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The MCTDH method

V(Qy,...,Qnt) Z ZAh ,pt)ij (Qu. 1)

=1 Jr=
Variational equations of motion for A and ¢.

Z<¢J|H‘¢L AL — Zzg]n AJK

k=1 I=1

i) = (fNTy, n)+(1 _P(n)< n)) ‘<H>(H)¢(R)

iA,

with the constraint operator matrix
fi = (@ilfley) = i(oildy)

computer resources ~ nP + nNp

Reviews: Beck et al Phys. Rep. (00) 324:1 Meyer and Worth TCA (03) 109:251



The G-MCTDH Method

V(Qy,..., Q1) Z ZAh fp H(p/K H g]x

=1 Jp=1 K=n+1

Replace single-particle functions with Gaussian functions

g(Q, 1) =exp (Q7¢,Q+ Q"¢ + 1))



The G-MCTDH Method

n ng
V(0. 0ty =3 S AL H@,K Hg,,,“

h=1 o=t K=n+1

Replace single-particle functions with Gaussian functions
g(Q, 1) =exp (Q7¢,Q+ Q"¢ + 1))

Propagate parameters A\ = {¢, &, n}

o
. . 1
IA/' = ZSJk ¢k|H|¢/ A/ ;;/Sﬂ( gk'&'tgl>
= ZS//( Hk/A/ ZZISIk Tk/AJN
k=1 I=1
iN = c 'y

Burghardt et al JCP (99) 99:2927



o S [s0s )
/
Cugs = py (S5~ [s087'80] )

U]

where « is a parameter and i a function

B) _ / 99 | 09 . yles) _ [ 091 | | 991
Si <6)\;a aA,ﬁ> - H = <mia Hlans
e.g. if ANia = f,‘a
a0 6gl
s = (22} = (@lxla)

If only GWPs known as variational Multi-Configurational Gaussian
(vMCG) approach



Alternative Ansatz

Return to original MCTDH equation and variational derivation:

ny Mp p
V(... 0= Y AL ] e @t
=1 Jjr=1 r=1
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Alternative Ansatz

Return to original MCTDH equation and variational derivation:

p
V(... 0= Y AL ] e @t
and now using
m
|90r> :Z|ga>Docr ;o r=1,n
a=1
vary 6A,, dp; (grid-based SPFs), 6D;; and dga = Y, 0Aaa pi=

obtain the same EOMs for the A,, ¢; and A, as before, but SPFs
represented by

Dy =" S5l (Gal (1 = PYHYlo) + 3 friDam — > S7d s D
m af

i

with P =3 [pr) (¢rl-
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Thus GWPs act as a time-dependent primitive basis.

1. This should provide a better G-MCTDH, with a normalised
A-vector and so able to use the CMF integrator.

2. A-vector will be shorter than the original G-MCTDH.

This is the first layer of “Multi-layer G-MCTDH”
Rémer, Ruckenbauer and Burghardt JCP (13) 138: 064106



Thus GWPs act as a time-dependent primitive basis.

1. This should provide a better G-MCTDH, with a normalised
A-vector and so able to use the CMF integrator.

2. A-vector will be shorter than the original G-MCTDH.

This is the first layer of “Multi-layer G-MCTDH”
Rémer, Ruckenbauer and Burghardt JCP (13) 138: 064106

If m = n then equivalent to original G-MCTDH
For vMCG, only 1 “SPF” expanded in basis. Can now write:
iA = EA ; E=(plHlp)

iDo = > 81 (Hap — iTap)Ds — ED,
af

and the overall phase is moved into the A-coefficient.
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Connection to trajectories

For frozen GWPs, taking

P2
H:Z2m

K

+V
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Connection to trajectories
For frozen GWPs, taking

p2
H=> 5 +V

K

In terms of the moments,

f
<H>ﬂ:Sﬂxl(o)JFE:S](IOB)X(E)Jr Z S a5)+
B=1 a,B=1

For example

A 4A2
Xl(ﬁ) _ ﬁB/p 5 + nfﬁ/ + ov

8X +...

+Z 8x 8x o o



and as _
i€ = 2iA13QI3 — Pi
the EOMSs for the linear parameters can be written

: P//ﬁ v
_ P 1 Y c

Qis + 2Alﬂ m o /Bma

P = — V//a +Re E , I,Bma

with
i 4A

V/ 5 Qo + Z Sjglaﬁ)xl(aﬂ)+
BFo a,p=1




Salicylaldehyde Test Case: 2D Proton transfer

® e P
] @ 0
oo %
T , o-@ - .’ O
Hamiltonian in normal modes fitted %‘ oo @ 7.,’
to RHF/3-21G* g.'{.‘o o.' ®
1 Wg 82 2
o= EK;8?<a_q;'g+q”> V1 V1g
4
-|—Z:Anqq7
n=1
+B11G1q1s + Boa G5 Gfs
+Bs197 18 + Bis1 G
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Invertion C-matrix: Stability and Convergence

At the start, C is singular. Values are due to density matrix, p and the
projection of the derivative functions out of the GWP space

0 0
Ciajp = Plj<8)\g ‘1_Z|gf rs g5|‘ gj>

Need only to include functions that have a significant population AND
significantly contribute to the projected space (i.e. where the basis
functions can move to).

Assume functions do not change much over a step, yet populations
do. Estimate coefficients at end of step:

Ay(t+8t) = Ai(t) + Ai(t)st

Look at eigenvalues ¢; of C and count nignore With ¢; < €.

11
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If Mignore > 0, project 99 onto space spanned by N — Mignore

o
ogi
){dn.)

and ignore Nigore Parameters with lowest values of Ci,

eigenvectors,

C _ N agl
i — Z < 3)\/(1

a="Nignore +1

Withe =1 x 1078:
32 GWPs (left) and 64 GWPs (right)

2D Salicylaldehyde Proton Transfer Flux: Active GWP parameters. 64 GWPs

2D Salicylaldehyde Proton Transfer Flux: Active GWP parameters. 32 GWPs
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Linear Dependence

With large basis sets linear dependencies occur. Seen as step sizes
drop as lowest eigenvaule of S matrix drop below 1 x 107,

Test 2D salicylaldehyde with 32 functions w/o dynamic selection
requires 63784 steps and with 64 does not finish.

use similar procedure as dynamic selection
Look at eigenvalues s; of S and count njpe, With s; < e.

If Minear > 0, project g; onto space spanned by n — Ny, €igenvectors,
Si= Z = Minear + 1n<gi | a><a | gj>
a

and ignore Nignere functions with lowest values of S;

withe =1 x 1076
32 GWP finds 2 dependencies at 4 fs and 42 fs.
64 GWP test finds 7 dependencies at 4 fs and 42 fs.
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Flux through barrier

Starting with (g1, g1s) = (0.96, —0.07). Corresponds to O—H bond
stretched as lower minimum is at (g1, 1) = (1.26, —0.04). Energy
below barrier height.

4th order integrals.

2D Sallicylaldehyde Proton Transfer Flux: Full QD
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Flux through barrier

Starting with (g1, g1s) = (0.96, —0.07). Corresponds to O—-H bond
stretched as lower minimum is at (g, g1s) = (1.26,—0.04). Energy
below barrier height.

4th order integrals.
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Flux through barrier

Starting with (g1, g1s) = (0.96, —0.07). Corresponds to O—-H bond
stretched as lower minimum is at (g, g1s) = (1.26,—0.04). Energy

below barrier height.

4th order integrals.
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Flux through barrier

Starting with (g1, g1s) = (0.96, —0.07). Corresponds to O—-H bond
stretched as lower minimum is at (g, g1s) = (1.26,—0.04). Energy
below barrier height.
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Trajectories with 16 GWPs

Vi fau]

Mom vl

vMCG

GWP centre coordinate 16 GWPs

Time [fs]

GWP trajectory in phase-space 16 GWPs

v1 [au]

Vi fau]

Mom v1

Classical

GWP centre coordinate 16 classical GWPs

Time [fs]

GWP trajectory in phase-space 16 classical GWPs

vi fau]
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Local Harmonic Approximation

For GWP calculations, common to use LHA, i.e. expand potential
around centre g,

= Voo + Z Vi, (Xa = Gra) + Z Vs (Xa = Qia)(Xs — qup)
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Local Harmonic Approximation

For GWP calculations, common to use LHA, i.e. expand potential

around centre g,

2D Sallicylaldehyde Proton Transfer Flux: Full QD v 32 GWPs LHA. Full width = 0.

Flux

-0.4

! 1 !
Vi(x) = Voo + Z Vo(Xa = Qi) + 2 Z a/[i(xa - q/a)(xﬁ - q/ﬂ)
« af

0.4

0.3 -

0.2 4

0.1 -

0

-0.1 A

-0.2 A

-0.3 -

N

N )
/\ M \ \
/ \ ! \ / N\ N [ \
/\/ AT AVZL AL
| \ \mv —
\

0 20 40 60

Time [fs]

16/19



Local Harmonic Approximation

For GWP calculations, common to use LHA, i.e. expand potential
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Pyrazine Excitation: Model Hamiltonian

. 1
p) X /am 3o

Yamazaki et al Farad. Discuss. (83) 75: 395

The pyrazine molecule has 24 vibrational modes. NB. LHA is exact
wj > M 0
; _
H=213% <_802+O> (o )*2( H<.2>>Q"+
i€Gy i

(i,))€G2 i€Gy (i,))€Ga

(1)
£ (3 )earg (2 )ag, (3 4 )en

17/19



4D model: Linear Coupling

Autocorrelation function: State Populations:
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Autocorrelation function:

Full QD v 20, 20 GWPs.

4D model: Linear Coupling
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4D model: Linear Coupling

Autocorrelation function: State Populations:
Full QD v 40, 40 GWPs. Full QD v 40, 40 GWPs.
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4D model: Linear Coupling

Autocorrelation function: State Populations:
Full QD v 50, 50 GWPs. Full QD v 50, 50 GWPs.
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4D model: Linear Coupling

Autocorrelation function: State Populations:
Full QD v 60, 60 GWPs. Full QD v 60, 60 GWPs.
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Conclusions

» Can use GWP basis in vMCG to provide converged quantum
dynamics calculations

» vMCG moves to cover phase space as required
» Numerical problems due to linear dependencies and projector.
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