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Dominating sets
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ΓpK1,3q “ 1

S Ă V pG q is a dominating set of G if and only if every vertex of
V pG qzS is adjacent to a vertex of S .
The domination number, γpG q, is the minimum cardinality of a
dominating set of G .
upper domination number , ΓpG q, is the maximum cardinality of a
minimal dominating set of G .
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The k-dominating graph

D3pK1,3q.

DkpG q, vertices are dominating sets with cardinality ď k; two
vertices of DkpG q
Reconfiguration rule: addition or deletion of a single vertex.
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Others models for domination reconfiguration also of interest.
E.g., Subramaniam, Sridharan, and Fricke; Hedetniemi,
Hedetniemi, Hutson,

γ–graph

‚ Only γ sets

‚ Token jumping.
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The k-dominating graph

First question: find d0pG q the least value of k for which DkpG q is
connected for all k ě d0pG q.
First results:

(i) d0pG q ě ΓpG q ` 1, if E pG q is non-empty.
(any Γ set is isolated)

(ii) d0pG q ď |V pG q|.

(iii) d0pG q ď γpG q ` ΓpG q.

In (H&S 2014) gave classes of graphs for which d0pG q “ ΓpG q ` 1
(bipartite graphs, chordal graphs)
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Suzuki, Mouawad and Nishimura have shown that

Theorem
If G has a matching of size at least µ` 1, then d0G ď |V | ´ µ.

And, that sometimes d0pG q ą ΓpG q ` 1.

We now construct another minimal dominating set S0
0 as follows. Choose (i, j) 2 ⌦; then

|Fij | = 2, and without loss of generality we may assume that Fij = {F1, F2}. Let f11 2 V (F1)
and f21 2 V (F2) denote private neighbours of qij . Now define S0

0 := (S0\{qij}) [ {f11, f12}. It is
straightforward to check that this is a minimal dominating set of G, and that S0

0 $ S0 in D�+1(G).
However, q(S0

0) < q(S0) and f(S0
0)  f(S0), and thus q(S0

0) + f(S0
0) < q(S0) + f(S0), contra-

dicting the choice of S0 as a minimal representative of G.
Therefore q(S0) = 0, implying f(S0) = 0. By Remark 4, D�+1(G) is connected.

8 Not all well-covered graphs have d0(G) = �(G) + 1

G(2,3): G4:

(a) (b)

Figure 11: Two well-dominated graphs for which d0(G) = �(G) + 2.

In contrast to the results in this paper, Suzuki et al. [18] describe an infinite family of well-
covered graphs, G(d,b), for which d0(G(d,b)) > �(G(d,b)) + 1. The graph G(2,3) is shown in Fig-
ure 11(a). For all positive integers b � 3 and d � 2, the graph G(d,b) is constructed from d + 1
disjoint cliques of size b by the addition of some edges. These graphs have ↵(G(d,b)) = d + 1 and
are well-covered. In addition, �(G(d,b)) = d + b � 2 [18, Lemma 1]. For the special case G(2,3),
�(G(2,3)) = �(G(2,3)), so this graph is well-dominated. Also note that G(2, 3) is planar. A second
well-dominated graph, G4, with d0(G4) > �(G4)+1 is shown in Figure 11(b). It can be shown that
d0(G4) = �(G4) + 2 and d0(G(d,b)) = �(G(d,b)) + 2. We currently know of no graph G for which
d0(G) > �(G) + 2.
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Alikhani, Fatehi and Klavzar considered which graphs can be
DkpG q. They showed:

Theorem
If V pG q ě 2 and G – DkpG q, then k “ 2 and G “ K1,n´1 for
some n ě 4.

Theorem
For a fixed r there exist only a finite number of r -regular,
connected dominating graphs of connected graphs.
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new results

Today we show

‚ All independent dominating sets are in the same connected
component of DΓ`1pG q

‚ If G is both perfect and irredundant perfect then
d0pG q “ ΓpG q ` 1.

‚ For certain classes of well-covered graphs, d0pG q “ ΓpG q ` 1.
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more notation, basics

‚ If dominating sets S and T of G are in the same component of
DkpG q. Then for all m ě k , DkpG q is an induced subgraph of
DmpG q, and hence S and T are in the same component of DmpG q.

‚Write A Ø B if there is a path in DkpG q joining A and B.
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Independent dominating sets

S Ď G is a maximal independent set of G if and only if
S is an independent dominating set of G .

Thus, αpG q ď ΓpG q.

Theorem (H&S)

Let T1 and T2 be independent dominating sets of a graph G .
Then T1 Ø T2 in Dα`1pG q, and hence in DΓ`1pG q.
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Independent dominating sets
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Proof that all independent dominating sets in same
component

@v P V pG q, let Sv be the set of maximal independent sets of G
that contain v . Note Sv ‰ H.

Show

(i) Each Sv is connected (by induction on α).

(ii) If Sv X Su ‰ H then these are in same connected component.

(iii) Sv X Su “ H then these are in same connected component.
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(i) Show by induction Sv is connected.

Lemma

S is a maximal independent set if and only if Sztvu is a maximal
independent set of G ´ Nrv s.

So tSztvu | S P Svu is the set of all independent dominating sets
of G ´ Nrv s.

Lemma

For any graph G and any v P V pG q, ΓpG ´ Nrv sq ă ΓpG q and
αpG ´ Nrv sq ă αpG q.

So, αpG ´ Nrv sq ă αpG q.
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To show T1 Ø T2 in Dα`1

If T1,T2 max indep in G then by lemmas:
pT1ztvuq Ø pT2ztvuq in DαpG´Nrvsq`1pG ´ Nrv sq.

T1ztvu,A1,A2, . . . ,Ak ,T2ztvu

in DαpG´Nrvsq`1pG ´ Nrv sq

T1,A1 Y tvu,A2 Y tvu . . . ,Ak Y tvu,T2

is a path in Dα`1.
So all sets of Sv are in the same component of Dα`1pG q.
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(ii) Su X Sv ‰ H

If Su X Sv ‰ H, then there exists a maximal independent set
containing both u and v .

Thus all the the sets of Sv and Su are in the same connected
component of Dα`1.
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(iii) Su X Sv “ H

Suppose T1 X T2 “ H, with u P T1 and v P T2. (If non-empty
both in Sw , some w)
If there is a path in G joining u and v , say

u, x1, x2, . . . , xk , v ,

then there exist maximal independent sets S1 P Su X Sx1 ,
Si P Sxi´1 X Sxi for 2 ď i ď k , and Sk`1 P Sk X Sv , such that

T1 Ø S1,S1 Ø S2, . . . ,Sk Ø Sk`1, Sk`1 Ø T2

in Dα`1pG q. Thus T1 Ø T2 in Dα`1pG q.



Independent Dominating sets Irredundant Perfect Graphs Well-covered graphs

(iii’) Su X Sv “ H, continued

Suppose T1 X T2 “ H, with u P T1 and v P T2.
If there is no path in G joining u and v , then u and v are in
different components of G .

Lemma

If G is disconnected, and u, v P V pG q are in different components
of G , then tu, vu is a dominating set of G and hence γpG q ď 2.

So,
T1 Ø T1 Y tvu Ø tu, vu Ø T2 Y tuu Ø T2

from T1 to T2 in Dα`1pG q.

Thus Su, Sv are in same connected component in this case too.
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Theorem

For any graph G , d0pG q ď ΓpG q ` αpG q ´ 1. Furthermore, if G
is triangle free, then d0pG q ď ΓpG q ` αpG q ´ 2.
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Irredundant perfect graphs

‚ S Ď V pG q is an irredundant set if every s P S has a private
neighbour.

‚ irpGq and IRpGq, are the cardinalities of the smallest and
largest maximal irredundant sets of G .

‚ The clique cover number χpG q, is the minimum number of
cliques in a clique cover of G .

‚ αpG q ď ΓpG q ď IRpGq,
‚ αpG q ď χpG q.
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Note that χpG q may be larger or smaller than ΓpG q.

r r r rr r r r
�
�
@

@

ΓpG q “ 4 ą χpG q “ 3
r rr rr
�@

χpC5q “ 3 ą ΓpC5q “ 2

If S is an independent set and C is a clique cover and |S | “ |C|,
then

αpG q “ |S | “ |C| “ χpG q.
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‚ G is perfect if αpHq “ χpHq for all induced subgraphs H of G .

‚ G is irredundant perfect if and only if αpHq “ IRpHq for all
induced subgraphs H of G .

The following theorem holds for all graphs that are both perfect
and irredundant perfect (including all strongly perfect graphs), but
it also holds slightly more generally.

Theorem (H&S)
Let G be a graph with αpG q “ χpG q “ ΓpG q, and αpHq “ ΓpHq
for all induced subgraphs H of G . Then d0pG q “ ΓpG q ` 1.
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Well covered and well dominated

Definition (Plummer)
G is well-covered if every maximal independent set has the same
cardinality, namely αpG q.

Definition (Finbow, Hartnell and Nowakowski )
G is well-dominated if every minimal dominating set has the same
cardinality, namely γpG q “ ΓpG q

Since every maximal independent set of a graph is a dominating
set, every well-dominated graph is necessarily well-covered; hence if
G is well-dominated, αpG q “ ΓpG q.
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Families of well-covered graphs

A graph G is in the family L if there exists tx1, x2, . . . , xku Ď V pG q
so that for each i , the subgraph induced by Nrxi s is isomorphic to
a complete graph and tNrxi s | 1 ď i ď ku is a partition of V pG q.
We say that the set tx1, x2, . . . xku is a kernel of G . Note that a
kernel of G is a maximal independent set of G .

Lemma

If G P L, then G is well-dominated and hence well-covered.

Theorem

If G P L then d0pG q “ ΓpG q ` 1.
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v0

v1

v2
v3

v6

v5

v4

v7

v8
v9

Theorem (Finbow, Hartnell, Nowakowski)

A graph G is connected, well-covered and contains neither C4 nor
C5 as a subgraph if and only if G P L has kernel tx1, . . . , xku in
which the subgraph induced by Nrxi s is isomorphic to K1, K2 or
K3; or G is isomorphic to C7 or T10.

Theorem (H&S)

If G is a connected well-covered graph containing neither C4 nor
C5 as a subgraph, then d0pG q “ ΓpG q ` 1.
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Claw Free and well covered

A basic chain is a graph L with additional properties.

Theorem (Whitehead)

Let G be a connected well-covered claw free graph with no 4-cycle.
Then G is either a basic chain or isomorphic to one of K1, C5 or
C7.

Theorem
Let G be a non-trivial, connected, well-covered, claw free graph
with no 4-cycle. Then d0pG q “ ΓpG q ` 1.
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Well-covered graphs of girth at least five

Theorem (Finbow, Hartnell and Nowakowski )

If G is a connected, well-covered graph of girth at least five, then
G P PC or G is isomorphic to one of six exceptional graphs:
K1,C7,P10,P13,Q13,P14.

P10 P13 Q13 P14
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PC graphs

V pG q “ P Y C
P incident to pendant edges, and those form a matching.

C set of 5-cycles, adjacent vertices can not both have degree
greater than two.



Independent Dominating sets Irredundant Perfect Graphs Well-covered graphs

Theorem (H&S)

If G is a non-trivial, connected, well-covered graph of girth at
least five, then d0pG q “ ΓpG q ` 1.
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Well-covered plane triangulations

Theorem (Finbow, Hartnell, Nowakowski, Plummer)

A plane triangulation G is well-covered if and only if G P K` or
G P tK3,R6,R7,R8,R12,R8© K3,R8© R8u.

R7 R8 R12 R8© K3

The two non-isomorphic versions of R8© R8.
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The Well covered plane triangulations K`

Construct a graph G P K` as follows:

Begin with a plane triangulation T from the family L, where T
has kernel tq10, q20, . . . , qµ0u, and qi0 has degree three in T ,
1 ď i ď µ.

In each face of T that is not incident with a kernel vertex do one
of the following: (i)nothing, (ii)O-join a triangle, or (iii)O-join a
copy of R8.
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Theorem (H&S)
If G is a well-covered triangulation of the plane, then
d0pG q “ ΓpG q ` 1.

‚ (Finbow and van Bommel ) Most graphs in K` are not
well-dominated.

‚ This makes proof for G P K` more complex.

‚ A maximal independent set of G has one vertex from each K4,
one vertex from each O-joined triangle, and two vertices from
each O-joined R8.

‚ Other minimal dominating sets might use a vertex from the
original triangluation to dominate a vertex in an O-joined
triangle or R ´ 8. And, may not use all kernel vertices.
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Idea of proof:

For S is a minimal dominating set, consider the connected
component of DΓpG q containing S .

Find the member of the component that uses the least non-kernel
vertices and then show that number has to be 0.
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On the other hand the graphs below are well covered but
d0pG q “ ΓpG q ` 2.

We now construct another minimal dominating set S0
0 as follows. Choose (i, j) 2 ⌦; then

|Fij | = 2, and without loss of generality we may assume that Fij = {F1, F2}. Let f11 2 V (F1)
and f21 2 V (F2) denote private neighbours of qij . Now define S0

0 := (S0\{qij}) [ {f11, f12}. It is
straightforward to check that this is a minimal dominating set of G, and that S0

0 $ S0 in D�+1(G).
However, q(S0

0) < q(S0) and f(S0
0)  f(S0), and thus q(S0

0) + f(S0
0) < q(S0) + f(S0), contra-

dicting the choice of S0 as a minimal representative of G.
Therefore q(S0) = 0, implying f(S0) = 0. By Remark 4, D�+1(G) is connected.

8 Not all well-covered graphs have d0(G) = �(G) + 1

G(2,3): G4:

(a) (b)

Figure 11: Two well-dominated graphs for which d0(G) = �(G) + 2.

In contrast to the results in this paper, Suzuki et al. [18] describe an infinite family of well-
covered graphs, G(d,b), for which d0(G(d,b)) > �(G(d,b)) + 1. The graph G(2,3) is shown in Fig-
ure 11(a). For all positive integers b � 3 and d � 2, the graph G(d,b) is constructed from d + 1
disjoint cliques of size b by the addition of some edges. These graphs have ↵(G(d,b)) = d + 1 and
are well-covered. In addition, �(G(d,b)) = d + b � 2 [18, Lemma 1]. For the special case G(2,3),
�(G(2,3)) = �(G(2,3)), so this graph is well-dominated. Also note that G(2, 3) is planar. A second
well-dominated graph, G4, with d0(G4) > �(G4)+1 is shown in Figure 11(b). It can be shown that
d0(G4) = �(G4) + 2 and d0(G(d,b)) = �(G(d,b)) + 2. We currently know of no graph G for which
d0(G) > �(G) + 2.

References

[1] J.A. Bondy, U.S.R. Murty, Graph Theory, GTM 224, Springer, Berlin, 2008.

[2] P. Bonsma, L. Cereceda, Finding paths between graph colourings: PSPACE-completeness and
superpolynomial distances, Theoret. Comput. Sci., 410 (2009), no. 50, 5215–5226.

[3] M. Celaya, K. Choo, G. MacGillivray, K. Sey↵arth, Reconfiguring k-colorings of complete
bipartite graphs, Kyungpook Mathematical Journal, to appear.

[4] L. Cereceda, J. van den Heuval, M. Johnson, Connectedness of the graph of vertex-colourings.
Discrete Math. 308 (2008), no. 5–6, 913–919.

[5] K. Choo, G. MacGillivray, Gray code numbers for graphs, Ars Math. Contemp. 4 (2011), no.
1, 125–139.

23

Open:
1. Characterize graphs for which d0pG q “ ΓpG q ` 1

2. Are there any graph for which d0pG q ą ΓpG q ` 2.
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On the other hand the graphs below are well covered but
d0pG q “ ΓpG q ` 2.

We now construct another minimal dominating set S0
0 as follows. Choose (i, j) 2 ⌦; then

|Fij | = 2, and without loss of generality we may assume that Fij = {F1, F2}. Let f11 2 V (F1)
and f21 2 V (F2) denote private neighbours of qij . Now define S0

0 := (S0\{qij}) [ {f11, f12}. It is
straightforward to check that this is a minimal dominating set of G, and that S0

0 $ S0 in D�+1(G).
However, q(S0

0) < q(S0) and f(S0
0)  f(S0), and thus q(S0

0) + f(S0
0) < q(S0) + f(S0), contra-

dicting the choice of S0 as a minimal representative of G.
Therefore q(S0) = 0, implying f(S0) = 0. By Remark 4, D�+1(G) is connected.

8 Not all well-covered graphs have d0(G) = �(G) + 1

G(2,3): G4:

(a) (b)

Figure 11: Two well-dominated graphs for which d0(G) = �(G) + 2.

In contrast to the results in this paper, Suzuki et al. [18] describe an infinite family of well-
covered graphs, G(d,b), for which d0(G(d,b)) > �(G(d,b)) + 1. The graph G(2,3) is shown in Fig-
ure 11(a). For all positive integers b � 3 and d � 2, the graph G(d,b) is constructed from d + 1
disjoint cliques of size b by the addition of some edges. These graphs have ↵(G(d,b)) = d + 1 and
are well-covered. In addition, �(G(d,b)) = d + b � 2 [18, Lemma 1]. For the special case G(2,3),
�(G(2,3)) = �(G(2,3)), so this graph is well-dominated. Also note that G(2, 3) is planar. A second
well-dominated graph, G4, with d0(G4) > �(G4)+1 is shown in Figure 11(b). It can be shown that
d0(G4) = �(G4) + 2 and d0(G(d,b)) = �(G(d,b)) + 2. We currently know of no graph G for which
d0(G) > �(G) + 2.
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