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Two definitions

Definition (in common use). Let & = {U,},cr be an open covering
of an open set D C C. Then
e COU, OGL("‘"C)) is the set of families {f,},cr of holomorphic
functions f, : U, — GL(r,C), called 0-cochains;
o C'(U,OCL C)) is the set of families {f,, },,er of holomorphic
functions f,, : U, NU, — GL(r,C), called 1-cochains;
o Z' (U, OFLO) is the set of families { fu }uver € C* (U, OFLNO)
satisfying the cocycle condition

fyufu.ts:fyn on U#ﬂUyﬂUm /.'J;,V,.-'ie{.
The elements of Z* (b( 3 OGL(”’C)) are called 1-cocycles.

Definition (for this lecture). Let «f = {U,}.er be an open covering
of an open set D C C. Then, for f = {f,},e; € CO(U, OFLO), we
define

I = 11 = sup sup (1) = 111+ 157 (=) ~ 1)

nel 2ey

and, for f={fu}iver € C'l( U, 0CL"0) | we define
£ =1 = s _sup (Iuwle) =11+ 1) - 11

pwel zelU,NU,
Finally, for g = {g,},e1 € C°(U, OFL"O)), we denote by §*g the cocy-
cle {fuv}uver € Z' (U, OFLO) defined by

ifw=gﬂg;10nUFﬂUv, mv €l J
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The Weierstrafl product theorem
of Gohberg-Rodman

Theorem (Gohberg/Rodman 1983). Suppose:
e D C C open;
e Z_,Z, C D discrete and closed in D;
e Vwe Z, UZ_, an integer N, € N is given;
eV we Z,ULZ_, arational matrix-valued function A, is given
such that, for some neighborhood U, of w,
Nu
Ay(2) = > Mj(z-w) € GL(r,C), 2€U,\{w}
J==Nu
Then there exists a holomorphic function A : D\(Z,UZ_) — GL(r,C),
such that

o if we Z,, then
A(z) = My(z) + O(|z — w|™™)  for 2 — w;
o if we Z,, then
AN (2) = My(2) + O(|z — w|™*)  for z — w.

The classical Weierstrafl product theorem is contained as the special
case r = 1 and Ay(2) = (2 — w)N>.



This Gohberg/Rodman theorem can be proved using the following
advanced version of the Cartan lemma:

Cartan lemma with prescribed units (Forster/Ramspott 1966).
Suppose:

e D, Dy C C open;

e Z C (DyUDs,)\ (D;N D,) discrete and closed in D, U Do;

e Vwe Z, an integer N,, € N is given.
Then each holomorphic function f : Dy N Dy — GL(r,C) can be fac-
torized as f = f,f, ', where f; : D; — GL(r,C) is holomorphic and,
moreover, for each w € Z N Dy,

fi(z) =1+ 0(]z = w|™™) for z — w.



