B. =¥ +M2L

Ay &
g2 T k=g

Wild spectral behaviour u, - eigenfunction

L;=— + 52

<Dn7 Um> = dpm Hun”2 > Ce™"
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resolvent estimates

B. =¥ +M2L

d? d2
42 +it L=

Wild spectral behaviour u, - eigenfunction

L,=-—

<Dn7 Um> = dpm Hun”2 > Ce™"

o = ei7r/3|yl| S\ = ﬁe:thr/4

dry > 0,0 >0and C>0:Vre(0,n),

IA=Xo—el/Np| = re/? = ||(B.—A) 7| < %-1/2 V0 <e<eg.
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/Jf&vk =yv (B:—ANw=g
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/Jf&vk =yv (B:—ANw=g

Me = (i, Yk (Vm, Vk) = Okm
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/Jf&vk =yv (B:—ANw=g
Me = Vi, )k (Vm, Vi) = Okm

Mi(w) = e Y2(Le — Ay — re®) i (g) .
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/Jf&vk =yv (B:—ANw=g
Me = Vi, )k (Vm, Vi) = Okm

Mi(w) = e Y2(Le — Ay — re®) i (g) .

C C
IMa(w)ll2 < —e V2 |(B. = )My < =7V
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LAve=veve (Be—Nw=g
Me = Vi, )k (Vm, Vi) = Okm
M(w) =& 3(Le = A2 = re'®) " Mi(e).
[M1(w)]2 < %s_m:»H(Be — Nyl < %5—1/2

# #
||e_t£7(/ M) < Ce™ th¥2 He—fﬁsH <1
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/Jf&vk =yv (B:—ANw=g
Me = Vi, )k (Vm, Vi) = Okm

Mi(w) = e Y2(Le — X — re®) M (g).
C C
IM(w)llz < —e/2 (B = \) M| < —e 72
le 5 (1 = My)|| < Ce™™4 Jle e <1

le= (1 = M) < cem ™
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(B. =\~ —ny) = / e tB=N(1 — ) dt
0
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(B. =\~ —ny) = / e tB=N(1 — ) dt
0
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(B. =\~ —ny) = / e tB=N(1 — ) dt
0

TR -

- . - c _
1B = )7 < (1(Be = A) 7 el + (B = )M = M) | <~
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