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INCOMPRESSIBLE NEWTONIAN FLUIDS

o Navier-Stokes equations:

Du_ 1

Dt  Re
V-u=0 inQ

V2u-Vp+f inQ

Ulpo =0
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CHORIN-TEMAM

ﬁn+1 - un
At

AtVp+u™ —G"™ =0, vl =0 inQx][0,T],

Onploa =0 in[0,T], anduf;—o = U, plt=0 =py N L,

—vAG™ =f inQx[0,T], u™'|ye=0

ou. —vAu. +Vp,=f inQx|[0,T],
—eAp, +V-u.=0 inQx[0,T],
Uclog =0, Onp.Joa =0 in[0,T], andu.i—o = Uo, p.—0 =py N,
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NEW PERTURBATION

o, —vAu. +Vp.=Ff inQx|[0,T],
AtAp. +Vu =0 inQx[0,T],
ue|aQ = Oape c D(A)7 in [0,T]7 and u6|f:0 = Up, Pe|t:0 = pO in Qv

ais symmetric, and IVql2. < a(q,q), Vqe D(A).

THEOREM

U = Ucll 20, 7y:120) < CAL,

1
U —Uell 20,71 ()) T IP — Pell 20, y:12(0)) < CALZ.
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NEW DIRECTION SPLITTING SCHEME

1

p*v”*% =p" e,
1
u™z —u" n+1 n n+1 n+3 n+3
iant (8XXU T2+ oyu ) +VptTte =72 U™z =0,
2
1
un+1 _ un—}—§

At (axxu%% + 8yy”n+1) + VP = 772w, oq =0,
2

A= (1-00)(1—dy)
D(A) := {p. (1 = 9y )P, Ap € L*(Q), ply=0.1 = 0,0x((1 = Oyy)P)|x=0.1 = O}

v_un+1
Y — Oxtp = AT Ixtlx=0,1 = 0;

1 1 1
p"z —d,p"tz =, dyp""2]y—0,1 = 0.
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STABILITY RESULT

LEMMA

Let f € L3(R). Let+ and p solve
Y — Oxtp =1, ax1/)|x:0,1 =0
p — Oyp =1, dyPly=0,1 =0,

then Ap = f and the bilinear form a(p, q) := fQ gAp dx is symmetric

and H' coercive.
THEOREM

The solution to the new scheme, with p—2 = 0, satisfies the following
stability estimate for all T > 0:

2 2 2 012
||u||gao(0,7';1_2) + ZVHVu”gz(o,T;[}) + At ”pH({Z(—%,T—%,D(A)) <|u ”1_2-
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HIGHER ORDER VERSION

o, — VAU, + Vp, = f inQx [O, T]7 u6|8Q><[0’T] =0, U€|t:o = Up

AtA¢6 +Vu, =0 inQx [O7 T]7 8n¢6‘3ﬂ><[0’7'] =0 P € D(A),
Atdip, = ¢pe — xvV U Pelt=0 = Po,
CONJECTURE

lu — el 20, 7y20) < CAL,
U = Ucll 20,7y () + 1P = Pell 2o, 7y:e2()) < € AL, ifx =0.
3 g
U —Uell 20, 7.1 @)) T IIP = Pell 20, 7:n20)) < € AL2, ifx € (0,1].
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HIGHER ORDER VERSION

1

_ p"_%

p*7n+1§ — 2pn—2
n+1 n
—-u
£ N VAU" + VPt = f(t72), U"]sq =0,
n+1 _ ¢nt v
% — 50 (n™" —u") =0, n" M x=01 =0,
u™t! — pntt v
Ttn - éayy (™' —u") =0, u™,01 =0.
~o 1 ~o 1 V-UH'H el
P2 — Oy = _Tt; Ox¢"" 2|01 =0,
st v.un+1
oMz — 8XX¢Z+2 - ayy¢n+% =T TAr 3y¢n+%\y:071 =0
prte = p"mt 4 g™ — V- (S(u™ + u")) <
P. MINEV
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HIGHER ORDER VERSION

THEOREM

— 2
||u||§<x>(o7r;l_2) + 2V||VUH§2(0,T;L2) + At ||p||£°°(—%,T—%,D(A))

_1
< |02, + APp 2|3 + LAt Vol (4.1)
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PARALLEL IMPLEMENTATION

e Comparison to FFT.
o Parallel efficiency.

#procs | 2.710* nds/proc | 2.1610% nds/proc | 10° nds/proc
1x1x1 0.056s 0.41s 2.0s
8x8x8 0.077s 0.54s 2.3s
8x8x16 0.094s 0.55s 2.34s

TaBLE: Weak scalability: CPU time (in second) per time step for fully split
Douglas scheme + explicit nonlinear terms.
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ANALYTIC SOLUTION
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FIGURE: L2-norm of the error on horizontal (left column) and vertical (right
column) components of the velocity at T = 2 on grids of 40 x 40 (dashed
line), 80 x 80 (dotted line) and 160 x 160 (dash-dotted line). Standard
scheme (top) and rotational scheme (bottom). B
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ANALYTIC SOLUTION
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FIGURE: L2-norm of the error on the pressure at T = 2 on grids of 40 x 40
(dashed line), 80 x 80 (dotted line) and 160 x 160 (dash-dotted line).
Standard scheme (left column) and rotational scheme (right column).
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ANALYTIC SOLUTION
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FIGURE: L2-norm of the error on the velocity (top) and pressure (bottom) at
T = 2 on a uniform grid of 40x40 (dashed line); Left: standard schemes.
Right: schemes in a rotational form with v = 0.5. H
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2D CAVITY
Re = 1000, vertical component \
X BS BP Present

1.0000 | 1.00000 | 1.0000000 | 1.0000000
0.9688 | 0.58031 | 0.5808359 | 0.5808318
0.9531 | 0.47239 | 0.4723329 | 0.4723260
0.7344 | 0.18861 | 0.1886747 | 0.1886680
0.5000 | -0.06205 | -0.0620561 | -0.0620535
0.2813 | -0.28040 | -0.2803696 | -0.2803632
0.1016 | -0.30029 | -0.3004561 | -0.3004504
0.0625 | -0.20227 | -0.2023300 | -0.2023277
0.0000 | 0.00000 | 0.0000000 | 0.0000000
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3D CAVITY
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FIGURE: Center line profiles in the plane z=0.5 for a lid-driven cavity of size

1x1x2 at t=4, 8, 12.
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3D CAVITY

FIGURE: Streamlines at t= 8, 12. Left: experiment, right: simulation
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3D CAvVITY
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FUTURE DIRECTIONS

Complete error analysis.

Complex geometries: with Ph. Angot (U. of Provence).
Adaptivity (for time dependent problems): in progress.
Computing of extremely large problems: planning under way.
Free-boundary and fluid-structure interaction problems: soon to
come.

Parallelization on larger machines (O(10%) — O(10%) procs):
subject to approval by a "higher authority".
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