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Framework

71+ homogeneous Poisson process of intensity t > 1 on a compact
convex set W C RY with Vol(W) =1

For 6; > 0 construct the random geometric graph G(n¢,6:) by
connecting two points x1, x € 1: by an edge if ||x1 — x| < 0.

(0¢)¢>1 family of positive real numbers with ; — 0 as t — oo

Throughout this talk, we consider the functionals

T 1 T
L0=2 3> Ya-xl<tllba-—xl" t=1 7R

(axe)€n;
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Expectation

B9(x, r) ball with centre x and radius r > 0 in RY, x4 := Vol(B9(0, 1))

Theorem: Reitzner/S./Thile (2016+)
Let gw(y) := Vol(W N (W +y)), y € RY. For 7 > —d,

r_
EL = 2/
B4(0,0

sVt

dr
IIgwly) dy = 5225 #0714 O(00)).
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Expectation

B9(x, r) ball with centre x and radius r > 0 in RY, x4 := Vol(B9(0, 1))

Theorem: Reitzner/S./Thile (2016+)
Let gw(y) := Vol(W N (W +y)), y € RY. For 7 > —d,

r_
EL = 2/
B4(0,0

sVt

dr
IIgwly) dy = 5225 #0714 O(00)).

There are two asymptotic regimes:
0 limi oo 1209 = X € [0,00):  lime oo BLO) = 52

o limi o t26;j =00 limiLee EL&O) =0
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Covariances

Theorem: Reitzner/S./Thile (2016+)
For 71,7 > —d such that 7 + m» > —d,

Cov(L{™), L1

— dl{‘"d t20T1+7'2+d + d2/{’5 t307’1+T2+2d (1 _|_ 0(9 ))
An+m+d) ¢ (n+d)(+d) " N
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Covariances

Theorem: Reitzner/S./Thile (2016+)

For 71,7 > —d such that 7 + m» > —d,

Cov(L{™, L{™))
drd 2pT1+7m+d d?r3 3Tt +2d>
= ———— 01" 2 29712 1+ 0(6,)).
(2(T1+T2+d) t +(T1-|—d)(7'2+d) t ( u ( t))

RENEILE

The typical vertex has the expected degree ryt69.

o lim; o t0Y = 0 sparse regime

o lim;_,o0 t09 = ¢ € (0,00) thermodynamic regime
o limioo t@f = oo dense regime
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Asymptotic covariances

Theorem: Reitzner/S./Thile (2016+)

For distinct 74, ...,7n > —d/2 define

[ = (87 — BL) / max{t07 /2 2207%9) ie {1, m}.

Then (Zgﬁ), e Z(tT’")) has the asymptotic covariance matrix
Y1, lim; o0 t09 = 0
s JTitcra limee t0d = c € (0,1]
CO ) I5 45, limeee t8E = c € (1, 00)
Yo, iMoo 09 = 00
with
m d2 2 m
T = (dﬁd) and ¥, = (Hd) _
2AritTi+d)); Ti+d) (T +d)/) ;i

For m > 2, X1 is positive definite and X, is singular.
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Compound Poisson approximation

Theorem: Decreusefond/S./Théle (2016)

Assume that lims_,o tzﬁf ‘=X €[0,00) and let 7 € R. Then,
N
tzT/dLgT) N Z IXi|" =:Z as t— o0
i=1

with independent N ~ Poisson(kg)/2) and X; ~ Uniform(B9(0, \1/9)),
i € N. In particular, there is a constant C > 0 depending on W and
SUP¢>1 t20¢ such that

drv (227917 2) < C(|£2609 — A| + ¢ min{2/daly g >

The total variation distance of two random variables X, Y is

drv(X,Y) = sup |P(X € A)—P(Y € A)|.
AEB(R)
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Central limit theorems

Theorem: Reitzner/S./Thile (2016+)

Assume that lims_ys t2c9‘tj — 0o and let N be a standard Gaussian r.v.
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Central limit theorems

Theorem: Reitzner/S./Thile (2016+)

Assume that lims_ys t2c9‘tj — 0o and let N be a standard Gaussian r.v.
o If 7> —d/2,

(1) _ @)
ﬂ—)N, as t — oo.

Var LgT)
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Central limit theorems

Theorem: Reitzner/S./Thile (2016+)

Assume that lims_ys t2¢9‘tj — 0o and let N be a standard Gaussian r.v.
o If 7> —d/2,
L(T) _EL(T)
-+ "t %3N, as t— oo.
Var LgT)
o If T=—-d/2,
1w {) J

— N, as t— oo.
\/dsat? In(t2/96,)/2 + 471364
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Central limit theorems

Theorem: Reitzner/S./Thile (2016+)

Assume that lims_ys t2¢9‘tj — 0o and let N be a standard Gaussian r.v.
o If 7> —d/2,
L(T) _ EL(T)
-+ "t %3N, as t— oo.
Var LgT)
o If T=—-d/2,
1w {) J

— N, as t— oo.
\drat? In(e2/90,) /2 + 41736

o If 7 € (—d, —d/2) and lime_yee t3747/dg20+) = o,

1 —gLl” J
drqt3/20779 /(7 + d)

N, as t— oo.
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Quantitative central limit theorems

For two random variables X, Y define

dx(X,Y) :=sup|P(X < u) —P(Y < u)|.
ueR

Theorem: Reitzner/S./Thale (2016+)

Let 7 > —d/4 and let N be a standard Gaussian random variable. Then
there is a constant C > 0 depending on 7 and W such that

(™) _my(
di (ﬂ’ N> < Ct7V2max{L, (t6f) "M%}, t>1.

A/ Var LgT)
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Stable limit theorems

Theorem: Decreusefond/S./Théle (2016), Reitzner/S./Thale

(2016+)

Let lims—oo t2c9§' = oo and ¢ be unit-intensity Poisson process on R*.
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Stable limit theorems

Theorem: Decreusefond/S./Théle (2016), Reitzner/S./Thale

(2016+)
Let lims—oo t2c9§' = oo and ¢ be unit-intensity Poisson process on R*.
o If 7 € (—d,—d/2) and limg_ys t3747/4920+) — g,

al+'r/d

T T T d T o T
LD~ BLD) 5 @/rg) M Jim 30 X7

x€¢N[0,a]
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Stable limit theorems

Theorem: Decreusefond/S./Théle (2016), Reitzner/S./Thale

(2016+)
Let lims—oo t2c9§' = oo and ¢ be unit-intensity Poisson process on R*.
o If 7 € (—d,—d/2) and limg_ys t3747/4920+) — g,

147/d
T T T d - . - a
D BI0) s @ i, T e 2T
o If T = —d, x€¢N[0,a]
(-d) ol 2 \V¢ .,
(Le? =By > U(75) Sha—sel <ol —el™)
(X17X2)677¢
A, B x —log(a
2 a%oo
x€¢N[0,a]
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Stable limit theorems

Theorem: Decreusefond/S./Théle (2016), Reitzner/S./Thale

(2016+)
Let lims—oo t2c9§' = oo and ¢ be unit-intensity Poisson process on R*.
o If 7 € (—d,—d/2) and limg_ys t3747/4920+) — g,

al+'r/d

T T T d T o T
19 - B1) ™ iy, 3 -

o If r=—d, xecn(o;a]

20 (-d) gl 2\ —d
(L -E5 >, I o) Sla—el <ot —x|™)

2
(x1,x2)€m;

d Rd
R e
x€¢N[0,a]

o If 7 < —d,
2T/dL 2//€d T/dZXT/d
x€eC
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For lim;_ t29§’ =00 and v := lims_, t3+47/d03(7+d):

v=0 v € (0,00) v =00
T>—d/2 Gaussian Gaussian Gaussian
T € (—d,—d/2) |(TI| -stable |g‘ -stable + Gaussian (?) | Gaussian
T< —d ﬁ—stable |‘Ti‘ -stable |‘T’|—stab|e
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@ There are multivariate Compound-Poisson, Gaussian and stable limit
theorems.

Matthias Schulte Limit theorems for edge length statistics of RGGs 11 /15



For lim;_ t29§’ =00 and v := lims_, t3+47/d03(7+d):

v=0 v € (0,00) v =00
T>—d/2 Gaussian Gaussian Gaussian
T € (—d,—d/2) |f| -stable %—stable + Gaussian (?7) | Gaussian
T< —d ﬂl -stable |‘Ti‘ -stable |‘T’|—stab|e

@ There are multivariate Compound-Poisson, Gaussian and stable limit
theorems.

@ For the multivariate Gaussian case the covariance structure is known.

Matthias Schulte Limit theorems for edge length statistics of RGGs 11 /15



For lim;_ t29§’ =00 and v := lims_, t3+47/d03(7+d):

v=0 v € (0,00) v =00
T>—d/2 Gaussian Gaussian Gaussian
T € (—d,—d/2) |f| -stable %—stable + Gaussian (?7) | Gaussian
T< —d ﬂl -stable |‘Ti‘ -stable |¥‘Tl|—stab|e

@ There are multivariate Compound-Poisson, Gaussian and stable limit
theorems.

@ For the multivariate Gaussian case the covariance structure is known.

@ In some situations rates of convergence are available.
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Poisson process approximation

Define the point process
1
=5 Y Yl —xl <0} 6o
(X1,X2)€nf,#

where §, denotes the unit Dirac measure concentrated at the point v € R.
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Poisson process approximation

Define the point process
Sei=5 > Ylxa—xel <06}
(a,x)en;

where §, denotes the unit Dirac measure concentrated at the point v € R.

Theorem: S./Thile (2012), Reitzner/S./Thale (2016+)

Let ¢ be a Poisson process on RT with intensity kq/2.
o Iflimeo 209 = X, 26, -5 ¢N[0,\] as t— oo.

. d
o Iflimy o t209 =00, t26 —( as t— oo.
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Poisson process approximation

Define the point process
=5 Y Yl —xl <0} 6o
(X1,X2)€nf,#

where §, denotes the unit Dirac measure concentrated at the point v € R.

Theorem: Decreusefond/S./Thile (2016)

There is a constant Cyy > 0 depending on W such that for 0 < a < t20§’
and t > 1,

dicr ((£%¢e) 10,41 Clo,a]) < Cw (t~%9a'+Y9 4 t71(a + 2%)).

The Kantorovich-Rubinstein distance of two finite point processes ¢, is

dkr(9, ) == sup |Eh(¢) — Eh(1))|.
h:N—R,
[h(x)—h(y)|<dTv(x,y)
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Proof of stable and compound Poisson limit theorems

Corollary: Reitzner/S./Théle (2016+)

Let e Rand a € R with 0 < a < lim;_ t2/d9t and let ¢ be a Poisson
process on RT with intensity kg/2. Then,

1 A (e d
> 2 Ul el S minfe a0k -l -5 YD X7
(X17X2)€77?,# x€¢N[0,a7]

as t — o0.
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1 A (e d
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@ This yields the compound Poisson limit theorem.
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Proof of stable and compound Poisson limit theorems

Corollary: Reitzner/S./Théle (2016+)

Let e Rand a € R with 0 < a < lim;_ t2/d9t and let ¢ be a Poisson
process on RT with intensity kg/2. Then,

1 A (e d
> 2 Ul el S minfe a0k -l -5 YD X7
(X17X2)€77?,# x€¢N[0,a7]

as t — oo.

@ This yields the compound Poisson limit theorem.

o Approximating L\ by the left hand side and the stable random
variable by the left hand side and letting a — oo and t — oo in the
right way proves the limit theorem with the stable random variables.
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Proof of the central limit theorem

@ Consider the random variables

o1 B .
U =5 Y HEa< =l <6 — el

(xaxe)€n;

which have for a > 0 and 7 < 0 better moment properties than LgT).

@ Central limit theorem with Berry-Esseen bounds for U(T)
Malliavin-Stein bounds for Poisson-U-statistics

(1)

t,a

@ Approximate LgT) by U
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Thank you!
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