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Definition

Let a > 1 be an integer. An odd prime p is called a Wieferich
prime (in base a), if a1 =1 (mod p?).
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It is conjectured that there are infinitely many Wieferich primes in
any base.
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Size of the set of Wieferich primes

A Haeuristic

Assuming that Fermat's quotient (a?~! — 1)/p are equally
distributed in congruence classes mod p, we have

1
[Wa(x)| = Y = ~ loglog x,
pP<x P

as X — OQ.
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rad(n) = p1 - - - pk, where n = p* - - pi*.
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The abc-conjecture

rad(n) = p1 - - - pk, where n = p* - - pi~.

Conjecture (Masser, 1985)

Let a, b, and c¢ be such that a+ b = c and (a,b,c) = 1. Then, for
€ > 0, we have

max{|al, |b|,|c|} <. rad(abc)**<.




WS(x)={p; p<x and a1 #1 (mod p?)}.
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Non-Wieferich primes

WS(x)={p; p<x and a1 #1 (mod p?)}.

Theorem (Silverman, 1988)

Under the assumption of the abc-conjecture, we have

[WZ(x)[ > log x,

as X — OQ.

\




Let )\(n) _

log n

__logn
|Og(rad n)’

for an integer n.
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Non-Wieferich primes

Let \(n) = Imgl(or'Tlﬂ for an integer n.

Theorem (De Koninck-Doyon, 2007)
Let 0 < € < 1 be a fixed number such the set

{neN; \N2"-1)<2—-¢}
has density 1. Then,
(W5 ()| =H{p; p<x and 2°"1#1 (mod p*)}| > logx,

as X — OQ.

A



We(x)={p <x; p=1 (mod k) and a"P~! #1 (mod p?)}.
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Non-Wieferich primes in arithmetic progressions

WS (x)={p <x; p=1(mod k) and aP~t#1 (mod p?)}.

Theorem (Graves-Murty, 2013)

Let k,a > 1 be integers. Under the assumption of the
abc-conjecture we have

log x
a,k )
log log x

IWak ()| >

as X — OQ.




Theorem (S., 2017)

Under the assumptions of abc-conjecture, we have

|W5k(x)] >a log x,
as X — 0.




Definition

d)n(X) = H
1<k<n
=
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Non-Wieferich primes in an arithmetic progressions

Let a > 1 be an integer and € > 0. Then, there exists an integer
no = no(a, €), such that for n > ny we have

A(|®n(a)]) < 2 — .




Non-Wieferich primes in an arithmetic progressions
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v

Theorem (S., 2017)

Under the assumption of the above conjecture we have

|W5 (x)| >a log x.




q(a,m) = &m)_l (Euler quotient)
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q(a,m) = &”:_1 (Euler quotient)

Definition

An integer m > 1 is called a Wieferich number in base a if
g(a,m) =0 (mod m?).




Wieferich numbers

Theorem ( Banks-Luca-Shparlinski, 2007)

If W5 is a finite set, then N> is also finite. Moreover, let

pP<wo

where wy is the largest Wieferich prime in base 2. Then we have

max N, < 2%elW2lpg.
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o Let S = w,.
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o Let S(o) W,.
° 5()

{p: plg—1, where g€ SV}, fori > 1.
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o Let S(o) W,.
5( i) _

= {p; p|q—1 where g € SV}, for i > 1.
o 53=UI:0 a .
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The set S,

o Let S = W,

° 5§’) ={p; plg —1, where g € S‘Sifl)}7 for i > 1.

o S, =2, st

@ We call S, the set of primes generated by the set of primes in
W,.
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By vp(n) for an integer n we mean the largest power of p in n. l
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Largest known Wieferich number

By vp(n) for an integer n we mean the largest power of p in n.

Theorem (S., 2017)

If W, is a finite set, then N, is also finite. Moreover, we have

max N, = H pre(M+vp(a(a,p)) H pre(M),
peWa pE W,
PESa
pfa

where M = [Tpes, (p — 1).

pfa
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o Let K be a number field with the ring of integer O.
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o Let K be a number field with the ring of integer Ok
o For an ideal a € Ok the norm is defined as

N(a) =[Ok /a.




o Let K be a number field with the ring of integer Ok
o For an ideal a € Ok the norm is defined as

N(a) =[Ok /a.

@ Generalized Euler totient function is defined as follows

M) H ( N(p))

where a is an ideal € Ok and p is a prime divisor of a

¢(a) =




Wieferich primes in number fields

We call 7 € Ok a K-Wieferich prime in base o € O} if 71« and

oM=L =1 (mod (x?)).




Wieferich primes in number fields

We call 7 € Ok a K-Wieferich prime in base o € O} if 71« and

oM=L =1 (mod (x?)).

We write the above congruence for simplicity as

VM1 =1 (mod 7?).




Wo(K,x) = {r € Ok ; N(m) < x and aMM~1 =1 (mod 72)}.
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Wieferich primes in number fields

Wy (K,x) = {r € Ok ; N(r) < x and aM™~1 =1 (mod 7?)}.

v

Heuristically, |W, (K, x)| ~ ZN(n)gx ﬁ as x — 0.




Wieferich primes in number fields

Notation
Wy (K,x) = {r € Ok ; N(r) < x and aM™~1 =1 (mod 7?)}.

Heuristically, |Wa (K, x)| & 3 n(n<x ﬁ as x — oo. Thus, if Ok
is a principal ideal domain, then

Z i log log x
N(m) glog

N(m)<x

as X — o0 .




Non-Wieferich primes in number fields

Theorem (Kotyada-Muthukrishna,2016)

Let K = Q(/m). Let € € Ok be a unit such that || > 1. Then
under the assumption of the abc-conjecture for K, there are
infinitely many non-K-Wieferich primes in base €.




Wieferich primes and K-Wieferich primes

Theorem (S., 2017)

Let K = Q(y/m) with hx = 1. Then the following assertions hold.
(/) Any prime of Oy above a Wieferich prime p in an integer base
a is a K-Wieferich prime in base a.




Wieferich primes and K-Wieferich primes

Theorem (S., 2017)

Let K = Q(y/m) with hx = 1. Then the following assertions hold.
(/) Any prime of Oy above a Wieferich prime p in an integer base
a is a K-Wieferich prime in base a.

(i) If mis a K-Wieferich prime in an integer base a above an split
prime p, then p is a Wieferich prime in base a.




have

Let K = Q(i), and a > 1 be an integer. Assuming the abc-conjecture we

[{prime w € Z[i] ; N(r) < x and a1 %1 (mod 2)}| >, log x.




Let k,a > 1 be integers. Under the assumption of the
abc-conjecture we have,

IWak ()| >k log x,
as x — o0.
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