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Introduction

Let L be a convex body in R"” containing 0 in its interior.
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Introduction

Let L be a convex body in R"” containing 0 in its interior.

The intersection body /(L) of L is defined by its radial function:

piwy(u) = vol(L N ut), ue st
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Introduction

Let L be a convex body in R"” containing 0 in its interior.

The intersection body /(L) of L is defined by its radial function:
piwy(u) = vol(L N ut), ue st
The cross-section body C(L) of L, is defined by

pey(u) = max vol (L N (tu+ uL)).
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Introduction

Let L be a convex body in R"” containing 0 in its interior.

The intersection body /(L) of L is defined by its radial function:
piwy(u) = vol(L N ut), ue st
The cross-section body C(L) of L, is defined by
pe(u(u) = max vol (L N (tu +ut)).

In general, /(L) and C(L) are not convex bodies, although they are
identical and convex when L is centrally symmetric. This follows from
Brunn-Minkowski theorem and Busemann's theorem (1950).
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Introduction

Let L be a convex body in R"” containing 0 in its interior.

The intersection body /(L) of L is defined by its radial function:
piwy(u) = vol(L N ut), ue st
The cross-section body C(L) of L, is defined by
pe(u(u) = max vol (L N (tu +ut)).

In general, /(L) and C(L) are not convex bodies, although they are
identical and convex when L is centrally symmetric. This follows from
Brunn-Minkowski theorem and Busemann's theorem (1950).

We define a new convex body associated with L, generalizing /(L) and
C(L), the convex intersection body C/(L) of L by its radial function

peiy(u) = zepn(]pg(L))VOlnfl ([Pu(L*g(L))]*Z>- (1)
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Introduction

In the formula : = mi In—1  [Pu(Le@)]™
n the formula pC,(L)(u) ZGP?ILDg(L))VO 1([ ( )] >,

g(L) is the centroid of L, P, denotes the orthogonal projection from
R" onto u*, and if E C R" is an affine subspace, M C E and z € E,
M* ={y € E;(y —z,x—z) <1 for every x € M}.
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Introduction

In the formula : = mi In—1  [Pu(Le@)]™
n the formula pC,(L)(u) zePTLTg(L))VO 1([ ( )] >,

g(L) is the centroid of L, P, denotes the orthogonal projection from
R" onto u*, and if E C R" is an affine subspace, M C E and z € E,
M* ={y € E;(y —z,x—z) <1 for every x € M}.

This means thus : First apply duality with respect to g(L), then
project onto u, finally apply duality with respect to z and minimize
the (n — 1)-dimensional volume over z.
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Introduction

In the formula : = mi In—1  [Pu(Le@)]™
n the formula pC,(L)(u) zePTLTg(L))VO 1([ ( )] >,

g(L) is the centroid of L, P, denotes the orthogonal projection from
R" onto u*, and if E C R" is an affine subspace, M C E and z € E,
M* ={y € E;(y —z,x—z) <1 for every x € M}.

This means thus : First apply duality with respect to g(L), then
project onto u, finally apply duality with respect to z and minimize
the (n — 1)-dimensional volume over z.

As we shall see, this convex intersection body of L is actually convex !
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If L a convex set in R”, let [L] be the affine space spanned by L and
z € relint(L), the polar body of L with respect to z is

L*={ye|Lli{y—z,x—z) <1forall x € L} = ((L—z)"+z)N[L],

where M=M*0.
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If L a convex set in R”, let [L] be the affine space spanned by L and
z € relint(L), the polar body of L with respect to z is

L*={ye|Lli{y—z,x—z) <1forall x € L} = ((L—z)"+z)N[L],

where M=M*?. The function z — vol(L**) is strictly convex on the
relative interior of L and tends to 400 as z approaches the relative
boundary of L in [L]. So it reaches a minimum at a unique point
s(L) € int(L), the Santalé point of L.
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If L a convex set in R”, let [L] be the affine space spanned by L and
z € relint(L), the polar body of L with respect to z is

L*={ye|Lli{y—z,x—z) <1forall x € L} = ((L—z)"+z)N[L],

where M=M*?. The function z — vol(L**) is strictly convex on the
relative interior of L and tends to 400 as z approaches the relative
boundary of L in [L]. So it reaches a minimum at a unique point
s(L) € int(L), the Santalé point of L. We denote L*s := [*s(L),

Mathieu Meyer and Shlomo Reisner The convex intersection body of a convex body



If L a convex set in R”, let [L] be the affine space spanned by L and
z € relint(L), the polar body of L with respect to z is

L*={ye|Lli{y—z,x—z) <1forall x € L} = ((L—z)"+z)N[L],

where M=M*?. The function z — vol(L**) is strictly convex on the
relative interior of L and tends to 400 as z approaches the relative
boundary of L in [L]. So it reaches a minimum at a unique point
s(L) € int(L), the Santalé point of L. We denote L*s := [*s(L),

The Santalé point s(L) is the unique point z € int(L) which is the
centroid of L** : one has z = s(L) iff g(L**) = z, where g(M)
denotes the centroid of M in |M].
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If L a convex set in R”, let [L] be the affine space spanned by L and
z € relint(L), the polar body of L with respect to z is

L*={ye|Lli{y—z,x—z) <1forall x € L} = ((L—z)"+z)N[L],

where M=M*?. The function z — vol(L**) is strictly convex on the
relative interior of L and tends to 400 as z approaches the relative
boundary of L in [L]. So it reaches a minimum at a unique point
s(L) € int(L), the Santalé point of L. We denote L*s := [*s(L),

The Santalé point s(L) is the unique point z € int(L) which is the
centroid of L** : one has z = s(L) iff g(L**) = z, where g(M)
denotes the centroid of M in |[M]. In general, s(L) # g(L).
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The body J(K)

We define first define a body J(K) attached to any body K. For,
x #0, let Py : R" — x be the orthogonal projection onto x.
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The body J(K)

We define first define a body J(K) attached to any body K. For,
x #0, let Py : R" — x be the orthogonal projection onto x.

Theorem
If K is a convex body in R". Define Nk : R" — R, by :

1 1

Nic(u) = Vol((PuK)*S) - min, . VOI((PuK)*Z)

forue S"1,

and Nk(ru) = rNk(u) for r > 0. Then Nk is a norm on R".
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The body J(K)

We define first define a body J(K) attached to any body K. For,
x #0, let P, : R" — x© be the orthogonal projection onto x=.

Theorem
If K is a convex body in R". Define Nk : R" — R, by :

1 1

Nic(u) = Vol((PuK)*S) - min, . VOI((PuK)*Z)

forue S"1,

and Nk(ru) = rNk(u) for r > 0. Then Nk is a norm on R".

Definition. The preceding theorem associates to any convex body K
a centrally symmetric convex body J(K) in R" defined by

J(K) = {x € R"; Nk (x) < 1}.

Its radial function is r(x)(u) = vol ((PuK)*).
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Why is J(K) convex ?

| recall some facts.

Definition. Let v € S""!, B C R” bounded and V : B — R bounded.
The shadow system (L;), t € [a, b], of convex bodies in R", with
direction v, basis B and speed V/, is the family of convex bodies

Ly = conv({b+ tV(b)v; b € B}, for t € [a, b]).
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Why is J(K) convex ?

| recall some facts.

Definition. Let v € S""!, B C R” bounded and V : B — R bounded.
The shadow system (L;), t € [a, b], of convex bodies in R", with
direction v, basis B and speed V/, is the family of convex bodies

Ly = conv({b+ tV(b)v; b € B}, for t € [a, b]).

The following, due to Shephard, was also used by Campi-Gronchi.

Proposition Let K be a convex body in R”. Then, for u,v € §"1,
such that (u,v) =0, the family L; =, ,,, ,. K, t € R, is a shadow

system of convex bodies in u', in the direction v.
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Why is J(K) convex ?

| recall some facts.

Definition. Let v € S"1, B C R" bounded and V : B — R bounded.
The shadow system (L;), t € [a, b], of convex bodies in R", with
direction v, basis B and speed V/, is the family of convex bodies

Ly = conv({b+ tV(b)v; b € B}, for t € [a, b]).

The following, due to Shephard, was also used by Campi-Gronchi.

Proposition Let K be a convex body in R”. Then, for u,v € §"1,
such that (u,v) =0, the family L; =, ,,, ,. K, t € R, is a shadow

1

system of convex bodies in u—, in the direction v.

Here M1, ,. : R" — y' denotes the linear projection onto y* with
direction parallel to x ¢ y*+ := {z € R"; (z,y) = 0}
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Proof of the proposition
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Proof of the proposition

We set u = e, and v = e,_1, where ey, ..., e, is an orthonormal basis
of R” (R = [eq, ..., ¢]]).
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Proof of the proposition

We set u = e, and v = e,_1, where ey, ..., e, is an orthonormal basis
of R” (R/ = [ey,...,¢j]). For t € R, one has

Nyttt K={U—rten_1; (U,r) € PyK xR such that U+re, € K}.

Mathieu Meyer and Shlomo Reisner The convex intersection body of a convex body



Proof of the proposition

We set u = e, and v = e,_1, where ey, ..., e, is an orthonormal basis
of R” (R/ = [ey,...,¢j]). For t € R, one has

Nyttt K={U—rten_1; (U,r) € PyK xR such that U+re, € K}.

For Ue PyK, let Z(U) = {r e R; U+ re, € K} = [a(U), b(VU)].
Define x(U) € R by (U — x(U)ep—1,en—1) = 0.
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Proof of the proposition

We set u = e, and v = e,_1, where ey, ..., e, is an orthonormal basis
of R” (R/ = [ey,...,¢j]). For t € R, one has

Nyttt K={U—rten_1; (U,r) € PyK xR such that U+re, € K}.

For Ue PyK, let Z(U) = {r e R; U+ re, € K} = [a(U), b(VU)].
Define x(U) € R by (U — x(U)en—1,en—1) = 0. Let

Dy ={Ue€ P,K;x(U) € Q} and D, = {U € P,K; x(U) € R\ Q}.
Define V: P,K — R by
v(U) = —b(U) if U € Dy and v(U) = —a(UV) if U € D».
By the continuity of the concave functions —a, b : P,(K) — R, we get

Myt evut K = conv{U + tV(U)en; U € P,K} forall t € R
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The converse statement

To understand better, observe that the converse statement of the last
proposition is true :

Every shadow system L; in R" can be seen as Ly =, ,.(K) for
some convex body K € R™1 and u,v € S".
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The converse statement

To understand better, observe that the converse statement of the last
proposition is true :

Every shadow system L; in R" can be seen as Ly =, ,.(K) for
some convex body K € R™1 and u,v € S".

This is very simple : embed R” into R™?! with v = e, and u = €nt1-
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The converse statement

To understand better, observe that the converse statement of the last
proposition is true :

Every shadow system L; in R" can be seen as Ly =, ,.(K) for
some convex body K € R™1 and u,v € S".

This is very simple : embed R” into R™?! with v = e, and u = €nt1-
Let M = conv({b — V(b)u; b € B}. Then

Myt ot (b= V(b)u) = b+ tV(b)v € ut

because b — V(b)u — (b + tV(b)v) = —V(b)(u + tv) is parallel to
u—+ tv.
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The converse statement

To understand better, observe that the converse statement of the last
proposition is true :

Every shadow system L; in R" can be seen as Ly =, ,.(K) for
some convex body K € R™1 and u,v € S".

This is very simple : embed R” into R™?! with v = e, and u = €nt1-
Let M = conv({b — V(b)u; b € B}. Then

Myt ot (b= V(b)u) = b+ tV(b)v € ut

because b — V(b)u — (b + tV(b)v) = —V(b)(u + tv) is parallel to
u+ tv. It follows that

Mypevut M = Le.
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The volume of the polar in shadow systems
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The volume of the polar in shadow systems

The following result was proved by Reisner and MM (07):

Theorem
Let t € [a, b] — L be a shadow system in R"; define
1 1

o(t) = vol((Lt)*s) N min; VOI((Lt)*Z) .

Then ¢ is a convex function on [a, b].
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The volume of the polar in shadow systems

The following result was proved by Reisner and MM (07):

Theorem
Let t € [a, b] — L be a shadow system in R"; define

1 1

o(t) = vol((Lt)*s) N min; VO]((Lt)*Z) .

Then ¢ is a convex function on [a, b].
We use also :

Lemma Suppose that N : R" — R satisfies N(x) > 0 for x # 0,
N(ax) = |a|N(x) for all @ € R, x € R" and that the following simple
lemma for all u,v € S""1 with (u,v) =0, t = N(u + tv) is convex.
Then N is a norm on R".
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Proof of the convexity of J(K).

We want to prove the following :

Theorem For a convex body K, ryx)(u) = min,¢,1 vol((PuK)**) is
the radial function of a centrally symmetric convex body.
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Proof of the convexity of J(K).

We want to prove the following :

Theorem For a convex body K, ryx)(u) = min,¢,1 vol((PuK)**) is
the radial function of a centrally symmetric convex body.

Proof. By the lemma, we need only to check that if u,v € S,_1
satisfy (u,v) =0, then t — g, ,(t) = Nk(u + tv) is convex.
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Proof of the convexity of J(K).

We want to prove the following :

Theorem For a convex body K, ryx)(u) = min,¢,1 vol((PuK)**) is
the radial function of a centrally symmetric convex body.

Proof. By the lemma, we need only to check that if u,v € S,_1
satisfy (u,v) =0, then t — g, (t) = Nk(u+ tv) is convex. The
projection P, K of K on {u+ tv}! in the direction u 4 tv is an
affine image of ,,,,, ,. K and

vol(PyttvK) = vol(TT,, 4 ¢y K).

1
V14 t2
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Proof of the convexity of J(K).

We want to prove the following :

Theorem For a convex body K, ryx)(u) = min,¢,1 vol((PuK)**) is
the radial function of a centrally symmetric convex body.

Proof. By the lemma, we need only to check that if u,v € S,_1
satisfy (u,v) =0, then t — g, (t) = Nk(u+ tv) is convex. The
projection P, K of K on {u+ tv}! in the direction u 4 tv is an
affine image of ,,,,, ,. K and

1
vol(PyttvK) = \/WVOI(HqutV,uLK).
Hence
ZE{TJi?V}L VOI((P‘H’WK)*Z) = V1i+t nglllrl VOI((Hu+tv7ulK)*Z))
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Proof of the theorem about J(K).

It follows that

|u+ tv]
MiN e fytev)L VOI((Pu+th)*Z))

N(u+ tv) =

1
min, . vol (I, 44y w0 K)*%)
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Proof of the theorem about J(K).

It follows that

|u+ tv]
MiN e fytev)L VOI((Pu-i-th)*Z))

N(u+ tv) =

1
ming,e,L Vol (I 4 ¢y ut K)*2)

By the proposition, t — I1,,,, ,1+ K is a shadow system. Thus by the
last theorem, g, , is convex.

Mathieu Meyer and Shlomo Reisner The convex intersection body of a convex body



Mathieu Meyer and Shlomo Rei convex intersection body of a convex body



Remarks.

1) If K is centrally symmetric (centered at 0), then all its projections
P,K are centrally symmetric (centered at 0) so that

min vol(PyK)*) = vol(P,K)*’) = vol(K** nu™).

zeu
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Remarks.

1) If K is centrally symmetric (centered at 0), then all its projections
P,K are centrally symmetric (centered at 0) so that

min vol(PyK)*) = vol(P,K)*’) = vol(K** nu™).

zeu

We get that u — vol(K*® nu') is the radial function of a convex
body. This is Busemann theorem for the sections of K*.
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Remarks.

1) If K is centrally symmetric (centered at 0), then all its projections
P,K are centrally symmetric (centered at 0) so that

min vol(PyK)*) = vol(P,K)*’) = vol(K** nu™).

zeu

We get that u — vol(K*® nu') is the radial function of a convex
body. This is Busemann theorem for the sections of K*.

2) Let J(K) = {x € R"; Nk(x) < 1}. One has J(K + x) = J(K) and
for all linear isomorphism A, J((AK)) = |det(A)| (A*)~1(J(K)).
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Remarks.

1) If K is centrally symmetric (centered at 0), then all its projections
P,K are centrally symmetric (centered at 0) so that

min vol(PyK)*) = vol(P,K)*’) = vol(K** nu™).

zeu

We get that u — vol(K*® nu') is the radial function of a convex
body. This is Busemann theorem for the sections of K*.

2) Let J(K) = {x € R"; Nk(x) < 1}. One has J(K + x) = J(K) and
for all linear isomorphism A, J((AK)) = |det(A)| (A*)~1(J(K)).
3) If n=2 and if R is the rotation by angle /2 in R?, then

VO](PHK) = hK(Ru) + hK(—Ru) = hK(Ru) + h_K(Ru),
so that J(K) = 1 R(K — K).
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The convex intersection bodies /C(L, z) of a convex body L.

Let L be a convex body in R".
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The convex intersection bodies /C(L, z) of a convex body L.

Let L be a convex body in R"”. For z € int(L), the intersection body
I(L,z) of L with respect to z is star-body whose radial function

Pi(Lz) IS given by

pi(Lz)(u) = vol({x € L; (x — z,u) = 0}) = vol(L N (z + ut)).
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The convex intersection bodies /C(L, z) of a convex body L.

Let L be a convex body in R"”. For z € int(L), the intersection body
I(L,z) of L with respect to z is star-body whose radial function

Pi(Lz) IS given by
pi(Lz)(u) = vol({x € L; (x — z,u) = 0}) = vol(L N (z + ut)).

The body cross-section body C(L) of L was already defined by its
radial function :

pey(u) = Teazwol(L N (x+ut)).
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The convex intersection bodies /C(L, z) of a convex body L.

Let L be a convex body in R"”. For z € int(L), the intersection body
I(L,z) of L with respect to z is star-body whose radial function
Pi(Lz) IS given by

pi(Lz)(u) = vol({x € L; (x — z,u) = 0}) = vol(L N (z + ut)).

The body cross-section body C(L) of L was already defined by its
radial function :

pey(u) = Teazwol(L N (x+ut)).

Of course, I(L,z) C C(L). Makai, Martini and Odor proved that
I(L,z) = C(L) iff L is centrally symmetric about z.
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The convex intersection bodies /C(L, z) of a convex body L.

Let L be a convex body in R"”. For z € int(L), the intersection body
I(L,z) of L with respect to z is star-body whose radial function

Pi(Lz) IS given by
pi(Lz)(u) = vol({x € L; (x — z,u) = 0}) = vol(L N (z + ut)).

The body cross-section body C(L) of L was already defined by its
radial function :

pey(u) = Teazwol(L N (x+ut)).

Of course, I(L,z) C C(L). Makai, Martini and Odor proved that
I(L,z) = C(L) iff L is centrally symmetric about z. We define the
convex intersection body C/(L,z) of L with respect to z by

CI(L,z) = J(L**) ,
and if z = g(L), the centroid of L, we set C/(L) = C/(L,g(L)).

Mathieu Meyer and Shlomo Reisner The convex intersection body of a convex body



The convex intersection bodies /C(L, z) of a convex body L.

The radial function of CI(L,z) is thus given for u € S"~! by

perfta)(u) = min vol((Pu(L)™) = vol((Pu(L))”).
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The convex intersection bodies /C(L, z) of a convex body L.

The radial function of CI(L,z) is thus given for u € S"~! by

pci(L,z)(u) = min vol((Pu(L*Z))*x> = vol((Pu(L*Z))*s>.

xEut

In view of the first theorem, one has

Theorem

Let L be a convex body. Then for every z € int(L), the convex
intersection body CI(L,z) of L with respect to z is a centrally
symmetric convex body such that CI(L,z) C I(L, z).
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Remarks.
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Remarks.

1) For every one-to-one affine map A: R"” — R",
(AL, Az) = | det(A)|A*"1(I(L, z)), as well as

CI(AL, Az) = |det(A)| A*~1(CI(L)).
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Remarks.

1) For every one-to-one affine map A: R"” — R",
(AL, Az) = | det(A)|A*"1(I(L, z)), as well as

CI(AL, Az) = |det(A)| A*~1(CI(L)).
2) The inclusion CI(L,z) C I(L, z) is exact: there exists u such that

vol(LN (z 4+ ut)) = VOl((Pu(L*Z))*S>7
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Remarks.

1) For every one-to-one affine map A: R"” — R",
(AL, Az) = | det(A)|A*"1(I(L, z)), as well as

CI(AL, Az) = |det(A)| A*~1(CI(L)).
2) The inclusion CI(L,z) C I(L, z) is exact: there exists u such that
vol(L N 2+ ut)) = vol((Pu(L™)) "),
because this equality means that the z is centroid of LN (z + ut). To

see that such a u exists, define ¢ : S""1 — R by
o(v) =vol({x € L; (x — z;v) > 0}).
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Remarks.

1) For every one-to-one affine map A: R"” — R",
(AL, Az) = | det(A)|A*"1(I(L, z)), as well as

CI(AL, Az) = |det(A)| A*~1(CI(L)).
2) The inclusion CI(L,z) C I(L, z) is exact: there exists u such that
vol(L N 2+ ut)) = vol((Pu(L™)) "),

because this equality means that the z is centroid of LN (z + ut). To
see that such a u exists, define ¢ : S"1 — R by

¢(v) = vol({x € L; (x — z; v) > 0}). Since ¢ is continuous, it reaches
its maximum at some u € S"71, and we know that z is then the
centroid of LN (z + u™).
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3) It was proved by Griinbaum that for every convex body L € R”,
there exists some zp € int(L) such that zy is the centroid of

LN (z+ ut) for (n+ 1) different hyperplanes through zg, with
normals vy, ..., uny1. For this zy, the boundaries of CI(L, z) and of
I(L, zp) have at least 2(n + 1) contact points.
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3) It was proved by Griinbaum that for every convex body L € R”,
there exists some zp € int(L) such that zy is the centroid of

LN (z+ ut) for (n+ 1) different hyperplanes through zg, with
normals vy, ..., uny1. For this zy, the boundaries of CI(L, z) and of
I(L, zp) have at least 2(n + 1) contact points.

4) When L is centrally symmetric about z, C/(L,z) = I(L, z) and the
theorem reduces to the classical Busemann's theorem.
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3) It was proved by Griinbaum that for every convex body L € R”,
there exists some zp € int(L) such that zy is the centroid of

LN (z+ ut) for (n+ 1) different hyperplanes through zg, with
normals vy, ..., uny1. For this zy, the boundaries of CI(L, z) and of
I(L, zp) have at least 2(n + 1) contact points.

4) When L is centrally symmetric about z, C/(L,z) = I(L, z) and the
theorem reduces to the classical Busemann’s theorem. Conversely, :

Proposition C/(L,z) = I(L, z) iff L is centrally symmetric about z.
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3) It was proved by Griinbaum that for every convex body L € R”,
there exists some zp € int(L) such that zy is the centroid of

LN (z+ ut) for (n+ 1) different hyperplanes through zg, with
normals vy, ..., uny1. For this zy, the boundaries of CI(L, z) and of
I(L, zp) have at least 2(n + 1) contact points.

4) When L is centrally symmetric about z, C/(L,z) = I(L, z) and the
theorem reduces to the classical Busemann’s theorem. Conversely, :
Proposition C/(L,z) = I(L, z) iff L is centrally symmetric about z.

This follows from the following lemma:

Lemma
Let L be a convex body and z € L. Then z is the centroid of every
hyperplane section of L through itself iff L — z is centrally symmetric.
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Proof of the lemma.
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Proof of the lemma.

Fix some zg € int(L), zo # z. Define F : R" — R by
F(y) = vol({x € L — 2g; (x,y) > 1}).
By Meyer-Reisner (89), F is C! on {F > 0} =R"\ {0} and for y # 0
VF(y) =(VF(y),y)(g({x € Li (x = 20,y) = 1}) — z0).
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Proof of the lemma.

Fix some zy € int(L), zp # z. Define F : R” — R by
F(y) = vol({x € L — zp; (x,y) > 1}).
By Meyer-Reisner (89), F is C! on {F > 0} =R"\ {0} and for y # 0
VF(y) = (VF(y),y)(g({x € L; (x — 20,y) = 1}) — z0).
Let H={y e R";(z — z9,y) = 1}.
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Proof of the lemma.

Fix some zg € int(L), zo # z. Define F : R" — R by
F(y) = vol({x € L — 2g; (x,y) > 1}).
By Meyer-Reisner (89), F is C! on {F > 0} =R"\ {0} and for y # 0
VF(y) =(VF(y),y)(g({x € Li (x = 20,y) = 1}) — z0).

Let H={y € R";(z — z9,y) = 1}. For y € H, the hyperplane
{x € R"; (x — zp,y) = 1} passes through z, so that by the hypothesis,
g{we Li{x—z,y) =1}) =z,
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Proof of the lemma.

Fix some zg € int(L), zo # z. Define F : R" — R by
F(y) = vol({x € L — 2g; (x,y) > 1}).
By Meyer-Reisner (89), F is C! on {F > 0} =R"\ {0} and for y # 0
VF(y) =(VF(y),y)(g({x € Li (x = 20,y) = 1}) — z0).

Let H={y € R";(z — z9,y) = 1}. For y € H, the hyperplane
{x € R"; (x — zp,y) = 1} passes through z, so that by the hypothesis,
g({w e L;(x — z,y) = 1}) = z, and thus

VF(y) = (VF(y),y)(z — 20).
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Proof of the lemma.

Fix some zg € int(L), zo # z. Define F : R" — R by
F(y) = vol({x € L — 2g; (x,y) > 1}).
By Meyer-Reisner (89), F is C! on {F > 0} =R"\ {0} and for y # 0
VF(y) =(VF(y),y)(g({x € Li (x = 20,y) = 1}) — z0).

Let H={y € R";(z — z9,y) = 1}. For y € H, the hyperplane
{x € R"; (x — zp,y) = 1} passes through z, so that by the hypothesis,
g({w e L;(x — z,y) = 1}) = z, and thus

VF(y) = (VF(y),y)(z — 20).

Now if y,y’ € H, one has (y' — y,z — z) = 0 and for every t € R,
(1-t)y' +tyeH,
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Proof of the lemma.

Fix some zg € int(L), zo # z. Define F : R" — R by
F(y) = vol({x € L — 2g; (x,y) > 1}).
By Meyer-Reisner (89), F is C! on {F > 0} =R"\ {0} and for y # 0
VF(y) =(VF(y),y)(g({x € Li (x = 20,y) = 1}) — z0).

Let H={y € R";(z — z9,y) = 1}. For y € H, the hyperplane
{x € R"; (x — zp,y) = 1} passes through z, so that by the hypothesis,
g({w e L;(x — z,y) = 1}) = z, and thus

VF(y) = (VF(y),y)(z — 20).

Now if y,y’ € H, one has (y' — y,z — z) = 0 and for every t € R,
(1 —t)y’ +ty € H, so that

F(y') - F(y) = /0 (y' =y, VF((1 - t)y + ty')))dt = 0.
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Proof of the lemma.

Thus F is equal to some constant ¢ on H.
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Proof of the lemma.

Thus F is equal to some constant ¢ on H. Define a function
G:S"1 5 Rby

G(u) = vol{x € L; (x — z,u) > 0}.

and let
U={ue St (uz-z)>0}
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Proof of the lemma.

Thus F is equal to some constant ¢ on H. Define a function
G:S"1 5 Rby

G(u) = vol{x € L; (x — z,u) > 0}.

and let
U={ue St (uz-z)>0}
Then u — y(u) := 7

__u
u,z—zp)

and it is easy to check that

is a one-to-one mapping from U onto H,

G(u) = F(y(u)) for every u € U.

Mathieu Meyer and Shlomo Reisner The convex intersection body of a convex body



Proof of the lemma.

Thus F is equal to some constant ¢ on H. Define a function
G:S"1 5 Rby

G(u) = vol{x € L; (x — z,u) > 0}.

and let
U={ue St (uz-z)>0}
Then u — y(u) := 7

__u
u,z—zp)

and it is easy to check that

is a one-to-one mapping from U onto H,

G(u) = F(y(u)) for every u € U.
It follows that G = c on U, and since G(u) + G(—u) = vol(L) for

every u € S" 1, G =vol(L) —con —U. Now, S" 1N (z — z)* is
contained in the closures of both U and of —U in S"1.
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Proof of the lemma.

Thus F is equal to some constant ¢ on H. Define a function
G:S"1 5 Rby

G(u) = vol{x € L; (x — z,u) > 0}.

and let
U={ue St (uz-z)>0}

Then u — y(u) := 7 7 is a one-to-one mapping from U onto H,

u,z—zp

and it is easy to check that
G(u) = F(y(u)) for every u € U.

It follows that G = c on U, and since G(u) + G(—u) = vol(L) for
every u € S" 1, G =vol(L) —con —U. Now, S" 1N (z — z)* is
contained in the closures of both U and of —U in S"~!. Since G is
continuouson S" !, G=c=1-c= %(L) on S" 1. ThusL — z is
centrally symmetric by a classical result (Funk-Falconer).
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Additional comments and some open problems

The bodies C(L) and /(L, z) are not in general convex : C(L) is
always convex only for n < 3 (Meyer) and Brehm proved that if A, is
a simplex in R", n > 4, C(A,) is not convex.
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Additional comments and some open problems

The bodies C(L) and /(L, z) are not in general convex : C(L) is
always convex only for n < 3 (Meyer) and Brehm proved that if A, is
a simplex in R", n > 4, C(A,) is not convex. However C(L), and
I(L,g(L)), where g(L) is the centroid of L, are almost convex, and
even almost ellipsoids, in the sense that for some constants

¢ > d > 0, independent on n and L, such that for every u € sn—1
one has

d 2 2 1
,uytdx ) < _
VOI(L)% (/L—g(l_) (x, u) X) maxg vol(L N (tu + uJ_)) pC(L)(u)

1 c N
L «_ S 27
~volLnul) ~ 7 (Lg(L))(u) ~ vol(L)? (/L—g(L) b u) X)
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Additional comments and some open problems

The bodies C(L) and /(L, z) are not in general convex : C(L) is
always convex only for n < 3 (Meyer) and Brehm proved that if A, is
a simplex in R", n > 4, C(A,) is not convex. However C(L), and
I(L,g(L)), where g(L) is the centroid of L, are almost convex, and
even almost ellipsoids, in the sense that for some constants

¢ > d > 0, independent on n and L, such that for every u € sn—1
one has

d 2 2 1
,uytdx ) < _
VOI(L)% (/L—g(l_) (x, u) X) maxg vol(L N (tu + uJ_)) pC(L)(u)

1

1 c , 1

L — «_ ¢ )7
~volLnul) ~ 7 (Lg(L))(u) ~ vol(L)? (/L—g(L) b u) X)

For L centrally symmetric, this was proved by Hensley (Ball for sharp

constants), in the general case by Schiitt (Fradelizi for sharp
constants) (see also Milman-Pajor).
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Additional comments and some open problems

By definition one has p;( g(1)) < Pci(Lg(L)):
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Additional comments and some open problems

By definition one has p;( g(1)) < pci(Lg(L))- A natural question is :

Open problem 1. Does there exist a universal constant C > 0,
independent on the convex body L in R” and on n > 1, such that

PeiLe(L) < CriLgr)) ?
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Additional comments and some open problems

By definition one has p;( g(1)) < pci(Lg(L))- A natural question is :

Open problem 1. Does there exist a universal constant C > 0,
independent on the convex body L in R” and on n > 1, such that
pciLgL)) < CpiLgr) 7 This would say that the the radial
functions of C(L), CI(L) and I(L,g(L)) are all equivalent.

Mathieu Meyer and Shlomo Reisner The convex intersection body of a convex body



Additional comments and some open problems

By definition one has p;( g(1)) < pci(Lg(L))- A natural question is :

Open problem 1. Does there exist a universal constant C > 0,
independent on the convex body L in R” and on n > 1, such that
pciLgL)) < CpiLgr) 7 This would say that the the radial
functions of C(L), CI(L) and I(L,g(L)) are all equivalent.

An equivalent problem is the following : Let K be a convex body in
R™ with Santalé point is at 0. Does there exist an absolute constant
C > 0, independent on n and K such that

vol((PuK)*P“Z) > Cvol((PuK)*O) for every z € int(K) ?
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Additional comments and some open problems

By definition one has p;( g(1)) < pci(Lg(L))- A natural question is :

Open problem 1. Does there exist a universal constant C > 0,
independent on the convex body L in R” and on n > 1, such that
pciLgL)) < CpiLgr) 7 This would say that the the radial
functions of C(L), CI(L) and I(L,g(L)) are all equivalent.

An equivalent problem is the following : Let K be a convex body in
R™ with Santalé point is at 0. Does there exist an absolute constant
C > 0, independent on n and K such that

vol((PuK)*P“Z) > Cvol((PuK)*O) for every z € int(K) ?

Or, given a convex M C ut, with Santalé point s(M), and a convex
body K in R", with Santalé point s(K), such that P,K = M, does

vol(M**M)) > Cvol(M*Fus(K))

for some universal constant C >0 7
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Additional comments and some open problems

If one could prove that in this situation, for some universal constant
¢ > 0, the following is true

Pus(K) — s(M) € %(M — s(M))
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Additional comments and some open problems

If one could prove that in this situation, for some universal constant
¢ > 0, the following is true

Pus(K) — s(M) € %(M — s(M))

then an affirmative answer could be given, using the following lemma :
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Additional comments and some open problems

If one could prove that in this situation, for some universal constant
¢ > 0, the following is true

Pus(K) — s(M) € %(M — s(M))

then an affirmative answer could be given, using the following lemma :

Lemma
Let V be a convex body in R" and x,y € int(V). Then

1 *X
(1 - ||X - vafy)" VOI(V*X) < Vo](V*Y) < VO (V ) _
(1~ Iy — x||lv—x)
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Additional comments and some open problems

It is known (see Milman-Pajor) that for some affine mapping
A:R" — R", M := AL is isotropic, that is satisfies vol(M) = 1 and

1
(/ (x, u>2dx) * =y forallue S L.
M—g(M)

where ¢y is the isotropy constant of M. Problem 1 is equivalent to
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Additional comments and some open problems

It is known (see Milman-Pajor) that for some affine mapping
A:R" — R", M := AL is isotropic, that is satisfies vol(M) = 1 and

1
(/ (x, u>2dx) * =y forallue S L.
M—g(M)

where ¢y is the isotropy constant of M. Problem 1 is equivalent to

Open problem 2. Let M be an isotropic convex body. Is C/(M)
equivalent to the Euclidean ball, independently on M and n ?
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Additional comments and some open problems

It is known (see Milman-Pajor) that for some affine mapping
A:R" — R", M := AL is isotropic, that is satisfies vol(M) = 1 and

1
(/ (x, u>2dx) * =y forallue S L.
M—g(M)

where ¢y is the isotropy constant of M. Problem 1 is equivalent to

Open problem 2. Let M be an isotropic convex body. Is C/(M)
equivalent to the Euclidean ball, independently on M and n ?

Of course, problems 1 and 2 are non-trivial only if L or M are not
centrally symmetric. The particular case of the simplex is open :
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Additional comments and some open problems

It is known (see Milman-Pajor) that for some affine mapping
A:R" — R", M := AL is isotropic, that is satisfies vol(M) = 1 and

1
(/ (x, u>2dx) * =y forallue S L.
M—g(M)

where ¢y is the isotropy constant of M. Problem 1 is equivalent to

Open problem 2. Let M be an isotropic convex body. Is C/(M)
equivalent to the Euclidean ball, independently on M and n ?

Of course, problems 1 and 2 are non-trivial only if L or M are not
centrally symmetric. The particular case of the simplex is open :

Open problem 3. Let A, be a simplex in R" with g(A,) = 0.
there a constant ¢ such that for every n > 2 and every u € S"~ 1

vol(A, Nut) < cvol((Pu(A;g))*s> = cvol(((An N uL)*O)*S> ?
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Additional comments and some open problems

Observe that when A, is a regular simplex inscribed in the Euclidean
ball, since (A,)* = —nA,, one has

(A, N ut)0 =P, ((A,)*°) = Pu(—nAy)

and thus
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Additional comments and some open problems

Observe that when A, is a regular simplex inscribed in the Euclidean
ball, since (A,)* = —nA,, one has

(A, N ut)0 =P, ((A,)*°) = Pu(—nAy)

and thus
* 1
V01<((An N ul)*o) S) = nn,l"Ol((PuAn)*S) .
Let e1,...,ent1, |€/] = 1, be the vertices of A, so that

[uny

O=e+---+epprandfor 1 <i#j<n+1, (e,¢)=—1.
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Additional comments and some open problems

Mathieu Meyer and Shlomo Reisner The convex intersection body of a convex body



Additional comments and some open problems

Fact. Let AC {1,...,n+ 1} satisfy 1 < k := card(A) < n. Define

€
u IEA / e € SN 1
AT S eael Y k(n+1— Z '

Then 0 is the centroid of A, N uj.
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Additional comments and some open problems

Fact. Let AC {1,...,n+ 1} satisfy 1 < k := card(A) < n. Define

D icACi 1
up = =12~ — e €S"
[ Yicaeil k(n+1— Z

Then 0 is the centroid of A, N uj.

We get thus:
Proposition For every A C {1,...,n+ 1}, with 1 < card(A) < n,
one has : |[uallci(a,0) = lluallia,.0-

The convex intersection body of a convex body
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Additional comments and some open problems
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Additional comments and some open problems

When vt N A, is a simplex, one can also conclude :
Proposition Let u € S"1, and if u = Y] uie; € S"1 with

Zf+11 ui=0and ug,...,up > 0> upy1, then vt N A, is a simplex
and
1 (n+1)"% 1

PI(B0) () = VOI(Ap Nut) =

and
1 n2tl 1
n—1)'(n+1)2% e D

pci(Aa,,0)(u) = VOl((An a uJ_)*O)*s) _ (

Mathieu Meyer and Shlomo Reisner The convex intersection body of a convex body



Additional comments and some open problems

When vt N A, is a simplex, one can also conclude :
Proposition Let u € S"~ !, and if u= Y7 u;e; € S"1 with
Z;’;“ll ui=0and uy,...,up > 0> upyq, then utNA,isa simplex
and
1 (n+1)=2 1
n—10 3t [T (w+ 200 )

PI(An0)(u) = VOI(Ay Nut) = (
and

PCI(An,0) (1) = VOl((An N uL)*O)*S) —

Thus CI(A,,0) has 2n+ 2 small faces around u = +e;, 1 <i<n+1
It is easy to check that for such directions u € S"~! one has

vol(A, Nut)
v01<(An N uJ-)*O)*S)
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Additional comments and some open problems

But these u’s around which the two norms are equal or almost equal
are not enough to be able to conclude.
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Additional comments and some open problems

But these u’s around which the two norms are equal or almost equal
are not enough to be able to conclude.

THANK YOU FOR YOUR ATTENTION
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Additional comments and some open problems

But these u’s around which the two norms are equal or almost equal
are not enough to be able to conclude.

THANK YOU FOR YOUR ATTENTION

THE END
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