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the fluid is assumed to be

ρ = ρ0 (1− α (T − Tr)) , (1)

where ρ is the density of the fluid, T is the temperature, α is the (constant) coefficient of

thermal expansion, and ρ0 is the density at a reference temperature Tr. The dimensionless

quantity α (T − Tr) is assumed to be small. In the Boussinesq approximation the fluid can

be considered to be incompressible, which is a significant simplification.

The fluid is contained within a spherical shell with inner sphere of radius ra and outer

sphere of radius rb. We assume gravity acts everywhere in the radial direction. The spherical

shell rotates at rate Ω about the polar axis, and the inner and outer spheres rotate at the

same rate. The equations are written in spherical polar coordinates in a frame of reference

co-rotating at rate Ω with the shell. The radial, polar, and azimuthal coordinates are denoted

r, θ, and ϕ, respectively, with unit vectors er, eθ and eϕ; see Figure 1.

The Navier-Stokes Boussinesq equations describing the evolution of the vector fluid ve-

locity, u = u(r, θ, ϕ, t) = wer + veθ + ueϕ and the temperature of the fluid, T = T (r, θ, ϕ, t)

are:

∂u

∂t
= ν∇2u− 2Ω× u + [ger + Ω× (Ω× r)] α (T − Tr)−

1

ρ0
∇p− (u · ∇)u, (2)

∂T

∂t
= κ∇2T − (u · ∇) T, (3)

∇ · u = 0, (4)

where Ω = Ω (cos θer − sin θeθ) is the rotation vector, Ω = |Ω| is the rate of rotation

about the polar axis, p is the pressure deviation from p0 = ρ0g(R − r) + ρ0Ω2r2 sin2 θ/2,

r = rer + θeθ + ϕeϕ, ν is the kinematic viscosity, κ is the coefficient of thermal diffusivity,

g is the gravitational acceleration, ∇ is the usual gradient operator in spherical coordinates,

u is the azimuthal fluid velocity, often referred to as the zonal velocity, v is the polar fluid

velocity, and w is the radial fluid velocity. The spatial domain is defined by ra < r < rb,

0 ≤ ϕ < 2π, and 0 < θ < π. Thus, θ = 0, π correspond to the north and south poles of

the shell respectively, while θ = π/2 corresponds to the equator.1 The equations can be

rewritten in planetary coordinates by performing the change of variable θ → π/2 − θ. The

values of ν and κ are chosen to be those of the fluid at the reference temperature Tr, and

it is assumed that the difference between the temperature of the fluid and Tr is everywhere

small enough so that ν and κ can be considered as constants. We have included the effects of

centrifugal bouyancy in the equations via the term Ω× (Ω× r). All dimensional quantities

are measured in CGS units.
1Planetary coordinates differ from spherical polar coordinates only in the range of the polar coordinate.


