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Wieferich primes

Definition

Let a > 1 be an integer. An odd prime p is called a Wieferich
prime (in base a), if ap−1 ≡ 1 (mod p2).

Notation

Wa(x) = {p ; p ≤ x and ap−1 ≡ 1 (mod p2)}.

It is conjectured that there are infinitely many Wieferich primes in
any base.
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Size of the set of Wieferich primes

A Heuristic

Assuming that Fermat’s quotient (ap−1 − 1)/p are equally
distributed in congruence classes mod p, we have

|Wa(x)| ≈
∑
p≤x

1

p
∼ log log x ,

as x →∞.



The abc-conjecture

Notation

rad(n) = p1 · · · pk , where n = pa1
1 · · · p

ak
k .

Conjecture (Masser, 1985)

Let a, b, and c be such that a + b = c and (a, b, c) = 1. Then, for
ε > 0, we have

max{|a|, |b|, |c|} �ε rad(abc)1+ε.
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Non-Wieferich primes

Notation

W c
a (x) = {p ; p ≤ x and ap−1 6≡ 1 (mod p2)}.

Theorem (Silverman, 1988)

Under the assumption of the abc-conjecture, we have

|W c
a (x)| �a log x ,

as x →∞.
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Non-Wieferich primes

Notation

Let λ(n) = log n
log(rad n) , for an integer n.

Theorem (De Koninck-Doyon, 2007)

Let 0 < ε < 1 be a fixed number such the set

{n ∈ N ; λ(2n − 1) < 2− ε}

has density 1. Then,

|W c
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Non-Wieferich primes in arithmetic progressions

Notation

W c
a,k(x) = {p ≤ x ; p ≡ 1 (mod k) and ap−1 6≡ 1 (mod p2)}.

Theorem (Graves-Murty, 2013)

Let k, a > 1 be integers. Under the assumption of the
abc-conjecture we have

|W c
a,k(x)| �a,k

log x

log log x
,

as x →∞.
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An improvement of Graves-Murty result

Theorem (S., 2017)

Under the assumptions of abc-conjecture, we have

|W c
a,k(x)| �a,k log x ,

as x →∞.



Cyclotomic polynomials

Definition

Φn(x) =
∏

1≤k≤n
gcd(k,n)=1

(x − e
2kπi

n ).



Non-Wieferich primes in an arithmetic progressions

Conjecture

Let a ≥ 1 be an integer and ε > 0. Then, there exists an integer
n0 = n0(a, ε), such that for n ≥ n0 we have

λ(|Φn(a)|) < 2− ε.

Theorem (S., 2017)

Under the assumption of the above conjecture we have

|W c
a,k(x)| �a log x .
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Wieferich numbers

q(a,m) = aϕ(m)−1
m . (Euler quotient)

Definition

An integer m > 1 is called a Wieferich number in base a if
q(a,m) ≡ 0 (mod m2).
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Wieferich numbers

Theorem ( Banks-Luca-Shparlinski, 2007)

If W2 is a finite set, then N2 is also finite. Moreover, let

M =
∏

p≤w0

(p − 1),

where w0 is the largest Wieferich prime in base 2. Then we have

max N2 ≤ 2w0|W2|M.



The set Sa

Definition

Let S
(0)
a = Wa.

S
(i)
a = {p; p|q − 1, where q ∈ S

(i−1)
a }, for i ≥ 1.

Sa =
⋃∞

i=0 S
(i)
a .

We call Sa the set of primes generated by the set of primes in
Wa.
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Largest known Wieferich number

Notation

By νp(n) for an integer n we mean the largest power of p in n.

Theorem (S., 2017)

If Wa is a finite set, then Na is also finite. Moreover, we have

max Na =
∏

p∈Wa

pνp(M)+νp(q(a,p))
∏

p/∈Wa
p∈Sa

p-a

pνp(M),

where M =
∏

p∈Sa

p-a
(p − 1).
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Generalization to number fields

Let K be a number field with the ring of integer OK .

For an ideal a ∈ OK the norm is defined as

N(a) = |OK/a| .

Generalized Euler totient function is defined as follows.

ϕ(a) = N(a)
∏
p|a

(
1− 1

N(p)

)
,

where a is an ideal ∈ OK and p is a prime divisor of a.
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Wieferich primes in number fields

Definition

We call π ∈ OK a K-Wieferich prime in base α ∈ O∗K if π - α and

αN(〈π〉)−1 ≡ 1 (mod 〈π2〉).

We write the above congruence for simplicity as

αN(π)−1 ≡ 1 (mod π2).
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Non-Wieferich primes in number fields

Theorem (Kotyada-Muthukrishna,2016)

Let K = Q(
√

m). Let ε ∈ OK be a unit such that |ε| > 1. Then
under the assumption of the abc-conjecture for K , there are
infinitely many non-K-Wieferich primes in base ε.



Wieferich primes and K-Wieferich primes

Theorem (S., 2017)

Let K = Q(
√

m) with hK = 1. Then the following assertions hold.
(i) Any prime of OK above a Wieferich prime p in an integer base
a is a K -Wieferich prime in base a.

(ii) If π is a K -Wieferich prime in an integer base a above an split
prime p, then p is a Wieferich prime in base a.
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Q(i)-Wieferich primes

Corollary

Let K = Q(i), and a > 1 be an integer. Assuming the abc-conjecture we
have

|{prime π ∈ Z[i ] ; N(π) ≤ x and aN(π)−1 6≡ 1 (mod π2)}| �a log x .



Theorem

Let k, a > 1 be integers. Under the assumption of the
abc-conjecture we have,

|W c
a,k(x)| �a,k log x ,

as x →∞.
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