
Positivity in Algebraic Combinatorics
BIRS Workshop 15w2208

August 14–16, 2015

SCHEDULE

Friday

16:00- Check-in begins (Front Desk - Professional Development Centre - open 24 hours)
Lecture rooms available after 16:00

20:00-? Welcome reception/informal gathering in 2nd floor lounge, Corbett Hall
Some beverages and snacks provided. Further beverages and a small assortment of
snacks are available in the lounge on a cash honour system.

Saturday

7:00-9:30 Breakfast on your own
9:30-10:00 Victor Reiner. Thrall’s problem and two coarsenings.
10:00-10:30 Peter McNamara. Conjectures concerning the difference of two skew Schur functions.
10:30-11:00 Coffee Break, TCPL
11:00-11:30 Vasu Tewari. Littlewood-Richardson rules for symmetric skew quasisymmetric

Schur functions.
11:30-12:15 Olga Azenhas and Ricardo Mamede. Skew-shapes with interval support in the

dominance lattice. Note longer time slot for joint presentation.
12:15-14:00 Lunch on your own
14:00-14:30 Louis Billera. Some positivity questions for Coxeter groups.
14:30-15:00 Alejandro Morales. A q-analogue of Naruse’s hook-length formula for skew shapes.
15:00-15:30 Coffee Break, TCPL
15:30-16:00 Sara Billey. Trees, Tanglegrams, and Tangled Chains.
16:00-17:00 Open Problem Session
18:00-? Optional dinner with the group (each person pays for his or her own meal)

Meet outside Corbett Hall and then walk to restaurant for dinner at 18:30.
Sunday

7:00-9:30 Breakfast on your own
9:30-10:00 Angela Hicks. Reflections on Gessel’s Fundamental Basis.
10:00-10:30 Arthur Yang. Schur positivity arising from log-concavity problems.
10:30-11:00 Coffee break, TCPL
11:00-11:30 Sami Assaf. Schur positivity.

Checkout by 12 noon.
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ADDITIONAL INFORMATION

** 2-day workshops are welcome to use BIRS facilities (2nd Floor Lounge, TCPL, Reading Room) until
15:00 on Sunday, although participants are still required to checkout of the guest rooms by 12 noon. There
is no coffee break service on Sunday afternoon, but self-serve coffee and tea are always available in the 2nd
floor lounge of Corbett Hall. **

MEALS

Coffee Breaks: As per daily schedule, in the foyer of the TransCanada Pipeline Pavilion (TCPL) (included
in workshop)

**For meal options at the Banff Centre, there are food outlets on The Banff Centre campus such as Vistas
Main Dining Room on the 4th floor of Sally Borden Building (breakfast: 7:00-9:30am; lunch: 11:30am-
1:30pm; dinner: 5:30-7:30pm), Le Cafe (ground floor, Sally Borden Building) and the Maclab Bistro
(Kinnear Centre). You will also find a good selection of restaurants in the town of Banff which is a 10-15
minute walk from Corbett Hall.**)

MEETING ROOMS

All lectures will be held in the lecture theater in the TransCanada Pipelines Pavilion (TCPL). An LCD
projector, a laptop, a document camera, and blackboards are available for presentations.
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ABSTRACTS
(in alphabetic order by speaker surname)

Speaker: Sami Assaf (University of Southern California)
Title: Schur positivity
Abstract: Dual equivalence gives a general method for obtaining Schur expansions of quasisymmetric
functions. In this talk I’ll discuss how to use the method, the types of formulas one gets, and some
extensions to other types.

Speaker: Olga Azenhas and Ricardo Mamede (Universidade de Coimbra)
Title: Skew-shapes with interval support in the dominance lattice
Abstract: For any skew shape A, the support of A (or sA) is defined to be those partitions λ such that the
Schur function sλ appears with positive coefficient in the Schur expansion of sA (assuming infinitely many
variables). Let rows(A) denote the partition formed by sorting the row lengths of A into weakly decreasing
order, and define cols(A) similarly. It is well known that the support of A, considered as a subposet of the
dominance lattice, has a top element cols(A)t (the conjugate of cols(A)) and a bottom element rows(A).

We seek to understand how the support of A is governed by the shape of A, in particular, when the
whole interval [rows(A), cols(A)t], in the dominance lattice, is attained.

The main results include a list of conditions on A that prevents A from having interval support, and, as a
consequence, that a disjoint union of skew-shapes has interval support only if the connected components are
ribbons; a classification of those products sµsν of Schur functions that have interval support; a classification
of those multiplicity-free skew shapes with interval support (all Littlewood-Richardson coefficients are 1),
and a corresponding classification for sµsν ; and, conditions for a disjoint union of ribbons to have interval
support are provided, assuming the ribbons have all column lengths greater than one with exception
possibly for the first and the last columns. Our answers consist of rather delicate conditions on the A
relative part sizes.

Speaker: Louis Billera (Cornell University)
Title: Some positivity questions for Coxeter groups
Abstract: While the long-open conjecture about the positivity of coefficients of Kazhdan-Lusztig poly-
nomials for Bruhat intervals in Coxeter groups has recently been settled in the affirmative by Elias and
Williamson, there are several positivity questions that remain for these posets. One of these is the conjec-
tured nonnegativity of the coefficients of the complete cd-index defined by Brenti and myself; the top-degree
terms of this index are known to be nonnegative for all Bruhat intervals by a result of Karu. Another
question is to find a direct enumerative proof of the nonnegativity of the a-vector, which allows one to
define the Kazhdan-Lusztig polynomials in terms of shifted ballot polynomials. That the a-vector is always
nonnegative follows easily from the result of Elias and Williamson.

These notions will be defined and illustrated with a concrete example.

Speaker: Sara Billey (University of Washington)
Title: Trees, Tanglegrams, and Tangled Chains
Abstract: Tanglegrams are a special class of graphs appearing in applications concerning cospeciation and
coevolution in biology and computer science. They are formed by identifying the leaves of two rooted
binary trees. We give an explicit formula to count the number of distinct binary rooted tanglegrams with
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n matched vertices, along with a simple asymptotic formula and an algorithm for choosing a tanglegram
uniformly at random. The enumeration formula is then extended to count the number of tangled chains
of binary trees of any length. This includes a new formula for the number of binary trees with n leaves.
We also give a conjecture for the expected number of cherries in a large randomly chosen binary tree and
an extension of this conjecture to other types of trees. Some nice connections to symmetric functions have
recently been noticed by Ira Gessel.

This is based on joint work with F. Erick Matsen and Matjaz Konvalinka

Speaker: Angela Hicks (Stanford University)
Title: Reflections on Gessel’s Fundamental Basis
Abstract: Many recent conjectures and theorems in algebraic combinatorics have the following setup:
a (sometimes graded) module M has a clearly defined Sn action. A (not obviously) related set S of
combinatorial objects has an associated permutation (call it σ(s) for s ∈ S), which is used to define a
quasisymmetric function (with an associated theory for monomials and objects indexed by words). The
statement is then made that

Fchar(M) =
∑
s∈S

Fides(σ(s))

(or a graded version, with additional variables), frequently followed by an indirect proof that the sum is
symmetric. What do we mean by this? One might (over-optimistically) hope that we mean that Sn acts
on our combinatorial objects by somehow acting on the associated word, but often this is not obviously the
case, either giving us objects not in our set or (in the graded case) objects reflecting a different grading.
We’ll give some ideas for how to think about what we “mean” by these sorts of statements.

Speaker: Ricardo Mamede (Universidade de Coimbra) See Olga Azenhas.

Speaker: Peter McNamara (Bucknell University)
Title: Conjectures concerning the difference of two skew Schur functions
Abstract: The last decade has seen a significant amount of attention paid to questions concerning the
difference sA − sB of two skew Schur functions. I will present conjectural answers to a number of such
questions that remain open, along with the status of each conjecture. My hope is to inspire others to
explore these questions. The following questions are likely to be included, with Gessel’s quasisymmetric
function basis playing a starring role in the conjectural answers to 3 and 4.

1. What are necessary and sufficient conditions on the structure of A and B for sA = sB? [Joint with
Stephanie van Willigenburg]

2. Among the connected skew shapes, which ones are maximal in Schur-positivity order, where we define
A ≤ B if sB − sA is Schur-positive? [Joint with Pavlo Pylyavskyy and Stephanie van Willigenburg]

3. The row-overlap conditions of Reiner, Shaw and van Willigenburg give necessary conditions for
A ≤ B, but these conditions are certainly not sufficient. Is there some other algebraic inequality that
is equivalent to the row-overlap conditions?

4. The Saturation Theorem of Kntuson and Tao can be written in the following way: if A is a straight
shape, then A ≤ B if and only if nA ≤ nB. Unfortunately, the most obvious generalization to the
case when A is a skew shape fails. Does a less obvious but still natural generalization hold? [Joint
with Alejandro Morales]
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Speaker: Alejandro Morales (UCLA)
Title: A q-analogue of Naruse’s hook-length formula for skew shapes
Abstract: The celebrated hook-length formula of Frame, Robinson and Thrall from 1954 gives a product
formula for the number of standard Young tableaux of straight shape. No such product formula exists for
skew shapes but there are determinantal and positive formulas involving Littlewood-Richardson coefficients.
In 2014, Naruse announced a positive formula without these coefficients and very close to the formula for the
straight shape case. We give two q-analogues of Naruse’s formula involving semistandard Young tableaux
and reverse plane partitions of skew shape. We show that the Hillman-Grassl correspondence is a bijection
explaining these q-analogues.

Joint work with Igor Pak and Greta Panova.

Speaker: Victor Reiner (University of Minnesota)
Title: Thrall’s problem and two coarsenings
Abstract: A rephrasing of Thrall’s problem asks for a combinatorial interpretation of the coefficients a(λ, µ)
in the Schur function expansion ∑

w

FDes(w) =
∑
µ

a(λ, µ)sµ

where w in the left sum runs through all permutations in Sn of cycle type λ, and FDes(w) is Gessel’s
fundamental quasisymmetric function associated to the descent set of w. We will review some of its other
rephrasings, including Thrall’s original one using free Lie algebras, showing that a(λ, µ) is a nonnegative
integer.

We then describe two important and related coarsenings of Thrall’s problem, hoped to be more
tractable. One coarsens the sum above to have w sum over all derangements in Sn with a fixed num-
ber of cycles. This arises naturally in the Hodge decomposition of the homology of the “complex of
injective words”. The other relates to representation stability for the cohomology of configuration spaces
of ordered points in R2, or for Whitney homology of partition lattices. Partial results will be explained.

Speaker: Vasu Tewari (University of British Colombia)
Title: Littlewood-Richardson rules for symmetric skew quasisymmetric Schur functions
Abstract: Skew quasisymmetric Schur functions are a generalization of a natural refinement of Schur
functions called quasisymmetric Schur functions, and contain an extremely important class of symmetric
functions called skew Schur functions. One way of expanding skew Schur functions in terms of Schur
functions is to use the famed version of the classical Littlewood-Richardson rule involving Yamanouchi
words. This given, a natural question to consider is whether there exists an analogous rule for skew
quasisymmetric Schur functions.

In this talk we will give two Littlewood-Richardson rules for symmetric skew quasisymmetric Schur
functions that are analogous to the aforementioned version of the classical Littlewood-Richardson rule.
Furthermore, both our rules have the nice property that they contain this version as a special case. We will
then apply our rules to combinatorially classify symmetric skew quasisymmetric Schur functions, thereby
answering a conjecture of Bessenrodt, Luoto and van Willigenburg affirmatively. This talk is based on
joint work with Christine Bessenrodt and Steph van Willigenburg.

Speaker: Arthur Yang (Nankai University)
Title: Schur positivity arising from log-concavity problems
Abstract: Many combinatorial sequences and polynomials can be expressed as specializations of symmet-
ric functions, and their log-concavity in turn can be derived from Schur positivity of certain symmetric
functions. In this talk, we shall present some results and conjectures on Schur positivity which arose from
the study of the q-log-concavity of q-Narayana numbers, the q-log-convexity of Narayana polynomials, and
the log-concavity of the generating functions for permutations with respect to the length of the longest
increasing subsequences.
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