
(F
a
st)

Ite
ra

tiv
e

a
n
d

N
o
n
-ite

ra
tiv

e

M
e
th

o
d
s

fo
r

D
isc

re
te

&
C

o
n
tin

u
o
u
s

D
y
n
a
m

ic
P

ro
g
ra

m
m

in
g

E
q
u
a
tio

n
s.

A
le

x
a
n
d
e
r

V
la

d
im

ir
sk

y
D

ep
a
rtm

en
t

o
f
M

a
th

em
a
tics,

C
o
rn

ell
U

n
iv

ersity,
Ith

a
ca

,
N

Y
1
4
8
5
3

v
la

d
@

m
a
th

.co
rn

ell.ed
u



C
a
u
sa

lity
a
s

a
so

u
rce

o
f
e
ffi

cie
n
cy.

“
E
a
sy

”
“
H

a
rd

”

S
h
ortest

P
ath

s

on
G

rap
h
s

x
1

x
2

x
3

x
4

x
5

x
6

x
5

x
6

x
1

x
2

x
3

x
4

E
ffi

cien
t

N
u
m

erics

for
P

D
E

s

u
t
−

H
(∇

u
,u

,t,
x
)

=
0

H
(∇

u
,u

,
x
)
=

0



D
e
te

rm
in

istic
S
h
o
rte

st
P
a
th

s
in

a
G

ra
p
h
.

N
o
d
e
s:
X

=
{
x
1
,...,

x
M
}

T
r
a
n
sitio

n
tim

e
-p

e
n
a
lty

:
K

ij
≥
δ
>

0
(a

ssu
m

ed
+
∞

if
x

j
6∈
N

(x
i ))

B
o
u
n
d
e
d

d
e
g
r
e
e

o
f
n
o
d
e
s:
|N

(x
i )|

<
κ
≪
M

fo
r

a
ll
i

E
x
it

tim
e
-p

e
n
a
lty

:
q
(x

i )
fo

r
a
ll

x
i
∈
Q
⊂
X

D
y
n
a
m

ic
P

ro
g
ra

m
m

in
g
:

T
h
e

v
a
lu

e
fu

n
c
tio

n
U

(
x

i )
=

U
i

is
th

e
m

in
im

u
m

req
u
ired

total-tim
e-to-ex

it
startin

g
from

x
i .

B
e
llm

a
n
’s

O
p
tim

a
lity

P
r
in

c
ip

le
:

T
h
e

v
ecto

r
U

=
(U

1
,...,U

M
)

is
a

fi
x
ed

p
o
in

t
o
f
a
n

o
p
era

to
r
F

=
R̃

M
7→

R̃
M

.

U
i

=
F

i (U
)

=


m

in
x

j
∈

N
(x

i
)
{
K

ij
+

U
j }

,
if

x
i
6∈

Q
;

q(
x

i ),
if

x
i
∈

Q
.

A
c
o
u
p
le

d
sy

ste
m

o
f
M

n
o
n
-lin

e
a
r

e
q
u
a
tio

n
s!



G
e
n
e
ra

l
F
ix

e
d

P
o
in

t
Ite

ra
tio

n
s

C
o
n
sid

er
a

g
e
n
e
r
a
l
co

u
p
led

n
o
n
lin

ea
r

sy
stem

U
=
F

(U
).

F
ix

e
d

p
o
in

t
ite

r
a
tio

n
s:

U
k
+

1
=
F

(U
k
),

w
h
ere

U
0
∈

R̃
M

is
a

su
ita

b
le

in
itia

l
g
u
ess.

O
(M

)
co

st
p
er

o
n
e

itera
tio

n
,
a
ssu

m
in

g
F

i (V
)

ev
a
lu

a
tio

n
co

sts
O

(1
).

•
S
im

ila
r

to
reco

v
erin

g
a

sta
tio

n
a
ry

so
lu

tio
n

o
f
a

“
tim

e-d
ep

en
d
en

t”
p
ro

b
lem

.

•
In

D
y
n
a
m

ic
P

ro
g
ra

m
m

in
g

k
n
o
w

n
a
s

th
e

“
V

a
lu

e
Itera

tio
n
s”

.

•
In

fi
n
itely

m
a
n
y

itera
tio

n
s

a
re

g
en

era
lly

n
eed

ed
to

co
n
v
erg

e

(o
n

a
n

in
fi
n
ite-p

recisio
n

co
m

p
u
ter).

•
E

stim
a
tes

fo
r

th
e

ra
te

o
f
co

n
v
erg

en
ce

a
re

n
o
t

a
lw

a
y
s

a
v
a
ila

b
le.

•
C

a
u
sa

l
p
ro

p
erties

=
⇒

fi
n
itely

m
a
n
y

itera
tio

n
s

fo
r

a
n
y
U

0
.

E
.g

.,
fo

r
sh

o
rtest

p
a
th

in
a

g
ra

p
h

w
ith

δ
>

0
,

U
ki

=
U

i
fo

r
a
n
y

x
i

w
h
o
se

o
p
tim

a
l
p
a
th

h
a
s

len
g
th
≤

k
.

S
o
,
(#

o
f
itera

tio
n
s)
≤

(th
e

m
a
x
im

u
m

#
o
f
lin

k
s

in
a

sh
o
rtest

p
a
th

)
≤

M
.

T
h
u
s,

th
e

to
ta

l
co

st
is
O

(M
2
),

a
ssu

m
in

g
a

fi
x
ed

κ
≪
M

.

F
a
st

m
e
th

o
d
s:

sp
eed

u
p

co
n
v
erg

en
ce

eith
er

b
y

in
crea

sin
g

th
e

ra
te

o
r

b
y

d
ecrea

sin
g

th
e

to
ta

l
n
u
m

b
er

o
f
n
eed

ed
itera

tio
n
s

(in
fi
n
itely

-co
n
v
erg

en
t

p
ro

b
lem

s).



“
R

e
la

x
e
d

Ite
ra

tio
n
s”

a
n
d

T
y
p
e
s

o
f
C

a
u
sa

lity

G
a
u
ss-S

e
id

e
l
R

e
la

x
a
tio

n
:

U
k
+

1
i

=
F

i (U
k
+

1
1

,...,U
k
+

1
i
−

1
,U

ki
,...,U

kM
).

In
fi
n
itely

-co
n
v
erg

en
t

p
ro

b
lem

s,
th

e
n
u
m

b
er

o
f
itera

tio
n
s

n
o
w

h
ea

v
ily

d
ep

en
d
s

o
n

th
e

o
r
d
e
r
in

g
o
f
th

e
v
a
ria

b
les/

n
o
d
es/

g
rid

p
o
in

ts
!

T
h
e

o
rd

erin
g

is
c
a
u
sa

l
if

u
sin

g
it

a
sin

g
le

G
-S

itera
tio

n
lea

d
s

to
co

n
v
erg

en
ce.

T
h
e

o
p
era

to
r
F

is
ca

u
sa

l

•
c
a
u
sa

l
if

th
ere

ex
ists

a
ca

u
sa

l
o
rd

erin
g

o
f
g
rid

p
o
in

ts.

•
e
x
p
lic

itly
c
a
u
sa

l
if

a
ca

u
sa

l
o
rd

erin
g

is
a

p
rio

ri
k
n
o
w

n
.

•
m

o
n
o
to

n
e
-c

a
u
sa

l
if

in
th

e
ca

u
sa

l
o
rd

erin
g
U

i
<
U

j
=
⇒

i
<
j.

E
x
p
licitly

ca
u
sa

l
ex

a
m

p
les:

sh
o
rtest

p
a
th

s
in

a
cy

clic
g
ra

p
h
s,

ex
p
licit

tim
e-m

a
rch

in
g

sch
em

es
fo

r
tim

e-d
ep

en
d
en

t
P

D
E

s.

M
o
n
o
to

n
e-ca

u
sa

l
ex

a
m

p
le:

sh
o
rtest

p
a
th

s
in

d
i-g

ra
p
h
s

w
ith

K
ij
>
δ
≥

0
,
u
p
w

in
d

fi
n
ite-d

iff
eren

ce
d
iscretiza

tio
n

o
f
th

e
E

ik
o
n
a
l
P

D
E

.

F
o
r

n
o
n
-ca

u
sa

l
p
ro

b
lem

s:
ca

n
a

g
o
o
d

o
rd

erin
g

im
p
ro

v
e

th
e

ra
te

o
r

d
ecrea

se
th

e
n
u
m

b
er

o
f
itera

tio
n
s

n
eed

ed
to

rea
ch

a
fi
x
ed

to
lera

n
ce?



G
e
n
e
ric

L
a
b
e
l-C

o
rre

ctin
g

A
lg

o
rith

m

•
D

y
n
am

ically
d
efi

n
ed

ord
erin

g.

•
T
em

p
orary

lab
els

V
i ’s.

•
M

ain
tain

s
a

list
L

of
recen

tly
u
p
d
ated

n
o
d
es.

•
E

very
tim

e
a

n
o
d
e

is
rem

oved
from

L
,
all

th
ose

p
oten

tially
d
ep

en
d
in

g

on
it

are
re-evalu

ated
an

d
ad

d
ed

to
L

(if
n
ot

th
ere

yet).

•
T
erm

in
ates

w
h
en

L
is

em
p
ty.

•
U

p
on

term
in

ation
V

i
=

U
i
for

all
n
o
d
es

x
i ,

re
g
a
rd

le
ss

o
f
th

e
p
a
rtic

u
la

r
a
d
d
/
re

m
o
v
e

ch
o
ic

e
s.

•
A

lw
ay

s
con

verges
in

at
m

ost
M

2
evalu

ation
s

for
all

cau
sal

p
rob

lem
s.

G
o
o
d

ad
d
/rem

ove
ch

oices
m

igh
t

red
u
ce

th
e

n
u
m

b
er

of
evalu

ation
s.



G
e
n
e
ric

L
a
b
e
l-C

o
rre

ctin
g

A
lg

o
rith

m

In
itia

liz
a
tio

n
:

fo
r

ea
ch

x
i
∈
Q

d
o

V
i
←
q
i

fo
r

ea
ch

x
i
6∈
Q

d
o

if
N

(x
i ) ⋂

Q
6=
∅

th
e
n

V
i
←

m
in

x
j
∈

N
(x

i
) ⋂

Q
{
K

ij
+
q
j }

a
d
d

x
i

to
th

e
list

L

e
lse

V
i
←
∞

M
a
in

L
o
o
p
:

w
h
ile

L
is

n
o
n
em

p
ty

d
o

R
em

o
v
e

a
n
o
d
e

x
j

fro
m

th
e

list
L

fo
r

ea
ch

x
i
6∈
Q

su
ch

th
a
t

x
j
∈
N

(x
i )

a
n
d
V

j
<
V

i
d
o

Ṽ
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Ṽ
<
V

i
th

e
n

V
i
←
Ṽ
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p
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,
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=
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