
Higher Order Numerical Methods for Evolutionary PDEs: Applied
Mathematics Meets Astrophysical Applications

May 10 to May 15, 2015.

MEALS

*Breakfast (Bu↵et): 7:00–9:30 am, Sally Borden Building, Monday–Friday
*Lunch (Bu↵et): 11:30 am–1:30 pm, Sally Borden Building, Monday–Friday
*Dinner (Bu↵et): 5:30–7:30 pm, Sally Borden Building, Sunday–Thursday
Co↵ee Breaks: As per daily schedule, in the foyer of the TransCanada Pipeline Pavilion (TCPL)
*Please remember to scan your meal card at the host/hostess station in the dining room for
each meal.

MEETING ROOMS

All lectures will be held in the lecture theater in the TransCanada Pipelines Pavilion (TCPL). An LCD
projector, a laptop, a document camera, and blackboards are available for presentations.

SCHEDULE

Sunday
16:00 Check-in begins (Front Desk - Professional Development Centre - open 24 hours)

17:30–19:30 Bu↵et Dinner, Sally Borden Building

20:00 Informal gathering in 2nd floor lounge, Corbett Hall
Beverages and a small assortment of snacks are available on a cash honor system.
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Monday
7:00–8:45 Breakfast
8:45–9:00 Introduction and Welcome by BIRS Station Manager, TCPL

9:00–9:10 Intorductory remarks by the organizers of the workshop

9:10–9:40 Christian Klingenberg: Progress on a higher order schemes for Volker Springels AREPO
cosmological code

9:40–10:10 Yan Xu: Local discontinuous Galerkin methods for phase field models

10:10–10:40 Co↵ee Break

10:40–11:10 Bruno Despres: Angular momentum preserving CFD on general grids
11:10–11:40 Andreas Dedner: A survey talk on DUNE, compare its e�ciency with the COSMO code,

and applications in atmospheric science

12:00 – lunch
13:00–14:00 Guided Tour of The Ban↵ Centre; meet in the 2nd floor lounge, Corbett Hall
14:00 Group Photo; meet in foyer of TCPL

14:15–14:45 Praveen Chandrashekar: Well-balanced discontinuous Galerkin method for the Euler
equations with gravity

14:45–15:15 Yulong Xing: Well-balanced discontinuous Galerkin methods for the Euler equations
under gravitational fields

15:15–15:45 Co↵ee Break, TCPL

15:45–16:15 Roger Käppeli: Well-balanced schemes for astrophysical applications
16:15–16:45 Z.J. Wang: Di↵erential Discontinuous Methods for Aerospace Applications

17:30–19:30 Dinner
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Tuesday
7:00–9:00 Breakfast
9:00–9:30 Phil Roe: Third-order schemes with active fluxes
9:30–10:00 Yingda Cheng: Discontinuous Galerkin methods for Vlasov-type systems

10:00–10:30 Co↵ee Break

10:30–11:00 Kyle Parfrey: Living with Spontaneous Discontinuities in Spectral Simulations of Rela-
tivistic Magnetospheres

11:00–11:30 Gabor Toth: Fifth order accurate finite di↵erence scheme for hyperbolic PDEs on block-
adaptive curvilinear grids

12:00 – lunch

14:00–14:30 Dinshaw S. Balsara: Divergence-Free MHD and Multidimensional Riemann Solvers
14:30–15:00 Fengyan Li: Discontinuous Galerkin methods for Ideal MHD Equations

15:00–15:30 Co↵ee Break, TCPL

15:30–16:00 Sibusiso Mabuza: A space-time discontinuous Galerkin code for hydro- and magnetohy-
drodynamics

16:00– moderated discussion

17:30–19:30 Dinner

Wednesday
7:00–9:00 Breakfast
9:00–9:30 Chi-Wang Shu: Inverse Lax-Wendro↵ Procedure for Numerical Boundary Conditions of

Hyperbolic Equations
9:30–10:00 Cory D. Hauck: Filtered Spherical Harmonic Methods for Radiation Transport

10:00–10:30 Co↵ee Break

10:30–11:00 Fritz Röpke: A low Mach number code for the Euler equations
11:00–11:30 Bojan Popov: How to do Boris-Book-Zalesak limiting for nonlinear systems

12:00– Lunch

hike in the afternoon

17:30–19:30 Dinner
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Thursday
7:00–9:00 Breakfast
9:00–9:30 Frans Pretorius: Numerical Methods in Computational General Relativity
9:30–10:00 Yinhua Xia: Arbitrary Lagrangian-Eulerian Discontinuous Galerkin method for conser-

vation laws

10:00–10:30 Co↵ee Break

10:30–11:00 Jean Luc Guermond: A priori Convergence estimates for scalar conservation equations
11:00–11:30 Francis Filbet: Simulation of Vlasov-Poisson system with external magnetic fields

12:00 – lunch

14:00–14:30 Eirik Endeve: Core-collapse supernova simulations
14:30–15:00 Xiangxiong Zhang: High order accurate positivity-preserving schemes for gas dynamics

equations

15:00–15:30 Co↵ee Break, TCPL

15:30–16:00 Yang Yang: Discontinuous Galerkin method for pressureless Euler equations and Rela-
tivistic hydrodynamics

16:00– moderated discussion

17:30–19:30 Dinner

Friday
7:00–9:00 Breakfast
9:00 an informal discussion in the morning
11:30–13:30 Lunch

Checkout by
12 noon.

** 5-day workshop participants are welcome to use BIRS facilities (BIRS Co↵ee Lounge, TCPL and Reading
Room) until 3 pm on Friday, although participants are still required to checkout of the guest rooms by 12
noon. **
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Higher Order Numerical Methods for Evolutionary PDEs: Applied
Mathematics Meets Astrophysical Applications

May 10 to May 15, 2015

ABSTRACTS
(in alphabetic order by speaker surname)

Speaker: Dinshaw S. Balsara
Title: Divergence-Free MHD and Multidimensional Riemann Solvers
Abstract: Numerical MHD has come into its own in the last several years. Computationally-oriented issues
that were once perplexing have now been resolved. MHD forms an involution-constrained system where
the magnetic field, once divergence-free, remains so forever. As a result, one has to find a strategy to
represent the magnetic field in divergence-free fashion. Keeping the magnetic field divergence-free requires
solving the problem on a Yee-type mesh. This necessarily requires identifying the multidimensionally
upwinded electric field at the edges of a computational mesh. I show that the computational issues can
be reduced to two sub-problems and then show that a very elegant solutions have been devised. I show
that a divergence-free reconstruction of the magnetic field can be obtained at all orders of accuracy and
on any mesh that one wants, structured or unstructured. I then proceed to show that recent advances
have been made in designing multidimensional Riemann solvers, which give a unique, multidimensionally-
upwinded representation of the electric field. The benefits of the multidimensional Riemann solver go
beyond numerical MHD and apply to any hyperbolic system. I show that the multidimensional Riemann
solver gives more isotropic flow on resolution-starved meshes. The permitted CFL number is also increased.
Even more importantly, the multidimensional Riemann solver gives us a physically-motivated node solver
for any ALE application involving any manner of hyperbolic system. The talk ends with presentation of
hydrodynamical and magnetohydrodynamical ALE results at all orders.

Speaker: Praveen Chandrashekar
Title: Well-balanced discontinuous Galerkin method for the Euler equations with gravity
Abstract: We discuss a well-balanced discontinuous Galerkin scheme for compressible Euler equations with
gravity and ideal gas model. The DG scheme is based on nodal discontinuous Lagrange basis functions
supported at Gauss-Lobatto-Legendre (GLL) nodes together with GLL quadrature using the same nodes.
The well-balanced property is achieved by a specific form of source term discretization together with the
GLL nodes. The scheme is able to preserve isothermal stationary solutions up to machine precision on
any mesh composed of quadrilateral cells. We provide numerical examples to show the performance of the
scheme.

Speaker: Bruno Despres
Title: Angular momentum preserving CFD on general grids
Abstract: We address the conservation of angular momentum for cell-centered CFD on general grids, since
it plays an crucial role for the dynamics of vortical flows. Starting from the conservative equation of the
angular momentum, we show that a standard P0-FV-Riemann solver can be extended to update the new
variable. This procedure is analogous to a partial Discontinuous Galerkin (P0-P1) discretization for the
velocity. Lagrangian based rotation test problems show a huge gain of accuracy. Co-author: Emmanuel
Labourasse (CEA, France)

Speaker: Eirik Endeve
Title: Core-collapse supernova simulations
Abstract: Core-collapse supernova explosion models couple (magneto)hydrodynamics, self-gravity, and
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non-equilibrium neutrino radiation transport. They have long been restricted by the availability of com-
putational resources, and approximate models are extensively used. The availability of more powerful
computers, and the development and use of higher order methods may lead to significant improvements
in supernova models. I will discuss modeling requirements, current models, and our ongoing e↵orts to
introduce higher order methods to model core collapse supernovae.

Speaker: Cory Hauck
Title: Filtered Spherical Harmonic Methods for Radiation Transport
Abstract: We present a filtering approach to improve the robustness of spherical harmonic methods in the
simulation of radiation transport. The filter is applied to the angular variable, but provides significant
improvement to the spatial profile of the numerical solution. After describing the filter, we will give several
numerical examples along with some initial convergence results.

Speaker: Roger Käppeli
Title: Well-balanced schemes for astrophysical applications
Abstract: In many astrophysical applications the dynamics of interest are realized on top of a peculiar state
where pressure forces are nearly balanced by gravitational attraction. It turns out, that capturing this
stationary state numerically bears some challenges: standard numerical schemes have troubles to maintain
the subtle balance between the flux divergence and the gravitational source term at the discrete level.
These problems are particularly prominent at low numerical resolution which, however, is a very common
regime in global astrophysical simulations. Numerical schemes that are able to preserve exactly a discrete
equivalent of this balance are termed as well-balanced. Well-balanced schemes for the Euler equations with
gravitation have been developed for particular thermal stratifications (e.g. isothermal, isentropic, ...). In
this talk we present new schemes capable of resolving exactly arbitrarily entropy or temperature stratified
equilibria. We present a well-balanced reconstruction technique based on a local discrete representation
of hydrostatic equilibrium. We demonstrate the performance of our well-balanced reconstruction on a
series of astrophysically relevant problems: the propagation of waves in the solar atmosphere, simulation
of core-collapse supernovae and multidimensional stellar evolution.

Speaker: Christian Klingenberg
Title: Progress on a higher order schemes for Volker Springels AREPO cosmological code
Abstract: We will talk about our contribution to a large project with the goal of a self-consistent numerical
simulation of the evolution of the universe beginning soon after the Big Bang and ending with the formation
of realistic stellar systems like the Milky Way. This is a multi-scale problem of vast proportions. It
requires the development of new numerical methods that excel in accuracy, parallel scalability to the
processes relevant in galaxy formation. These numerical methods themselves require the development
of mathematical theory in order to guarantee the above mentioned requirements.This is joint work with
Praveen Chandrashekar, Kevin Schaal, Volker Springel and others.

Speaker: Sibusiso Mabuza
Title: A space-time discontinuous Galerkin code for hydro- and magnetohydrodynamics
Abstract: We propose a space-time discontinuous Galerkin (DG) finite element method for hyperbolic sys-
tems of conservation laws. To ensure entropy stability, the discretisation is performed in entropy variables
and entropy-stable numerical fluxes are used. The implicitness of the method does not give rise to a CFL
condition. The method can therefore be applied to problems with multiple time scales such as low Mach
number flows near the incompressible limit. We have considered the Euler equations in one or two spatial
dimensions as well as the equations of ideal MHD: the former is based on a code developed by Andreas
Hiltebrand and Sid Mishra, the latter is work in progress. We show numerical experiments to ascertain
the capabilites of the scheme. This is joint work with Tim Barth, Praveen Chandrashekar and Christian
Klingenberg.
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Speaker: Kyle Parfrey
Title: Living with Spontaneous Discontinuities in Spectral Simulations of Relativistic Magnetospheres
Abstract: High-order methods have long been recognized to encounter stability problems when discontinu-
ities are formed. In high-magnetization magnetohydrodynamics the features of interest are current sheets,
tangential discontinuities in the magnetic field components. I will describe a new method for capturing
current sheets just above the grid scale and compare with equivalent solutions obtained using super spec-
tral viscosity. I will then show how the new method allows reconnecting current sheets around pulsars and
black holes to be studied using a global pseudospectral code, with only very weak spectral filtering.

Speaker: Frans Pretorius
Title: Numerical Methods in Computational General Relativity
Abstract: I will give a brief overview of the current state of numerical solutions of binary compact object
mergers in general relativity, where each compact object is either a black hole or a neutron star. Such
systems are of interest as sources of gravitational wave emission observable by the advanced generation
of ground-based gravitational wave detectors, and when neutron stars are involved could host a range
of potentially observable electromagnetic emission. Most of the current challenges faced by simulations
to make accurate connection with observation are related to the high computational cost of modelling
such events, due in part to the large range of relevant spatio-temporal scales involved, and additionally
for neutron stars complexity in the microphysics and uncertainties in the equation of state of matter at
nuclear densities. I will also describe a new algorithm, BEST (Background Error Subtraction Technique),
that can achieve orders of magnitude savings in cost when solving a PDE for a scenario where the solution
on a portion of the domain is close to a known exact solution. A first relativistic application of this is to
tidal disruption of stars by supermassive black holes.

Speaker: Phil Roe
Title: A Third-order Active Flux Scheme
Abstract: Advection and acoustics are equivalent in one dimension, but far from it in higher dimensions.
Van Leers 1977 new approach to numerical advection solved one-dimensional linear advection problems by
reconstructing the data in each cell in some finite element space that allows easy evolution of the exact
solution, followed by projection into the original space. This Projection Evolution Reconstruction paradigm
has been frequently emulated. Multidimensional wave propagation (acoustics, Maxwells equations, linear
elasticity) can be handled in exactly the same way if the evolution stage is performed through Poissons
spherical mean integral formulas. The resulting numerical scheme is exact on arbitrary grids for data that
actually lies in the finite element space, and this makes the method very insensitive to mesh quality. At
third order only inexpensive integrals are involved. The method is fully explicit and maximally stable.
Its e�ciency exceeds that of Discontinuous Galerkin methods by a large factor. Nonlinear problems are
handled with no loss of accuracy by a simple correction to the propagation speeds. A decomposition of
the Euler equations is proposed to combine the phenomena of advection and acoustics.

Speaker: Fritz Röpke
Title: Modeling low Mach number flows in astrophysical systems with preconditioned compressible schemes
Abstract: Many astrophysical systems feature flows at low Mach numbers. These are modeled by the Euler
equations in three space dimensions. Conventional finite volume discretizations, however, show excessive
dissipation in this regime. We identify inconsistent scaling with low Mach number of numerical flux function
as the origin of this problem. Inspired by the work of Turkel, we propose a new flux preconditioner that
ensures the correct scaling. We demonstrate that our new method is capable of representing flows down
to Mach numbers of 10e-10. We analyze the asymptotic behavior and the stability of our new scheme. For
selected examples, we demonstrate that the low condition number of a time-implicit scheme holds promise
for an e�cient numerical treatment of astrophysical problems. This is joint work with Wasilij Barsukow,
Philipp Edelmann and Christian Klingenberg. We shall discuss the qualitative di↵erence between the two
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estimates, which is particularly e↵ective when the dissipative or relaxation terms displays an explicit and
significant dependence in the space variable.

Speaker: Chi-Wang Shu
Title: Inverse Lax-Wendro↵ Procedure for Numerical Boundary Conditions of Hyperbolic Equations
Abstract: We develop a high order finite di↵erence numerical boundary condition for solving hyperbolic
Hamilton-Jacobi equations and conservation laws on a Cartesian mesh. The challenge results from the
wide stencil of the interior high order scheme and the fact that the boundary may not be aligned with
the mesh. Our method is based on an inverse Lax-Wendro↵ procedure for the inflow boundary conditions.
Extensive numerical examples are provided to illustrate the good performance of our method. This is a
joint work with Ling Huang and Mengping Zhang, and with Sirui Tan and Francois Vilar.

Speaker: Gabor Toth
Title: Fifth order accurate finite di↵erence scheme for hyperbolic PDEs on block-adaptive curvilinear grids
Abstract: We present a new fifth-order accurate finite di↵erence method implemented into the general
purpose BATS-R-US hydrodynamic and magnetohydrodynamic code. The scheme employs the 5th order
accurate monotonicity preserving limiter MP5 to construct high order accurate face fluxes. The fifth-
order accuracy of the spatial derivatives is ensured by a flux correction step. The method is generalized
to curvilinear grids with a free-stream preserving discretization. The method is also extended to block-
adaptive grids using carefully designed ghost cell interpolation algorithms. Only three layers of ghost cells
are required, and the grid blocks can be as small as 6 x 6 x6 cells. Dynamic grid refinement and coarsening
are also fifth-order accurate. All interpolation algorithms employ a general limiter based on the principles
of the MP5 limiter. The finite di↵erence scheme is fully conservative on static uniform grids. Conservation
is only maintained at the truncation error level at grid resolution changes and during grid adaptation,
but our numerical tests indicate that the results are still very accurate. We demonstrate the capabilities
of the new method on a number of numerical tests, including smooth but non-linear problems as well as
simulations involving discontinuities. While the fifth-order scheme is about 3 times more expensive than
the classical second order TVD method, the improved accuracy makes the 5th order method much more
computationally e�cient.

Speaker: Z.J. Wang
Title: Di↵erential Discontinuous Methods for Aerospace Applications
Abstract: The important role of CFD in aircraft design is described first, and then the need for high-order
accuracy in CFD simulations is illustrated. After that, we review several di↵erential discontinuous high-
order methods for aerospace applications. To demonstrate the potential of these methods, the application
of high-order methods to compute several real world flow problems will be presented. The talk will
conclude with several remaining pacing items, which need to be overcome before high-order methods are
used routinely in aircraft design.

Speaker: Yinhua Xia
Title: Arbitrary Lagrangian-Eulerian Discontinuous Glerkin method for conservation laws
Abstract: In this talk, we develop and analyze an arbitrary Lagrangian-Eulerian discontinuous Galerkin
(ALE-DG) method for one dimensional conservation laws, which satisfies the geometric conservation law.
For the semi-discrete ALE-DG method when applied to a nonlinear scalar conservation law, a cell entropy
inequality and L2 stability are proved. Also, the error estimates are proved for the semi-discrete ALE-DG
method. More precisely, we prove the sub-optimal (k+ 1

2) convergence for the monotone fluxes, and optimal
(k + 1) convergence for the upwind flux, when a piecewise P k polynomial approximation space is used.
For the fully-discrete ALE-DG method, the geometric conservation law is proved. We also prove the local
maximum principle and state the conditions for the slope limiter. Numerical examples show the capability
of the method.
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Speaker: Yulong Xing
Title: Well-balanced discontinuous Galerkin methods for the Euler equations under gravitational fields
Abstract: Hydrodynamical evolution in a gravitational field arises in many astrophysical problems. Im-
proper treatment of the gravitational force can lead to a solution which oscillates around the equilibrium.
In this presentation, we propose a recently developed well-balanced discontinuous Galerkin method for the
Euler equations under gravitational fields, which can maintain the hydrostatic equilibrium state exactly.
Some numerical tests are performed to verify the well-balanced property, high-order accuracy, and good
resolution for smooth and discontinuous solutions.

Speaker: Yan Xu
Title: Local discontinuous Galerkin methods for phase field models
Abstract: In this talk, we present an e�cient and energy stable fully-discrete local discontinuous Galerkin
(LDG) method for the Cahn-Hilliard-Hele-Shaw (CHHS) and Cahn-Hilliard- Brinkman system. The semi-
discrete energy stability of the LDG method is proved firstly. Due to the strict time step restriction
of explicit time discretization methods for stability, we introduce a semi-implicit time integration scheme
which is based on a convex splitting of the discrete Cahn-Hilliard energy. The unconditional energy stability
has been proved for this fully-discrete LDG scheme. The fully-discrete equations at the implicit time level
are nonlinear. Thus, the nonlinear Full Approximation Scheme (FAS) multigrid method has been applied to
solve this system of algebraic equations, which has been shown the nearly optimal complexity numerically.
Numerical results are also given to illustrate the accuracy and capability of the LDG method coupled with
the multigrid solver.

Speaker: Yang Yang
Title: Discontinuous Galerkin method for pressureless Euler equations and Relativistic hydrodynamics
Abstract: In this talk, we apply discontinuous Galerkin methods to solve two model equations.To construct
physically relevant numerical approximations, we develop a bound-preserving limiter to the scheme. This
limiter can preserve the physical bounds for the numerical solution while maintaining its designed high
order accuracy. With this limiter, we can prove the L1-stability of the numerical scheme. Numerical
experiments are performed to demonstrate the good performance of the bound-preserving DG scheme.
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