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Blaschke conjecture/theorem

On a sphere

e all geodesics are closed
e all geodesics have the same length

The same features are present (in any dimension) on
e real projective space

L CROSSes
e complex projective space
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Blaschke rigidity

Deformations

e Riemannian g, —— Gup = Gap + €hap
e Projective V, — V, = V, + €l

Two-sphere with round metric g,
WLG  Jap = (L +€f)’gab

7{]" = (0 V great circles ~
.

Funk 1914 56’7]" = 0V~y < fisodd (cf. Radon 1917)

S is Blaschke deformable (v* Guillemin 1976)
RP, is Blaschke rigid (v ... LeBrun—Mason 2002)

~ EXpect {
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Projective differential geometry

A

Def* V, ~V, < same geodesics (unparameterised)
EG (Thales 600 BC) the round sphere is projectively flat

Affine coordinate patch
R" «— RP,, IS a
projective equivalence

N

\

Operational Def"
Vads = Vadp — Tadp — Toda
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Projective deformations

Projective equivalence

Vo X¢ =V, X+T,°X" where T ;¢ = Y,0,°+ YTp,°

Projective deformation

@CLXC =V, X+ GFabCXb where I' ;¢ = F(ab)c and I',;* =0

Projective deformation complex on S™ or RP,

X = (V@Vy X+ gapX)o Wape! =
Fap® = (v[arb]cd)o

(where Rp.% = gacop® — gnede® (round metric))
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Riemannian deformations

Start with the round metric R, pcd = GacIbd — IbeGad
Recall Riemannian deformation

gab = Jab T ehab

Riemannian deformation complex on S™ or RP,,
Xqg V(aXb) Raped v[aRbC]de

Killing hao = (VVe + gac)a | Bianchi
o (v(bvc) + gbc)had
o (v(avd) + gad)hbc _
n (v(bvd) + g5g)Prac Riemann tensor

symmetries are

Projectively invariant complex | ! SL-irreducible !
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Homogeneous Correspondence

Homogeneous Fq o(R™H)
under action / \

of SL(H‘F 1,R) GI‘Q Rn—l—l 9 T~y = ,LL 1 CIZ )

Hieroglyphics

n=3
X—X—O
X——0 —<X—©
a b c a b c
Homogeneous vector bundles X @ o < o
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Differential Complexes on RP;

de Rham

o o oV —=21 0V 30 1V 4990 0
0 > % o 0 —%X o 0 —>%X o 0 — % o e —0

Riemannian deformation

0 1 0V —22 0 V? 40 2 V =50 1
0 > % o 06— o 0 — % o 0 — oo — 0

Projective deformation

1 0 1 V2 -3 2 1 V —41 2 V? 61 0
0 > % o 06— % o 06— % o 0 — % o o — 0
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Generalised Funk transform on RPs

M
General complex o J
Vv Q ~0/ Q’ ~0/
g & G/ S G/
a b ¢ VT /¢ ¢ / X / b
0 > % o 06— % o o — >%o—o . H—o — 0
N
A
/® ®>< C F ~ 4y a b c
F(RPg, H—o) S f fo S F(GIQ(R )7 H%‘)

Theorem (Bailey—E 1997) ker F = V' (TI'(RP3, Lﬁ—g))

Examples X s e «~ Metric rigidity
S g o projective rigidity
—2 m 0

< oo <~ INjectivity of I, on symmetric solenoidal fields
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Generalised Funk transform on CP,,

Warning &/ &/ 8 CP, is not projectively flat!
Wapta = 2J} Wy — 2WapJd — 327016981

[(CP,, @™ 'A) =5 T(CP,, QAN 5 f =2 § f

Theorem (Tsukamoto 1981) ker Iy = range V

Theorem (E-Goldschmidt 2013)  ker [,,, = range V

Technique RP,, — CP, Is totally geodesic and ...

?Theorem? (earlier today) CP, Is projectively rigid
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THE END

THANK YOU
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