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Defects

Defects

o dislocations
@ grain boundaries

@ disclinations

[Ercolani, Indik, Newell, Passot, 2000]
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Defects

Swift-Hohenberg equation

o Swift-Hohenberg equation

vy = —(A+1)>%u4 pu—o?

o grain boundaries ////\\\\\\

@ anisotropic Swift-Hohenberg equation

up = —(A+ 1)2u + pu — 1B+ B

o dislocations
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Defects

Spatial dynamics

@ dynamical system

du
—= F(U; u,k, c, )
dx

dislocation/grain boundary «—  heteroclinic orbit
@ bifurcation problem : bifurcation points
@ center manifold reduction : reduced system
@ reduced system :

¢ leading order system : existence of heteroclinic orbits

o full system : persistence of heteroclinic orbits
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Spatial dynamics
Dislocations Bifurcation problem
X system

Swift-Hohenberg equation

@ anisotropic Swift-Hohenberg equation
up = —(A+ 1)2u + pu — 13 B

@ dislocations

@ two-dimensional traveling waves

cty = —(A +1)%u+ pu — 3 + Buy
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Spatial dynamics
Dislocations Bifu problem
Reduce ystem

Spatial dynamics

o dislocations

o limits at x = %00 : rolls
(y-periodic solutions, x-independent)

¢ solutions connecting two rolls
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Spatial dynamics
Dislocations B problem

Spatial dynamics

o dislocations

_—
-
R
-
X
o limits at x = £00 : rolls
(y-periodic solutions, x-independent)
¢ solutions connecting two rolls
@ dynamical system
du
e F(U; pu,k, ¢, 3)

s rolls «+— equilibria

o dislocations <+—  heteroclinic orbits

Existence of defects in the Swift-Hohenberg equation



ial dynamics
Dislocations 3i ion problem
Reduced system

Dynamical system

@ Swift-Hohenberg equation

cuy = —(Oxx + k28yy + 1)2u + pu — u® + By

@ Ansatz : U = (u,u1,v,vq)

@ dynamical system

du
dx
0 1 0 0 0
—(1+ K*9) 0 1 0 0
A 7k? ) - b fU -
(1, k, c,8) 0 0 0 1 (V) 0
B+ K)+p ¢ —(1+K3R)+B 0 —u?
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Dislocations 3i on problem
system

Dynamical system

@ dynamical system

Y 4G ke U+ F(U)
dx
0 1 0 0 0
A kepy = | ¢ *Okzaﬁ) : : i P
—BA+ KR +n ¢ —(1+K)+B 0 —u3

@ phase space

3 2
X = Hg,,(0,2m) x per(0 27) X 1Oer(O 2m) x L*(0,2m)

o A(p, k, c,3) closed linear operator; domain

Y = H3..(0,27) x 0,2m) x 0,2m) x 0,2m)

per( per( per(

o F:)Y — )Y smooth
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Spatial dynamics
Dislocations Bifurcation problem
Re ed system

Parameters

@ dynamical system

du
= Al ke U+ F(U)

@ parameters . o equation : u, 3
9 y-periodic solutions : wavenumber k
@ traveling waves : speed ¢

@ choice of parameters : co-existence of rolls with different
wavenumbers

o dispersion relation
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ial dynamics
Dislocations i tion problem
Reduced system

Dispersion relation

@ dispersion relation : solutions of the form

(P +1-KPYP =pu+p°—cv|, (e

® co-existence of rolls with wavenumbers £_ # (. if
v=0, p=(1-k*3)>

@ choice of parameters :
o lto—ty|=1:[t =0, £y =L.+1] LN
o u=1-KEP, p=(1-K(l+1))

2 20, +1
KR=——° =
T2 t20, +1 VT 2R 120, 11

[0, c=0]
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Dislocations

Bifurcation problem

@ dynamical system
du
dx
@ parameters

e >0, k =k, > 0 fixed parameters

@ ¢~ 0, p ~ uy bifurcation parameters
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ial dynamics
Dislocations i tion problem
Reduced system

Bifurcation problem

@ dynamical system
du
X

@ parameters

e >0, k =k, > 0 fixed parameters

@ ¢~ 0, p ~ uy bifurcation parameters

@ dynamical system : |y = p, + 1

du
& = AU+ B(. U+ F(U)
X

A* = A(/”’*v k*a Oaﬁ)7 B(ﬁ? C) = A(N’* + ﬁ? k*7 c, ﬂ) - A(N‘*a k*a Oaﬁ)
e 1, small parameter
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Dislocations 3ifurcation problem
Reduced system

Linear operator

@ dynamical system

du
& = AU B U + F(U)
X

@ spectrum of A,

geometric mult. 4
algebraic mult. 8

(B =0 : 4¢, additional eigenvalues!)
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Spatial dynamics
Dislocations Bifurcation problem
Reduced system

Center manifold

@ small bounded solutions

U(x) = Uc(x) + Wc(Uc(x); fi,c),  Uc(x) € Xe

o X, spectral subspace associated with the purely imaginary

eigenvalues (dimension 8)

@ reduced system

dU.
d x

= A Ue + P (B €)(Ue + We(Usi 1)) + F(Ue + We(Uei i)

o P, spectral projector on X,
o ODE; dimension 8

Existence of defects in the Swift-Hohenberg equation



Spatial dynamics
Dislocations Bifurcation problem
Reduced system

Reduced system

@ reduced system

dU. _ _ _
G = Ao+ Pe(B(7i, )(Us + We(Uei i) + F(Ue + We(Uei fic)))

o first difficulties

]
— even solutions in y —
@ 1, small parameter

— appropriate scaling —
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ynamics
Dislocations 3i n problem
system

Ansatz

@ small bounded solutions
U(x) = Uc(x) + Wc(Uc(x); fic),  Uc(x) € X
@ base of X,

eiii*y e:ti(Z*Jrl)y 0 0
0 0 eiii*y eii(£*+l)y
Ete= Jaretitey| Et(e4n)= _ JeEitaty | Fie= o s P = o
0 o retitey ettty
)

Ue(x,y) = ao(X)(Ese. (v) + E—.(¥)) 4 bo(x) (Ex(e.41)(¥) + E—(e.41)(¥))
Fa1(X)(Fre. (y) + F-e.(¥)) + b1(x) (Fiqe. 0 (¥) + Foe.4)(v))

e scaling

_ = 3/2~ 3/2~ 3/27 .
H:Hiﬂ’ C:M*/ ¢, g :/J“*/ aj, bj _/“L*/ bja J= 071
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Spatial dynamics
Dislocations Bifurcation problem
Reduced system

Reduced system

@ reduced system

aO — 31
1
ay = _E (,uz/]ao + ui/zcal - 3#230(3(2) + 2b(%)> t...
by = b
T 3/2 4 a3 2 | 42
by = 5 pefibo + pi’“cby — 3pbo(2ag + by) ) + - -

@ second scaling
X= =y Vix, c=Vit a=—=ViA. b=—=Vib
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Spatial dynamics
Dislocations Bifurcation problem
Reduced system

Reduced system

@ new system

Ay = —Ag— TAY+ Ao(A%+2B2) + 0%
By = —Bo—cBh+Bo(243 + B3) +O(u?)

o leading order system : |C = pu, =0

Ay = —Ag+ Ao(A3+2B5)
Bl = —By+ Bo(2A3 + B?)

@ rich dynamics (9 equilibria, several heteroclinic orbits, . ..)
o first integral

2
H(Ao, Bo, Ay, B5) = (A0)” + (BoY' — 5 (A + B3 — 1) — A3BS

1
2
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Spatial dynamics
Dislocations Bifurcation problem
Reduced system

Rolls and dislocations

@ rolls
e equilibria (1,0), (0,1), (—1,0), (0, —1)
o dislocations

o heteroclinic orbit (A}, By) connecting (1,0) and (0, 1)
o existence of this heteroclinic orbit :
[van den Berg & van der Vorst, 1997]
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ynamics
Dislocations 3i on problem

Persistence of the heteroclinic orbit

@ solve 7 (Ao, Bo, T, i, ptx) =0

e A A+ Ag — Ag(A2 +2B3) + 2AL — R (Ao, Ab, Bo, BY, i, &
T(AmBoyc,u,u*):(O 0 — Ao (4 o) o A(Ao, Ay, Bo, By, i i pix) |

By + By — Bo(2A3 + B3) + 2By — R (Ao, Abs Bo, By, fis T s

e particular solution : (A§, B§,0,0,0)

8 Day,80)7 (A5, B5,0,0,0) = Ly, 09:7(A;,B;,0,0,0) = (A5, Bs")
o linear operator

o O + 1 —3A5% — 2B3§? —4AL B
i —4ALBE O + 1 — 2A%2 — 3B2

@ Fredholm operator with index 0

o 0 simple eigenvalue; eigenvector (A}’ Bj')

o implicit function theorem

o solution | (Aq, Bo) = (Ao, Bo)(fi, 1), € = &(fi, ) |
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Spatial dynamics

. . Reduced system
Grain boundaries 4

Swift-Hohenberg equation

o Swift-Hohenberg equation
v = —(A+1)%u+ pu — o

@ grain boundaries

o\ =l 7=

@ two-dimensional steady waves

0=—(A+1)>%u+ pu— o
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Spatial dynamics

. . Reduced system
Grain boundaries 4

Spatial dynamics

@ grain boundaries

o\ =l 7=

o solutions connecting two rolls with different orientations

@ dynamical system
du
—= F(U; p,ky)
dx

@ rolls «—  equilibria

e grain boundaries «+—  heteroclinic orbit
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Spatial dynamics

. . Reduced system
Grain boundaries 4

Bifurcation problem

@ dynamical system

du
—= F(U; p,ky)
dx

@ parameters (co-existence of rolls with different orientations)

e 1 <k, <1 fixed parameter

o 1 ~ O bifurcation parameter

@ center manifold reduction

s spectrum of A, = DyF(0;0,k,)
@ reduced system
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Spatial dynamics

Grain boundaries Retdlsesi] ysiiarm

Reduced system

@ spectrum of oc(Ax) = {£i,Like}; 4 eigenvalues
47 geometric mult. 1, algebraic mult. 2

+ik, geometric mult. 2, algebraic mult. 4

@ reduced system : ODE in R*?

Ay = iAo+ Bo— 3 (nao — ao(ag + 6a,3y))

By = iBo— % (pao— ao(aj + 6a;ay))

AL = ikAr + By — @ (nay —3a(a + asay))
B, = ikB;— @ (nay —3a(ag + aay))

AL = ikA-+ B — g (uar - 3a(af + a,3y))
BL = ikB- — g (nar —3a(af + a,37))

30:A0+A_0, boZBo—‘—?o, 3+:A++I, 37:A+—A_,, b+:B++E
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Spatial dynamics

Grain boundaries Retdlsesi] ysiiarm

Normal form

@ normal form (A, B.) — (G, Dy)

@ solutions of the form
Go(x) = eixa, Do(x) = eiXEo, Ci(x) = eikxxCNi, Di(x) = Dy .
@ scaling

= |ul"?x, c=|ufé, C.=u"?Cc, Dn=|ulDn, &e{0,%},

cr = _1c0+éco(\co|2+2wc+|2+2\6 *)
L = —2Ci + a2 G @GP + |G +2[CP) +0(|ul'?)
¢ o= 4k2C— 4k2C (2|Gl +2|CL P +|C-P)
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Spatial dynamics

Grain boundaries Retdlsesi] ysiiarm

Heteroclinic orbit

@ leading order system : =0

= _1c0+éco(|co|2+2|c+\2+2lc %)
= 4k2 C++4k2 Cr(21GP +|Ci P +2|C?)
o= 4k2C— 4k2C (2Col? +2|C ] + [ C- )

o heteroclinic orbit (0, C},C*) (G, C1,0) 7

[van den Berg & van der Vorst, 1997]

@ reduced system : persistence of these heteroclinic orbits

= ‘existence of grain boundaries‘
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Spatial dynamics
Reduced system

Grain boundaries

Defects

o dislocations

I

il

@ grain boundaries

@ disclinations ?
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