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Motivation

In many financial applications, it is necessary to model both
the serial dependance and the dependence between different
time series.

This can be done at once by either proposing

a full parametric model for the multivariate time series

a hybrid model, i.e.,

a parametric/semiparametric model for the serial
dependance for each series
a model of the interdependence between the series
through copulas.

In any case, one has to deal with the residuals of the model
since the innovations are not observable.
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To filter or not to filter, that is the question

So far, for copula inference in econometric models, the serial
dependence problem is either ignored, i.e., the data are not
“filtered” to remove serial dependence, as in Dobrić and
Schmid (2005, 2007) and Kole et al. (2007), or the data are
“filtered” but the potential inferential problems of using these
transformed data are not taken into account.

For example, Panchenko (2005) uses a goodness-of-fit test
on “filtered” data (residuals of GARCH models in his case),
without proving that his proposed methodology works for
residuals. However he mentioned in passing that working
with residuals could destroy the asymptotic properties of his
test.

A similar situation appears in Breymann et al. (2003) where
both the problem of working with residuals and the problem
of the estimation of the copula parameters are ignored.
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Working with residuals

It complicates the inference procedure since the limiting
distribution of statistics and parameters depend in general on
unknown parameters (Bai, 1994, Ghoudi and Rémillard,
2004).

In particular, as shown in Bai (2003) and Horváth et al.
(2004), the distribution of the empirical process of GARCH
residuals in the univariate case (or their squares) is not
trivial.

Here, one wants to know what happens in the multivariate
case, specially to the limiting process of the empirical copula.
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Literature review

The first paper addressing rigorously the problems raised by
the use of residuals in estimation and goodness-of-fit of
copulas seems to be Chen and Fan (2006).

Using a multivariate GARCH-like model for each univariate
time series, they showed the remarkable result that
estimating the copula parameters using the rank-based
maximum pseudo-likelihood method (Genest et al., 1995)
with the ranks of the residuals leads to the same asymptotic
distribution as if working with the ranks of innovations.

In particular, the limiting distribution of the estimation of
the copula parameters does not depend on the unknown
parameters used to estimate the conditional mean and the
conditional variance.

This property is crucial if one wants to develop
goodness-of-fit tests for the copula family of the innovations.
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Multivariate Time Series Model

Stochastic volatility model:

Xi = µi (θ) + σi (θ)εi ,

where the innovations εi = (ε1i , . . . , εdi )
> are i.i.d. with

continuous DF K , and µi , σi are Fi−i -measurable and
independent of εi .

Here Fi−1 contains information from the past and possibly
information from exogenous variables as well.

Since K is continuous, there exists a unique copula C (Sklar,
1959) so that for all x = (x1, . . . , xd)> ∈ Rd ,

K (x) = C{F(x)}, F(x) = (F1(x1), . . . ,Fd(xd))>,

where F1, . . . ,Fd are the marginal distribution functions of
K , i.e., Fj is the distribution function of εji , j = 1, . . . , d .
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Empirical process of residuals

Given an estimator θn of θ, compute the residuals
ei ,n = (e1i ,n, . . . , edi ,n)>, where

ei ,n = σ−1i (θn){Xi − µi (θn)}.

Further set Θn = n1/2(θn − θ). The main results are
deduced from the asymptotic behavior of the process

Kn(s, x) =
1√
n

bnsc∑
i=1

{1(ei ,n ≤ x)− K (x)} , (s, x) ∈ [0, 1]×R̄d .

Here 1 stands for the indicator function and y ≤ x means
that the inequality holds componentwise.
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Further set

Kn(x) =
1

n

n∑
i=1

1(ei ,n ≤ x), x ∈ R̄d ,

and Fn(x) = (F1n(1, x1), . . . ,Fdn(1, xd))>, where

Fjn(s, xj) =
1

n + 1

bnsc∑
i=1

1(eji ,n ≤ xj), j = 1, . . . , d .
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Weak convergence

From now on, convergence of processes means convergence
with respect to the Skorohod topology for the space of
càdlàg processes, and is denoted by  .

To be able to state the convergence result for Kn, one needs
to introduce auxiliary empirical processes. Set

αn(s, x) =
1√
n

bnsc∑
i=1

{1(εi ≤ x)− K (x)} , (s, x) ∈ [0, 1]×R̄d ,

βn(s,u) =
1√
n

bnsc∑
i=1

{1(Ui ≤ u)− C (u)} , (s,u) ∈ [0, 1]1+d ,

and βj ,n(s, uj) = βn(s, 1, . . . , 1, uj , 1, . . . , 1), and Ui = F(εi ).
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Weak convergence to Kiefer processes

It is well known (Bickel and Wichura, 1971) that αn  α
and βn  β where α is a K -Kiefer process and β is a
C -Kiefer process.

Recall that α is a K -Kiefer process if it is a continuous
centered Gaussian process with
Cov {α(s, x), α(t, y)} = (s ∧ t) {K (x ∧ y)− K (x)K (y)},
s ∈ [0, 1] and x, y ∈ Rd .

Here (x ∧ y)j = min(xj , yj), j = 1 . . . , d .

Note that for all (s, x) ∈ [0, 1]× R̄d , α(s, x) = β{s,F(x)}.
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Main convergence assumptions

Assume that µi and σi are continuously differentiable with
respect to θ ∈ O, and set γ0i = σ−1i µ̇i and γ1ki = σ−1i σ̇ki ,
where (µ̇i )jl = ∂θlµji , (σ̇ki )jl = ∂θlσjki = ∂θl (σi )jk .

(A1) Γ0,n(s) =
1

n

bnsc∑
i=1

γ0i and Γ1k,n(s) =
1

n

bnsc∑
i=1

γ1ki converge

in prob. to sΓ0 and sΓ1k , uniformly in s ∈ [0, 1].

(A5) (αn,Θn) (α,Θ).
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Theorem

Under assumptions (A1)–(A7), Kn  K, with

K(s, x) = α(s, x) + s∇K (x)Γ0Θ + s
d∑

j=1

d∑
k=1

Gjk(x)(Γ1kΘ)j ,

where Gjk(x) = fj(xj)E {εk11(ε1 ≤ x)|εj1 = xj}.
Furthermore Fj ,n  Fj , where

Fj(s, xj) = βj{s,Fj(xj)}+ sfj(xj) {(Γ0Θ)j + xj(Γ1jΘ)j}

+s
∑
k 6=j

fj(xj)E (εk1|εj1 = xj)(Γ1kΘ)j .

If σ is diagonal, (A7) is not needed for the convergence of
Kn. In this case,

K(s, x) = α(s, x) + s∇K (x)Γ0Θ + s
d∑

j=1

Gjj(x)(Γ1jΘ)j .



Outline

Motivation

Empirical processes

Empirical process of
residuals

Empirical processes related
to the copula

Example of
application

References

Tests

An immediate application of Theorem 1 if for GOF tests.

GOF tests could also be based on the Rosenblatt transform
of K . See, e.g., Genest and Rémillard (2008) and Rémillard
(2011) for details.

One can also perform change-point tests.

Define, for all (s, x) ∈ [0, 1]× R̄d , the sequential process

An(s, x) =
1√
n

bnsc∑
i=1

{1(ei ,n ≤ x)− Kn(x)} .

Many test statistics for detecting structural changes in the
innovations are based on An. From Theorem 1, one obtains
a surprising result:
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Corollary

Under assumptions (A1)–(A7), An  A, with

A(s, x) = α(s, x)− sα(1, x), (s, x) ∈ [0, 1]× R̄d .

In particular A is parameter free, depending only on K.
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Remark

Although the distribution of A depends on the unknown DF
K, it is still possible to bootstrap A, i.e., to generate
asymptotically independent copies of A.

Thus it is possible to detect structural changes in the
distribution of the innovations using An.

The way to do it is to use multipliers. See Rémillard (2012)
for details.
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Dependence between innovations

Let C be the (unique) copula associated with K .

Since the copula is independent of the margins, one way to
estimate it is to remove their effect by replacing ei ,n with the
associated rank vectors

Ui ,n = (U1i ,n, . . . ,Udi ,n)>, Uji ,n = Rank(eji ,n)/(n + 1),

where Rank(eji ,n) being the rank of eji ,n amongst
ej1,n, . . . , ej1,n, j = 1, . . . , d . Also, Ui ,n = Fn(ei ,n).
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Empirical copula process

Now define the empirical copula

Cn(u) =
1

n

n∑
i=1

1(Ui ,n ≤ u), u ∈ [0, 1]d ,

together with the sequential copula process

Cn(s,u) =
1√
n

bnsc∑
i=1

{1(Ui ,n ≤ u)− C (u)} , (s,u) ∈ [0, 1]1+d ,

and set

Gn(s,u) =
1√
n

bnsc∑
i=1

{1(Ui ,n ≤ u)− Cn(u)} .
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Main result

Corollary

Under assumptions (A1)–(A7), Cn  C, with

C(s,u) = Č(s,u) + s
∑
j 6=k

G̃jk(u)(Γ1kΘ)j ,

with G̃jk deterministic and

Č(s,u) = β(s,u)−s
d∑

j=1

∂uj C (u)βj(1, uj), (s,u) ∈ [0, 1]1+d .

Moreover, Gn  G, where

G(s,u) = β(s,u)− sβ(1,u), (s, u) ∈ [0, 1]1+d .

Furthermore, under assumptions (A1)–(A6), if the volatility
matrices σi are diagonal, then Cn  Č.
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An immediate application of Corollary 2 shows that
tests for detecting structural change in the copula of
the innovations can be based on the process Gn and
that the limiting process G is parameter free, depending
only on the unknown copula C .

However, as it was also true for A, it is easy to simulate
asymptotically independent copies of G. See Rémillard
(2012).

The corollary was also used by Duchesne et al. (2012)
to build tests of independence between the innovations
of several time series.

It is remarkable that when the volatility matrices σi are
diagonal, then Cn converges to Č, which does not
depend on Θ, even if K does.
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Example of application

Chen and Fan (2006) studied the dependence of the
innovations for the Deutsche Mark/US and Japanese
Yen/US exchanges rates, from April 28, 1988 to Dec 31,
1998. AR(3)-GARCH(1,1) and AR(1)-GARCH(1,1) models
were fitted on the 2684 log-returns.

Because the series are so long, univariate change-point tests
were performed on the standardized residuals and the null
hypothesis was accepted.

Then, a copula change-point test was performed
(P− value = 33%, using N = 100 replications).

It required 30 hours of calculations, using the multipliers
methodology described next.
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Figure 1: Residuals vs time.
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Figure 2: Scatter plot of pseudo-observations.
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“Best” omnibus test for GOF of copulas
Instead of using Cn for testing H0 : C ∈ {Cθ; θ ∈ O}, define
pseudo-observations E1,n = Rθn (e1,n), . . ., En,n = Rθn (en,n),
where Rθ is the Rosenblatt transform of Cθ.

Under the null hypothesis H0, the empirical distribution
function

Dn(u) =
1

n

n∑
i=1

1 (Ei ,n ≤ u) , u ∈ [0, 1]d

associated with the pseudo-observations E1, . . . ,En should
be “close” to the independence copula C⊥.
According to Genest et al. (2009), the best omnibus test for
goodness-of-fit is based on

S
(B)
n = n

∫
[0,1]d

{Dn(u)− C⊥(u)}2 du.

P-values are calculated using parametric bootstrap.
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The search for the copula

The usual copula models considered by Chen and Fan
(2006) (Gaussian, Student, Clayton, Frank, Gumbel)

were all rejected using S
(B)
n , while they selected the

Student copula as the best model, based on the
likelihood rankings.

What is the model then?

The next best model would be a mixture of two
Gaussian copulas (Dias and Embrechts, 2004).

H0 was accepted with a 84% p-value, calculated from
N = 100 replications. The parameters of the two
Gaussian copulas are ρ̂ = [0.8205, 0.3749] and
π̂ = [0.4017, 0.5983].
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Conclusion I

Parametric bootstrap is a powerful method that works
fine but can be quite slow.

The method is limited by available algorithms for
calculating the DF under H0.

One could use Monte Carlo implementation! Replace
the DF by an empirical one, obtained from independent
Monte Carlo sampling. It is called two-level parametric
bootstrap and it works but it is very very slow!

No such computational problems for tests based on the
Rosenblatt transform which is in addition almost always
the best!
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