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the heptagon, but only eight lie in the boundary of the hexagon. This may be seen in the
pictures above.
First continuation step. Beginning at each of the six points in ∆ where J1 = J2 = 0,
the algorithm traces the curve in both directions, looking for a solution to ϕ1 = J2 = 0.
Beginning at each of the eight points where the curve J2 = 0 meets the boundary, it follows
the curve into the interior of the heptagon, looking for a solution to ϕ1 = J2 = 0. In tracing
each arc, it either finds a solution, a boundary point, or another point where J1 = J2 = 0.
We may see that in the picture below, which shows the curves ϕ1 = 0 and J2 = 0, as well
as the points on the curve J2 = 0 where J1 also vanishes.
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In this step, 2 · 6 + 8 = 20 arcs are traced. The three solutions of J2 = ϕ1 = 0 will each be
found twice, and 14 of the tracings will terminate with a boundary point or a point where
J1 = 0.
Second Continuation step. This step begins at each of the three points where ϕ1 = J2 =
0 that were found in the last step, as well as at each of the six points where ϕ1 = 0 meets
the boundary of the heptagon (necessarily in some vertices).
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Curve tracing, as described in more detail in the next section, can be carried out even
in the presence of singularities, as in the case of the curves initiating at vertices. In this
case, this final round of curve-tracing revealed all six solutions within the heptagon, as
anticipated. Furthermore, each solution was discovered twice, again, as anticipated.
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Motivation

Problem:  Approximate all real roots of a zero-dimensional 
polynomial system.

Solution:  There are many options, but all have problems.
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Motivation

Problem:  Approximate all real roots of a zero-dimensional 
polynomial system.

Solution:  There are many options, but all have problems.

One option:  Homotopy continuation.

This is a good method in general, but complexity depends on 
the number of complex solutions.

Today’s method:  Numerical (mostly non-homotopy) method 
with complexity depending on the number of real roots.
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Question:  Given polynomial system  

with support

having N+L+1 monomials, how many solutions are there?

Bézout (1776): no more than the product of the degrees
    (complex)

Bernstein-Kouchnirenko-Khovanskii (1976): no more than 

                                           (complex)

Remark:  Homotopy methods rely on these sorts of bounds.
 (stick around for the next two talks)
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Abstract. We use Gale duality for complete intersections and adapt the proof of the fewnomial bound
for positive solutions to obtain the bound
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for the number of non-zero real solutions to a system of n polynomials in n variables having n+k+1
monomials whose exponent vectors generate a subgroup of Zn of odd index. This bound only exceeds
the bound for positive solutions by the constant factor (e4 + 3)/(e2 + 3) and it is asymptotically sharp
for k fixed and n large.

Introduction

Given polynomial system f : RN → RN with N + L + 1 monomials in W = ∪N
i=1supp(fi), how many

non-degenerate (positive) real solutions are there?

Here are a few answers:

• Bézout (1776): no more than the product of the degrees (complex).
• Bernstein-Kouchnirenko-Khovanskii (1976-ish): no more than N !1vol(conv(1W )).
• Bertrand-Bihan-Sottile (2006): 2N + 1 (real, L = 2, sharp).
• Bihan (2007): N + 1 (positive real, L = 2, sharp).
• Bihan-Sottile (2007): no more than

e2 + 3
4

2(L
2)NL

(positive real).
• Bihan-Rojas-Sottile (2007): Asymptotically sharp for L fixed and N large.
• Bates-Bihan-Sottile (2007): no more than than

e4 + 3
4

2(L
2)NL

(real).
• Rusek-Sottile-?: ??? (come back at 5:15!)

In [3], the sharp bound of 2n+1 was obtained for the number of non-zero real solutions to a system of
n polynomial equations in n variables having n+2 monomials whose exponents affinely span the lattice
Zn. In [4], the sharp bound of n+1 was given for the positive solutions to such a system of equations.
This last bound was generalized in [6], which showed that the number of positive solutions to a system
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DANIEL J. BATES, FRÉDÉRIC BIHAN, AND FRANK SOTTILE

Abstract. We use Gale duality for complete intersections and adapt the proof of the fewnomial bound
for positive solutions to obtain the bound

e4 + 3

4
2

“
k
2

”

nk

for the number of non-zero real solutions to a system of n polynomials in n variables having n+k+1
monomials whose exponent vectors generate a subgroup of Zn of odd index. This bound only exceeds
the bound for positive solutions by the constant factor (e4 + 3)/(e2 + 3) and it is asymptotically sharp
for k fixed and n large.

Introduction

Given polynomial system f : RN → RN with N + L + 1 monomials in W = ∪N
i=1supp(fi), how many

non-degenerate (positive) real solutions are there?

Here are a few answers:
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Motivation

Maurice:  We need methods that depend on complexity over 
the reals.  (People who have systems they need to solve feel 
similarly.)

The proof of the 2007 Bihan-Sottile paper indicates a clear 
numerical method.

This talk:  Khovanskii-Rolle continuation.  Features:
  - (mostly non-homotopy) numerical method 
  - finds all solutions on the real torus
  - complexity (of some sort) is bounded above by a constant 
    multiple of the number of real solutions
  - the actual computational cost is often better than complexity  
    bound
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Timings (more motivation)

• Example 1:

102 complex solutions, 10 real solutions
KhRo took 1.4 seconds, Bertini took 9 sec (on one 
processor).

• Example 2:

7663 complex solutions, 6 real solutions
KhRo took 23 sec, PHCpack took 39.3 min (on one 
processor).   Notice the degrees....

KHOVANSKII-ROLLE CONTINUATION FOR REAL SOLUTIONS 17

By Theorem 2.5, the bound on the number of paths followed (using 7 = l + n in place of
l + n + 1 in the binomials as in Remark 2.6) is

2 · 2 · 2(2

2) · 52 + 2 · 2(1

2) · 51 ·
(
7
1

)
+ 1 · 2(0

2) · 50 ·
(
8
2

)
= 298 .

By Theorem 3.10 in [7], the fewnomial bound in this case is

2 · 52 + ! (5+1)(5+3)
2 " = 74 .

In contrast, we only traced 20 + 12 = 32 curves to Þnd the six solutions in the heptagon.
The reason for this discrepancy is that this bound is pessimistic and the Khovanskii-Rolle
Continuation Algorithm exploits any slack in it.
Timings and comparison to existing software. The system of Laurent polynomi-
als (1.1) was converted into a system of polynomials by clearing denominators. It was then
run through PHCpack, Bertini, and the proof-of-concept implementation described in the
next section. As described in Section 1, this system has 102 regular solutions, 10 of which
are real. All runs of this section were performed on a 2.83 GHzrunning CentOS with Maple
13, Bertini 1.1.1, and PHCpack v2.3.48.

In blackbox mode, PHCpack used polyhedral methods and found102 regular solutions in
around 2.5 seconds, though it only classiÞed eight of them asreal. Using all default settings
and a 5-homogeneous start system, Bertini found all 102 regular solutions and identiÞed
the 10 that are real. However, because of the use of adaptive precision, this took around
23 seconds. Using Þxed low precision, this time dropped to around 9 seconds while still
identifying the solutions correctly.

The implementation described in the next section found all positive solutions of the Gale
dual system of master functions 1.4 in around 15 seconds using safe settings. Almost all of
this time was spent in computing the setsS0 and T1 in Bertini, using adaptive precision for
security. By changing to Þxed low precision for the Bertini portions of the computation, the
timing for the entire run fell to around 1.4 seconds Ð the shortest time of all runs described
here. Though such efficiency is welcome, security is more valuable. It is expected that more
sophisticated software than that described in the next section will be more efficient.
A more extreme example. A polynomial system with high degree, many complex solu-
tions, and few real solutions further illustrates the valueof Khovanskii-Rolle continuation.
For example, consider the system of Laurent polynomials

(3.1)

10500− tu492 − 3500t−1u463v5w5 = 0
10500− t − 3500t−1u691v5w5 = 0

14000− 2t + tu492 − 3500v = 0
14000 + 2t − tu492 − 3500w = 0 .

By solving a set of master functions Gale dual to (3.1) for 0, we obtain

(3.2)
350012x8y4(3 − y)45 − (3 − x)33(4− 2x + y)60(2x − y + 1) 60 = 0
350012x27(3 − x)8(3 − y)4 − y15(4− 2x + y)60(2x − y + 1) 60 = 0 .

KHOVANSKII-ROLLE CONTINUATION FOR REAL SOLUTIONS 3

1. Background

We first explain how Gale duality transforms a system of polynomial equations into an
equivalent system of rational master functions. This reduces the problem of finding all
positive solutions to the polynomial equations to finding solutions to the master functions
in a polyhedron, which we may assume is bounded. Then we discuss general curve-tracing
algorithms and finally outline the method of homotopy continuation to highlight how it
differs from Khovanskii-Rolle continuation.

1.1. Gale Duality. The Khovanskii-Rolle algorithm does not in fact directly solve polyno-
mial systems, but rather solves systems of master functions defined in the complement of
an arrangement of hyperplanes. Solutions of the system of master functions correspond to
solutions of the original system via Gale duality [8]. We begin with an example.

Example 1.1. The system of Laurent polynomials (written in diagonal form)

(1.1)

cd = 1
2be

2 + 2a−1b−1e − 1 cd−1e−1 = 1
2(1 + 1

4be
2 − a−1b−1e)

bc−1e−2 = 1
4(6 − 1

4be
2 − 3a−1b−1e) bc−2e = 1

2(8 − 3
4be

2 − 2a−1b−1e)

ab−1 = 3 − 1
2be

2 + a−1b−1e ,

has as support (set of exponent vectors) the columns of the matrix

A :=






−1 0 0 0 0 0 1
−1 0 1 0 1 1 −1

0 1 0 1 −1 −2 0
0 1 0 −1 0 0 0
1 0 2 −1 −2 1 0






.

Since

A

(
−1 1 −2 1 −2 2 −1

1 6 −3 6 −2 7 1

)T

=






0 0
0 0
0 0
0 0
0 0






,

we have the following identity on the monomials

(1.2)
(a−1b−1e)−1(cd)1(be2)−2(cd−1e−1)1(bc−1e−2)−2(bc−2e)2(ab−1)−1 = 1 ,

(a−1b−1e)1 (cd)6(be2)−3(cd−1e−1)6(bc−1e−2)−2(bc−2e)7(ab−1)1 = 1 .

A Gale system dual to (1.1) is obtained from the identity (1.2) by first substituting x for
the term 1

4be
2 and y for a−1b−1e in (1.1) to obtain

cd = 2x + 2y − 1 cd−1e−1 = 1
2(1 + x − y)

bc−1e−2 = 1
4(6 − x − 3y) bc−2e = 1

2(8 − 3x − 2y)

ab−1 = 3 − 2x + y ,

5/25



Timings (more motivation)

• Example 1:

102 complex solutions, 10 real solutions
KhRo took 1.4 seconds, Bertini took 9 sec (on one 
processor).

• Example 2:

7663 complex solutions, 6 real solutions
KhRo took 23 sec, PHCpack took 39.3 min (on one 
processor).   Notice the degrees....
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1. Background on proof of Bihan-Sottile bound

2. Proof          Algorithm

3. Example (pretty pictures)

4. A word about complexity

5. Further plans



Background:  2 main techniques

Gale Duality 

A polynomial system with N+L+1 monomials has a dual 
system of “master functions” defined in the complement of a 
hyperplane arrangment AND there is a bijection between the 
solutions (under a technical condition).  
(see Bihan-Sottile).  

Khovanskii-Rolle Theorem

Given a curve C defined by a set of polynomials, the solutions 
on C of another polynomial are interspersed with solutions of 
an appropriately defined Jacobian determinant.  
(see Khovanskii’s Fewnomials).

Each idea has an important implication for us.
6/25



Background:  Gale duality (high level)

2 October 2007 arXiv:0706.3745

BOUNDS ON THE NUMBER OF REAL SOLUTIONS TO POLYNOMIAL
EQUATIONS

DANIEL J. BATES, FRÉDÉRIC BIHAN, AND FRANK SOTTILE

Abstract. We use Gale duality for complete intersections and adapt the proof of the fewnomial bound
for positive solutions to obtain the bound

e4 + 3

4
2

“
k
2

”

nk

for the number of non-zero real solutions to a system of n polynomials in n variables having n+k+1
monomials whose exponent vectors generate a subgroup of Zn of odd index. This bound only exceeds
the bound for positive solutions by the constant factor (e4 + 3)/(e2 + 3) and it is asymptotically sharp
for k fixed and n large.

Introduction

Given polynomial system f : RN → RN with N + L + 1 monomials in W = ∪N
i=1supp(fi), how many

non-degenerate (positive) real solutions are there?

Here are a few answers:

• Bézout (1776): no more than the product of the degrees (complex).
• Bernstein-Kouchnirenko-Khovanskii (1976-ish): no more than N !vol(conv(W )).
• Bertrand-Bihan-Sottile (2006): 2N + 1 (real, L = 2, sharp).
• Bihan (2007): N + 1 (positive real, L = 2, sharp).
• Bihan-Sottile (2007): no more than

e2 + 3
4

2(L
2)NL

(positive real).
• Bihan-Rojas-Sottile (2007): Asymptotically sharp for L fixed and N large.
• Bates-Bihan-Sottile (2007): no more than than

e4 + 3
4

2(L
2)NL

(real).
• Rusek-Sottile-?: ??? (come back at 5:15!)

In [3], the sharp bound of 2n+1 was obtained for the number of non-zero real solutions to a system of
n polynomial equations in n variables having n+2 monomials whose exponents affinely span the lattice
Zn. In [4], the sharp bound of n+1 was given for the positive solutions to such a system of equations.
This last bound was generalized in [6], which showed that the number of positive solutions to a system
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ψ : RL → RL

In [3], the sharp bound of 2n+1 was obtained for the number of non-zero real solutions to a system of
n polynomial equations in n variables having n+2 monomials whose exponents affinely span the lattice
Zn. In [4], the sharp bound of n+1 was given for the positive solutions to such a system of equations.
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Introduction
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i=1supp(fi), how many
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Here are a few answers:
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Background:  Gale duality (low level)

The details are picky but not impossible...see the 
paper (or I can show you on paper later).

Bottom line:  We want to find the solutions of the 
master functions defined in the complement of a 
hyperplane arrangement.

Matt Niemerg and I are nearly done with software 
for both the wrapping and the unwrapping.  We will 
release the code once we have finished and tested it.
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2. Proof of Theorem 4

We follow [6] with minor, but important, modifications. Perturbing the polynomials pi(y) and the
weights βj will not decrease the number of non-degenerate real solutions in MA. This enables us to make
the following assumptions.

The arrangement A+ ⊂ RPk, where we add the hyperplane at infinity, is general in that every j
hyperplanes of A+ meet in a (k−j) dimensional linear subspace, called a codimension j face of A. If B
is the matrix whose columns are the weights β1, . . . ,βk, then the entries of B are rational numbers and
no minor of B vanishes. This last technical condition as well as the freedom to further perturb the βj

and the pi are necessary for the results in [6, Section 3] upon which we rely.

For functions f1, . . . , fj on MA, let V (f1, . . . , fj) be the subvariety they define. Suppose that βj =
(b1,j , . . . , bn+k,j). For each j = 1, . . . , k, define

ψj(y) :=
n+k∑

i=1

bi,j log |pi(y)| .

Then (5) is equivalent to ψ1(y) = · · · = ψk(y) = 0. Inductively define JL, JL−1, . . . , J1 by

Jj := Jac(ψ1, . . . ,ψj , Jj+1, . . . , JL) ,

the Jacobian determinant of ψ1, . . . ,ψj ,Γj+1, . . . ,Γk. Set

Cj := V (ψ1, . . . ,ψj−1, Jj+1, . . . , JL) ,

which is a curve in MA.

Let #(C) be the number of unbounded components of a curve C ⊂MA. We have the estimate from [6],
which is a consequence of the Khovanskii-Rolle Theorem,

(6) |V (ψ1, . . . ,ψk)| ≤ #(Ck) + · · · + #(C1) + |V (Γ1, . . . ,Γk)| .
Here, |S| is the cardinalty of the set S. We estimate these quantities.

Lemma 5.

(1) |V (Γ1, . . . ,Γk)| ≤ 2(k
2)nk.

(2) Cj is a smooth curve and

#(Cj) ≤ 1
2
2(k−j

2 )nn−k
(n+k+1

j

)
· 2j ≤ 2(k

2)nk · 22j−1

j!
.

Proof of Theorem 4. By (6) and Lemma 5, we have

|V (ψ1, . . . ,ψk)| ≤ 2(k
2)nk

(
1 +

1
4

k∑

j=1

4j

j!

)
< 2(k

2)nk · e4 + 3
4

. !

Proof of Lemma 5. The bound (1) is from Lemma 3.4 of [6]. Statements analogous to (2) for C̃j , the
restriction of Cj to a single chamber (connected component) of MA, were established in Lemma 3.4 and
the proof of Lemma 3.5 in [6]:

(7) #(C̃j) ≤ 1
2
2(k−j

2 )nk−j
(n+k+1

j

)
≤ 1

2
2(k

2)nk · 2j−1

j!
.

The bound we claim for #(Cj) has an extra factor of 2j . A priori we would expect to multiply this
bound (7) by the number of chambers of MA to obtain a bound for #(Cj), but the correct factor is only
2j .
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Background:  Bates-Bihan-Sottile proof

Thanks to Gale duality, to count the positive solutions of a 
system of polynomials, we can instead count the number of 
solutions of a system of master functions in the positive 
chamber.

Consequence of Khovanskii-Rolle:

where         is the number of unbounded components of    .  

Also (from Bihan-Sottile):

1.

2.

Putting this together gives the latest bound.
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Then (5) is equivalent to ψ1(y) = · · · = ψk(y) = 0. Inductively define JL, JL−1, . . . , J1 by

Jj := Jac(ψ1, . . . ,ψj , Jj+1, . . . , JL) ,

the Jacobian determinant of ψ1, . . . ,ψj ,Γj+1, . . . ,Γk. Set

Cj := V (ψ1, . . . ,ψj−1, Jj+1, . . . , JL) ,

which is a curve in MA.
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The bound we claim for #(Cj) has an extra factor of 2j . A priori we would expect to multiply this
bound (7) by the number of chambers of MA to obtain a bound for #(Cj), but the correct factor is only
2j .
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The bound we claim for #(Cj) has an extra factor of 2j . A priori we would expect to multiply this
bound (7) by the number of chambers of MA to obtain a bound for #(Cj), but the correct factor is only
2j .
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Proof        Algorithm
Where is the algorithm?    

Rather than counting arcs and intersections, we move along 
them and watch for solutions:

 - Solve                              and find all points where      
  the arcs given by vanishing of all      except     
  intersect the boundary of the chamber.

 - Traverse each arc twice, looking for solutions of 
  (or the current master function of interest):

     - Move one direction from boundary points
     - Move two directions from interior points
     - Security: Know how many times we reach each point
     - Move on to the next master function and     
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Proof of Lemma 5. The bound (1) is from Lemma 3.4 of [6]. Statements analogous to (2) for̃Cj , the
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The bound we claim for #(Cj) has an extra factor of 2j . A priori we would expect to multiply this
bound (7) by the number of chambers ofMA to obtain a bound for #(Cj), but the correct factor is only
2j .
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The bound we claim for #(Cj) has an extra factor of 2j . A priori we would expect to multiply this
bound (7) by the number of chambers of MA to obtain a bound for #(Cj), but the correct factor is only
2j .
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is the matrix whose columns are the weights β1, . . . ,βk, then the entries of B are rational numbers and
no minor of B vanishes. This last technical condition as well as the freedom to further perturb the βj

and the pi are necessary for the results in [6, Section 3] upon which we rely.

For functions f1, . . . , fj on MA, let V (f1, . . . , fj) be the subvariety they define. Suppose that βj =
(b1,j , . . . , bn+k,j). For each j = 1, . . . , k, define

ψj(y) :=
n+k∑

i=1

bi,j log |pi(y)| .

Then (5) is equivalent to ψ1(y) = · · · = ψk(y) = 0. Inductively define JL, JL−1, . . . , J1 by

Jj := Jac(ψ1, . . . ,ψj , Jj+1, . . . , JL) ,

the Jacobian determinant of ψ1, . . . ,ψj ,Γj+1, . . . ,Γk. Set

Cj := V (ψ1, . . . ,ψj−1, Jj+1, . . . , JL) ,

which is a curve in MA.

Let #(C) be the number of unbounded components of a curve C ⊂MA. We have the estimate from [6],
which is a consequence of the Khovanskii-Rolle Theorem,

(6) |V (ψ1, . . . ,ψL)| ≤ #(CL) + · · · + #(C1) + |V (J1, . . . , JL)| .
Here, |S| is the cardinalty of the set S. We estimate these quantities.

Lemma 5.

(1) |V (J1, . . . , JL)| ≤ 2(L
2)NL.

(2) Cj is a smooth curve and

#(Cj) ≤ 1
2
2(L−j

2 )nN−L
(N+L+1

j

)
· 2j ≤ 2(k

2)nk · 22j−1

j!
.

Proof of Theorem 4. By (6) and Lemma 5, we have

|V (ψ1, . . . ,ψk)| ≤ 2(k
2)nk

(
1 +

1
4

k∑

j=1

4j

j!

)
< 2(k

2)nk · e4 + 3
4

. !

Proof of Lemma 5. The bound (1) is from Lemma 3.4 of [6]. Statements analogous to (2) for C̃j , the
restriction of Cj to a single chamber (connected component) of MA, were established in Lemma 3.4 and
the proof of Lemma 3.5 in [6]:

(7) #(C̃j) ≤ 1
2
2(k−j

2 )nk−j
(n+k+1

j

)
≤ 1

2
2(k

2)nk · 2j−1

j!
.

The bound we claim for #(Cj) has an extra factor of 2j . A priori we would expect to multiply this
bound (7) by the number of chambers of MA to obtain a bound for #(Cj), but the correct factor is only
2j .
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An example

• The initial (Laurent) polynomials (after Gaussian 
elimination):

Notice that N = 5 and L = 2.   

• Master functions (just two, in two variables):

KHOVANSKII-ROLLE CONTINUATION FOR REAL SOLUTIONS 3

1. Background

We first explain how Gale duality transforms a system of polynomial equations into an
equivalent system of rational master functions. This reduces the problem of finding all
positive solutions to the polynomial equations to finding solutions to the master functions
in a polyhedron, which we may assume is bounded. Then we discuss general curve-tracing
algorithms and finally outline the method of homotopy continuation to highlight how it
differs from Khovanskii-Rolle continuation.

1.1. Gale Duality. The Khovanskii-Rolle algorithm does not in fact directly solve polyno-
mial systems, but rather solves systems of master functions defined in the complement of
an arrangement of hyperplanes. Solutions of the system of master functions correspond to
solutions of the original system via Gale duality [8]. We begin with an example.

Example 1.1. The system of Laurent polynomials (written in diagonal form)

(1.1)

cd = 1
2be

2 + 2a−1b−1e − 1 cd−1e−1 = 1
2(1 + 1

4be
2 − a−1b−1e)

bc−1e−2 = 1
4(6 − 1

4be
2 − 3a−1b−1e) bc−2e = 1

2(8 − 3
4be

2 − 2a−1b−1e)

ab−1 = 3 − 1
2be

2 + a−1b−1e ,

has as support (set of exponent vectors) the columns of the matrix

A :=






−1 0 0 0 0 0 1
−1 0 1 0 1 1 −1

0 1 0 1 −1 −2 0
0 1 0 −1 0 0 0
1 0 2 −1 −2 1 0






.

Since

A

(
−1 1 −2 1 −2 2 −1

1 6 −3 6 −2 7 1

)T

=






0 0
0 0
0 0
0 0
0 0






,

we have the following identity on the monomials

(1.2)
(a−1b−1e)−1(cd)1(be2)−2(cd−1e−1)1(bc−1e−2)−2(bc−2e)2(ab−1)−1 = 1 ,

(a−1b−1e)1 (cd)6(be2)−3(cd−1e−1)6(bc−1e−2)−2(bc−2e)7(ab−1)1 = 1 .

A Gale system dual to (1.1) is obtained from the identity (1.2) by first substituting x for
the term 1

4be
2 and y for a−1b−1e in (1.1) to obtain

cd = 2x + 2y − 1 cd−1e−1 = 1
2(1 + x − y)

bc−1e−2 = 1
4(6 − x − 3y) bc−2e = 1

2(8 − 3x − 2y)

ab−1 = 3 − 2x + y ,

4 DANIEL J. BATES AND FRANK SOTTILE

Then, we substitute these linear polynomials for the monomials in (1.2) to obtain the system
of rational master functions

(1.3)
y−1(2x+2y−1) (4x)−2

(
1+x−y

2

) (
6−x−3y

4

)−2(
8−3x−2y

2

)2
(3−2x+y)−1 = 1 ,

y(2x+2y−1)6(4x)−3
(

1+x−y
2

)6(
6−x−3y

4

)−2(
8−3x−2y

2

)7
(3−2x+y) = 1 .

If we solve these for 0, they become f = g = 0, where

(1.4)
f := (2x+2y−1)(1+x−y)(8−3x−2y)2 − 8yx2(6−x−3y)2(3−2x+y) ,

g := y(2x+2y−1)6(1+x−y)6(8−3x−2y)7(3−2x+y) − 32768 x3(6−x−3y)2 .

Figure 1 shows the curves defined by f and g and the lines given by the linear factors in
f and g. The curve f = 0 has the three branches indicated and the other arcs belong to
g = 0.

f !!!"
f

#
#$

%

f

f
#

#&
y = 0

2x+2y−1 = 0

x = 0 1+x−y = 0

6−x−3y = 0

8−3x−2y = 0

3−2x+y = 0
%

Figure 1. Curves and lines

It is clear that the solutions to f = g = 0 in the complement of the lines are consequences
of solutions to (1.1). More, however, is true. The two systems define isomorphic schemes
as complex or as real varieties, with the positive solutions to (1.1) corresponding to the
solutions of f = g = 0 lying in the central heptagon. Indeed, the polynomial system (1.1)
has 102 solutions in (C×)5. This may be verified with either symbolic software such as
Singular [11], or with numerical solvers. Ten of these solutions are real, with six positive.
We computed them using both Bertini [4] and PHCpack [19] (which produce the same
solutions) and display them (in coordinates (a, b, c, d, e)) to 3 significant digits.

(1.5)

(−8.92,−1.97,−0.690, 3.98,−1.28) , (−0.0311, 8.52,−1.26,−14.1,−1.39) ,

(−0.945, 3.41, 1.40, 0.762, 1.30) , (−5.21, 4.57, 2.48, 1.20, 1.34) ,

(2.19, 0.652, 0.540, 2.27, 1.24) , (2.45, 0.815, 0.576, 1.38, 1.20) ,

(3.13, 1.64, 0.874, 0.962, 1.28) , (2.00, 0.713, 1.17, 3.28, 2.20) ,

(1.61, 1.03, 2.37, 1.98, 2.35) , (0.752, 3.10, 2.36, 1.55, 1.48) .
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Solutions of the master functions:
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Then, we substitute these linear polynomials for the monomials in (1.2) to obtain the system
of rational master functions

(1.3)
y−1(2x+2y−1) (4x)−2

(
1+x−y

2

) (
6−x−3y

4

)−2(
8−3x−2y

2

)2
(3−2x+y)−1 = 1 ,

y(2x+2y−1)6(4x)−3
(
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2

)6(
6−x−3y

4

)−2(
8−3x−2y

2

)7
(3−2x+y) = 1 .

If we solve these for 0, they become f = g = 0, where

(1.4)
f := (2x+2y−1)(1+x−y)(8−3x−2y)2 − 8yx2(6−x−3y)2(3−2x+y) ,

g := y(2x+2y−1)6(1+x−y)6(8−3x−2y)7(3−2x+y) − 32768 x3(6−x−3y)2 .

Figure 1 shows the curves defined by f and g and the lines given by the linear factors in
f and g. The curve f = 0 has the three branches indicated and the other arcs belong to
g = 0.
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f

#
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%

f

f
#
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y = 0

2x+2y−1 = 0

x = 0 1+x−y = 0

6−x−3y = 0

8−3x−2y = 0

3−2x+y = 0
%

Figure 1. Curves and lines

It is clear that the solutions to f = g = 0 in the complement of the lines are consequences
of solutions to (1.1). More, however, is true. The two systems define isomorphic schemes
as complex or as real varieties, with the positive solutions to (1.1) corresponding to the
solutions of f = g = 0 lying in the central heptagon. Indeed, the polynomial system (1.1)
has 102 solutions in (C×)5. This may be verified with either symbolic software such as
Singular [11], or with numerical solvers. Ten of these solutions are real, with six positive.
We computed them using both Bertini [4] and PHCpack [19] (which produce the same
solutions) and display them (in coordinates (a, b, c, d, e)) to 3 significant digits.

(1.5)

(−8.92,−1.97,−0.690, 3.98,−1.28) , (−0.0311, 8.52,−1.26,−14.1,−1.39) ,

(−0.945, 3.41, 1.40, 0.762, 1.30) , (−5.21, 4.57, 2.48, 1.20, 1.34) ,

(2.19, 0.652, 0.540, 2.27, 1.24) , (2.45, 0.815, 0.576, 1.38, 1.20) ,

(3.13, 1.64, 0.874, 0.962, 1.28) , (2.00, 0.713, 1.17, 3.28, 2.20) ,

(1.61, 1.03, 2.37, 1.98, 2.35) , (0.752, 3.10, 2.36, 1.55, 1.48) .

Thanks to Frank for all the images from now on! 13/25



Preparation for KR continuation

• Form the Jacobian determinants 
J2 = J(f,g),
J1 = J(f,J2).

• Key properties:
  1.  The solutions of f = g = 0 are separated by 
those of f = J2 = 0 on the curve f = 0.
  2.  The solutions of f = J2 = 0 are separated by 
those of J1 = J2 = 0 on the curve J2 = 0.

KHOVANSKII-ROLLE CONTINUATION FOR REAL SOLUTIONS 15

form, ϕ1(y) = ϕ2(y) = 0, for y ∈ ∆, which is the heptagon depicted in Figure 1. Here, we
have l = 2 and n = 5 with 7 linear polynomials.

ϕ1(y) = − log(y) + log(2x+2y−1) − 2 log(4x) + log
(

1+x−y
2

)

−2 log
(

6−x−3y
4

)
+ 2 log

(
8−3x−2y

2

)
− log(3−2x+y) .

ϕ2(y) = log(y) + 6 log(2x+2y−1) − 3 log(4x) + 6 log
(

1+x−y
2

)

−2 log
(

6−x−3y
4

)
+ 7 log

(
8−3x−2y

2

)
+ log(3−2x+y) .

The polynomial forms J2, J1 of the Jacobians are (omitting the middle 60 terms from J1),

J2 = −168x5 − 1376x4y + 480x3y2 − 536x2y3 − 1096xy4 + 456y5 + 1666x4 + 2826x3y

+3098x2y2 + 6904xy3 − 1638y4 − 3485x3 − 3721x2y − 15318xy2 − 1836y3

+1854x2 + 8442xy + 9486y2 − 192x − 6540y + 720 .

J1 = 10080x10 − 168192x9y − 611328x8y2 − · · · + 27648x + 2825280y .

Remark 3.1. Instead of the polynomial form J2 of the Jacobian of ϕ1 and ϕ2, we could
use the Jacobian J(f, g) of f and g (1.4). This however has degree 25 with 347 terms and
coefficients of the order of 1017. The Jacobian of this and f has degree 29 and 459 terms.
This control on the degree of the Jacobians is the reason that we use the logarithms of the
master function in the formulation of the Khovanskii-Rolle Algorithm.

We now describe the Khovanskii-Rolle algorithm on this example.
Precomputation. We first find all solutions S0 to J1 = J2 = 0 in the heptagon ∆, and all
solutions J2 = 0 in the boundary of the heptagon. Below are the curves J2 = 0 and J1 = 0
and the heptagon. The curve J2 = 0 consists of the four arcs indicated. The remaining
curves in this picture belong to J1 = 0. On the right is an expanded view in a neighborhood
of the lower right vertex, (3

2 , 0).

J2
!

J2
!

J2
"##$

J1

J2

J2 (3
2 , 0)

A numerical computation finds 50 common solutions to J1 = J2 = 0 with 26 real. Only six
solutions lie in the interior of the heptagon with one on the boundary at the vertex (3/2, 0).
There are 31 points where the curve J2 = 0 meets the lines supporting the boundary of

14/25



The curves for J1 and J2:
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J2 = −168x5 − 1376x4y + 480x3y2 − 536x2y3 − 1096xy4 + 456y5 + 1666x4 + 2826x3y

+3098x2y2 + 6904xy3 − 1638y4 − 3485x3 − 3721x2y − 15318xy2 − 1836y3

+1854x2 + 8442xy + 9486y2 − 192x − 6540y + 720 .

J1 = 10080x10 − 168192x9y − 611328x8y2 − · · · + 27648x + 2825280y .

Remark 3.1. Instead of the polynomial form J2 of the Jacobian of ϕ1 and ϕ2, we could
use the Jacobian J(f, g) of f and g (1.4). This however has degree 25 with 347 terms and
coefficients of the order of 1017. The Jacobian of this and f has degree 29 and 459 terms.
This control on the degree of the Jacobians is the reason that we use the logarithms of the
master function in the formulation of the Khovanskii-Rolle Algorithm.

We now describe the Khovanskii-Rolle algorithm on this example.
Precomputation. We first find all solutions S0 to J1 = J2 = 0 in the heptagon ∆, and all
solutions J2 = 0 in the boundary of the heptagon. Below are the curves J2 = 0 and J1 = 0
and the heptagon. The curve J2 = 0 consists of the four arcs indicated. The remaining
curves in this picture belong to J1 = 0. On the right is an expanded view in a neighborhood
of the lower right vertex, (3

2 , 0).

J2
!

J2
!

J2
"##$

J1

J2

J2 (3
2 , 0)

A numerical computation finds 50 common solutions to J1 = J2 = 0 with 26 real. Only six
solutions lie in the interior of the heptagon with one on the boundary at the vertex (3/2, 0).
There are 31 points where the curve J2 = 0 meets the lines supporting the boundary of

We find the solutions of J1 = J2 = 0 with continuation.
There are 6 of these. 15/25
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use the Jacobian J(f, g) of f and g (1.4). This however has degree 25 with 347 terms and
coefficients of the order of 1017. The Jacobian of this and f has degree 29 and 459 terms.
This control on the degree of the Jacobians is the reason that we use the logarithms of the
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We now describe the Khovanskii-Rolle algorithm on this example.
Precomputation. We first find all solutions S0 to J1 = J2 = 0 in the heptagon ∆, and all
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J2
!

J2
!

J2
"##$

J1

J2

J2 (3
2 , 0)

A numerical computation finds 50 common solutions to J1 = J2 = 0 with 26 real. Only six
solutions lie in the interior of the heptagon with one on the boundary at the vertex (3/2, 0).
There are 31 points where the curve J2 = 0 meets the lines supporting the boundary of

We also find all points where J2 meets the boundary.
There are 8 of these points.

The curves for J1 and J2:
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 The bottom right corner:
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Step 1 

Since any two solutions of f = J2 = 0 along the curve 
J2 = 0 are separated by solutions of 
J1 = J2 = 0, we will find all solutions of 
f = J2 = 0 by tracking 

1.  each way from the solutions of J1 = J2 = 0 AND 

2.  into the polytope from the points at which J2 
reaches the boundary.
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Moving from red and blue to purple along green curve 
(replacing a Jacobian with a master function):
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the heptagon, but only eight lie in the boundary of the hexagon. This may be seen in the
pictures above.
First continuation step. Beginning at each of the six points in ∆ where J1 = J2 = 0,
the algorithm traces the curve in both directions, looking for a solution to ϕ1 = J2 = 0.
Beginning at each of the eight points where the curve J2 = 0 meets the boundary, it follows
the curve into the interior of the heptagon, looking for a solution to ϕ1 = J2 = 0. In tracing
each arc, it either finds a solution, a boundary point, or another point where J1 = J2 = 0.
We may see that in the picture below, which shows the curves ϕ1 = 0 and J2 = 0, as well
as the points on the curve J2 = 0 where J1 also vanishes.

J2
!

J2
!

J2
"#
#$

ϕ1 !

ϕ1

ϕ1

ϕ1"

In this step, 2 · 6 + 8 = 20 arcs are traced. The three solutions of J2 = ϕ1 = 0 will each be
found twice, and 14 of the tracings will terminate with a boundary point or a point where
J1 = 0.
Second Continuation step. This step begins at each of the three points where ϕ1 = J2 =
0 that were found in the last step, as well as at each of the six points where ϕ1 = 0 meets
the boundary of the heptagon (necessarily in some vertices).

ϕ1 !

ϕ1

ϕ1

ϕ1"

Curve tracing, as described in more detail in the next section, can be carried out even
in the presence of singularities, as in the case of the curves initiating at vertices. In this
case, this final round of curve-tracing revealed all six solutions within the heptagon, as
anticipated. Furthermore, each solution was discovered twice, again, as anticipated.
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Safety from the Khovanskii-Rolle theorem

• Since any two solutions of f = J2 = 0 along the curve 
J2 = 0 are separated by solutions of 
J1 = J2 = 0:

1.  we will find all solutions of f = J2 = 0 exactly twice, 
and 

2.  we can watch the behavior along each arc we trace 
to help make sure that each arc is traced the appropriate 
number of times.  

• Who cares?  We do, because we don’t have the usual 
guarantees of homotopy continuation.

20/25



Step 2 (last step for this example)

Now we move along the curve f = 0 
- in two directions from each solution of f = J2 = 0 and 
- in one direction from each point at which f reaches 
  the boundary
to find all points at which f = g = 0 (the solutions we 
wanted in the first place!).
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Moving from purple and brown to black along brown:

16 DANIEL J. BATES AND FRANK SOTTILE

the heptagon, but only eight lie in the boundary of the hexagon. This may be seen in the
pictures above.
First continuation step. Beginning at each of the six points in ∆ where J1 = J2 = 0,
the algorithm traces the curve in both directions, looking for a solution to ϕ1 = J2 = 0.
Beginning at each of the eight points where the curve J2 = 0 meets the boundary, it follows
the curve into the interior of the heptagon, looking for a solution to ϕ1 = J2 = 0. In tracing
each arc, it either finds a solution, a boundary point, or another point where J1 = J2 = 0.
We may see that in the picture below, which shows the curves ϕ1 = 0 and J2 = 0, as well
as the points on the curve J2 = 0 where J1 also vanishes.

J2
!

J2
!

J2
"#
#$

ϕ1 !

ϕ1

ϕ1

ϕ1"

In this step, 2 · 6 + 8 = 20 arcs are traced. The three solutions of J2 = ϕ1 = 0 will each be
found twice, and 14 of the tracings will terminate with a boundary point or a point where
J1 = 0.
Second Continuation step. This step begins at each of the three points where ϕ1 = J2 =
0 that were found in the last step, as well as at each of the six points where ϕ1 = 0 meets
the boundary of the heptagon (necessarily in some vertices).

ϕ1 !

ϕ1

ϕ1

ϕ1"

Curve tracing, as described in more detail in the next section, can be carried out even
in the presence of singularities, as in the case of the curves initiating at vertices. In this
case, this final round of curve-tracing revealed all six solutions within the heptagon, as
anticipated. Furthermore, each solution was discovered twice, again, as anticipated.
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Gameplan

1. Background on proof of Bihan-Sottile bound

2. Proof          Algorithm

3. Example (pretty pictures)

4. A word about complexity

5. Further plans



Complexity
Question:  What is the complexity of this method?

Answer:  Unknown.  

However, if you count the following and add:

     - Upper bound on # arcs to follow (often fewer),

     - # polynomial systems to solve, and

     - Bézout number of each, 

then the total number of paths/arcs to follow is less 
than twice the Bihan-Sottile bound!

(The complexity of curve-tracing/path-following is 
unknown in general.)
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Further plans

• Generalize algorithm to L > 2.

• Increase numerical security.

• Extend software (KhRo - see Frank’s website) to L > 2.

• Add Gale duality pre- and post-processing to KhRo.

• Parallelize.

• Applications.
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Thanks!

For more details, please see “Khovanskii-Rolle continuation 
for real solutions,” arXiv:0908.4579

(Ask me about SI(AG)2 if you don’t know about it.)


