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1. K3 theories and their generic space of states 2. Mathieu Moonshine as a piece of evidence 3. Refining the elliptic genus

1. Assumptions: Superconformal field theories

(2-dim. Euclidean) unitary SCFT (in fact, spacetime SUSY plus N = (2, 2) worldsheet SUSY)

Data: space of states: a unitary C-vector space (H, 〈·, ·〉)
(the Neveu-Schwarz sector)

some observables: commuting linear operators H, J0; H̃, J̃0 on H
(2H = L0 − 2J0 etc.)

· · ·
such that:

H, J0, H̃, J̃0 are self-adjoint, diagonalizable, H ≥ 0, H̃ ≥ 0,
spec(H − H̃) ∪ spec(J0 − J̃0) ⊂ Z, spec(J0) ∪ spec(J̃0) ⊂ 1

2
Z

there is a well-defined R̃-partition function

Z(τ , z) = trH
(

(−1)J0−J̃0y J0−c/6y J̃0−c/6qHqH̃
)
,

where τ, z ∈ C, Im(τ) > 0, q := exp(2πiτ), y := exp(2πiz),

Z(τ , z) = Z(τ + 1, z) =
(

exp
(
πiz2

τ
− πiz2

τ

))c/3

Z(− 1
τ
, z
τ

).

c ∈ R: central charge

; χ(H) := Z (τ, 0) Witten index.
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1. K3 theories

and their generic space of states

Definition
A K3 theory is a superconformal field theory as above at c = 6
with Witten index χ(H) = 24.

Result:
[Seiberg88,Cecotti90,Aspinwall/Morrison94,Nahm/W01]

There is an 80-dimensional moduli space MK3 of K3 theories,

MK3 =
O+(4, 20;Z)AA

O(4, 20;R)
��O(4)×O(20).

Let H0: maximal C-vector space such that, as a representation

of
{
H, J0, J̃0

}
, for every K3 theory, H0 ↪→ ker(H̃)

– the generic space of states of K3 theories.
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2. Towards Mathieu Moonshine: The elliptic genus

CFT elliptic genus of an SCFT at central charge c as above:

ECFT(H; τ, z) := trH

(
(−1)J0−J̃0yJ0−c/6qHqH̃

)
.

Properties:

ECFT(H; τ, z) = trker(H̃)

(
(−1)J0−J̃0yJ0−c/6qH

)
= trH0

(
(−1)J0−J̃0yJ0−c/6qH

)
.

For K3 theories,

ECFT(H; τ, z) = 8
(
ϑ2(τ,z)
ϑ2(τ,0)

)2
+ 8

(
ϑ3(τ,z)
ϑ3(τ,0)

)2
+ 8

(
ϑ4(τ,z)
ϑ4(τ,0)

)2
.

Mathieu Moonshine [Eguchi/Ooguri/Tachikawa10, Gannon12]
The elliptic genus of K3 theories agrees

with the character of a particular N = 4 supermodule of M24.
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2. Towards Mathieu Moonshine: Symmetry surfing

Proposals for K3 theories:

• if the generic chiral algebra of theories in MK3 is the N = 4
superconformal algebra at c = 6, then H0 is known

[Ooguri89,W00]

• symmetry surfing [Taormina/W11,13,15]:
H0 carries an M24 action which combines the actions of the
finite symplectic symmetry groups of all K3 surfaces;
symmetry surfing is confirmed for Z2 orbifold conformal field
theories, where the combined action of all symmetry groups
yields an action of a maximal subgroup of M24

[Taormina/W15, Gaberdiel/Keller/Paul16]

• H0 seems to carry deeper structure which all K3 theories
share – Mathieu Moonshine serves as mysterious evidence in
favour of this idea
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2. The complex elliptic genus of Calabi-Yau D-folds

Let M denote a compact Calabi-Yau D-fold, T := T 1,0M.

Expectation: (true for K3 theories)
For non-linear sigma models on M,

ECFT(H; τ, z) = E(M; τ, z), the complex elliptic genus of M.

Definition
• For holomorphic vector bundles T`,m → M, `,m ∈ Z, µ ∈ Q:

holom. Euler char. of Eq,−y := yµ
⊕̀
,m

q`(−y)mT`,m:

χ(Eq,−y ) := yµ
∑̀
,m

q`(−y)mχ(T`,m).

• Eq,−y := y−
D
2 Λ−yT ∗ ⊗

∞⊗
n=1

[
Λ−yqnT ∗ ⊗ Λ−y−1qnT ⊗ SqnT ∗ ⊗ SqnT

]
,

where for any bundle E→M, ΛxE :=
∞⊕
m=0

xmΛmE , SxE :=
∞⊕
m=0

xmSmE

= y−
D
2
⊕̀
,m

q`(−y)mT`,m,

complex elliptic genus of M: E(M; τ, z) := χ(Eq,−y ).
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3. Refinements of the elliptic genus

M, H, Eq,−y = y−
D
2
⊕̀
,m

q`(−y)mT`,m as before, ν ∈ C, u := exp(2πiν).

Elliptic genus

• [Kachru/Tripathy16]

E

HEG

CFT (H; τ, z

, ν

)

:

= trker(H̃)

(
(−1)J0−J̃0y J0−c/6qH

)
.

• [W17]

EHEG,0
CFT (H; τ, z , ν) := trH0

(
(−1)J0−J̃0y J0−c/6uJ̃0−c/6qH

)
.

• [Kachru/Tripathy16]

E (M; τ, z

, ν

)

:

=

(u

y

)

− D
2
∑
j

(−1)j
∑̀
,m

q`(−y)m dimH j(M, T`,m).

• [W17]

E (M; τ, z

, ν

)

:

=

(u

y

)

− D
2
∑
j

(−1)j trH j (M,Ωch
M )

(
(−y)J0qH

)
.
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3. The refined elliptic genera for K3 surfaces M

Results – if M is a K3 surface and H belongs to a K3 theory:

• [Kachru/Tripathy16] (using the Bochner principle):
EHEG(M; τ, z , ν) is independent of the complex structure.

• [W17] (using H0 of [W00] and [Kapustin05], or [Song16]):
formula for EHEG,ch(M; τ, z , ν) – it is elliptic, but not modular,

and it is independent of the complex structure;
by [Kapustin05]: EHEG,ch(M; τ, z , ν) = EHEG,0(H; τ, z , ν).

• [W17] (using [Creutzig/Höhn14]): formula for EHEG(M; τ, z , ν);
EHEG,ch(M; τ, z , ν) differs from EHEG(M; τ, z , ν).

Concluding remark

The space H0 of generic states of K3 theories is modelled by the co-
homology of the chiral de Rham complex. As a representation of the
N = 4 superconformal algebra, it agrees with the Mathieu Moonshine
Module, supporting the idea of symmetry surfing.
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Thank you
for your attention!
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