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• Electrons in solids and non-interacting electron approximation 
• Ab-initio tight-binding hamiltonian from Wannier transformation 

based on density functional theory calculations 
• Modeling for 2D layered material heterostructures and example 

with twisted bilayer graphene 
• Wannier construction and topological obstructions

Outline

TMDC interlayer coupling graphene interlayer coupling



Electrons	in	Solids
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4Ref:	P.	W.	Anderson,	More	is	different,	Science, New Series, Vol. 177, pp 39

High temperature superconductivity Fractional quantum Hall

• Strongly correlated phases 
• Topological phases 
• Anyonic statistics 
•  Spin liquids 

Topological Insulator

Or simply behave as non-interacting 
electrons (Fermi liquid theory) !
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Electrons	in	Solids
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Example:	pz	bonding	orbital	for	hexagonal	
boron	nitride	layer

• Wavefunction satisfies 
twist boundary 
condition and is 
extended in space 

• Bands are classfied 
into band index n and 
crystal momentum 
label k (diagonal 
hamiltonian).
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Example:	Wannier	pz	orbital	for	hexagonal	boron	nitride	
layer

• Fourier transform from 
extended Bloch waves 
to localized Wannier 
basis 

• The hamiltonian is 
transformed into tight-
binding form with 
short-range hoppings.
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TMDC	Interlayer	Coupling
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sigma bonding
pi bonding

two-center Slater-Koster approximation



Graphene	Interlayer	Coupling
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Pz Wannier function
Wannier function decomposition



Graphene	bilayer	with	a	twist

K Kθ
Two shifted Dirac cones Renormalization of Fermi 

velocity (slope near K)
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Ref: J. M. B. Lopes dos Santos et al., PRL 99, 256802 (2007) 

ṽF /vF = 1� C/ sin2(✓/2)

C ~ 2x10-4, vanishes at ~1.6
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Graphene	bilayer	with	a	twist

K Kθ

Two shifted Dirac cones Van Hove singularity in 
density of states
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Flat	Bands	and	Moiré	Pattern
(31,30) twist structure (N=11164) with angle ~ 1 ֯, we 
observe: 
• The flat bands through out the whole BZ. 
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• Moiré pattern: 
charge distribution 
for the flat bands: 
highly localized at 
AA-sites
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Wannier	and	Topological	Classification
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• Depending on the symmetry, there are different topological classes for the filled 
Hilbert space of a Hamiltonian. 

• Non-zero Chern number gives obstructions for the construction of Wannier 
functions

Integer Quantum Hall; 
Chern insulator

Z2 Topological Insulator

Topological 
superconductivity / 
Majorana fermions

“Ten-Fold Way” for topological classifications



Summary
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• Ab-initio tight-binding hamiltonian from Wannier transformation 
based on density functional theory calculations as an efficient 
way of modeling the materials 

• Specific examples with 2D layered heterostructure and the 
interlayer coupling models for graphene and TMDCs 

• Wannier construction and the topological obstructions in the 
presence of non-zero Chern numbers
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