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The standard Marker-And-Cell scheme (Harlow and Welch, 1965)

approximation of

—Au+Vp=1finQ, u=0on 0N
div(u) =0 in Q

@ 7T : Cartesian rectangular mesh of Q, £ : edges of 7'

@ Discretization of u, and p by piecewise constant functions

1901

pr € X7, pT = pk in K,
K € T (black cell)

n, =e for o€ & andn, =e? for o € Epor

ur = (ug)7 u(f)) cHr

ul)) = u,, first component of ur in the red cell

2 .
u(T) = u,, second component of ur in the blue cell
u, € R is an approximate value for u - n,

u, =0 if o C 90




Variational formulation of the MAC' scheme

ur € Hr, pr e X7

(ur,v)T —/pTdiVTVdX =
Q

/f~vdx, Yv e Hr
Q

/ q divyurdx =0, Vg € X1
Q

discrete divergence operator :
Forv e Hr
divrv constant on K € 7 defined by

. 1
leKV = W Z |U|Vgncr NK o

gt e

Nk, L o outward to K

discrete pressure term

/ prdivrvdx
Q

= Z ‘K|pKdiVKV
KeT




Variational formulation of the MAC' scheme _

ur € Hr, pr € Xr

(ur,v)T — / prdivrvdx = / f-vdx, VWwe Hr
Q Q

/ q divyurdx =0, Vg € X7
Q

discrete viscous terms

for u,v € Hr,
(uv)r = (Ui, vi)7; + (2, v2) 7,

; I3
where, for i = 1,2 L

dy, K
(wi vz, = = [ A v 2
Q

_ d Uk; — Ui; VK, — VI; L on]
= Oildo; d
o n

oi=(Kj,L;) ! !




A first extension to more general grids
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Extension of the MAC' scheme : grid for horizontal velocity

approximation of diffusion term

1]
T

<U,V>T = <U1, V1>Tl + <U2, V2>T2

(i, vi); =
5
o1

dory doy

o1=(Ky,L1)
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Extension of the MAC' scheme : grid for vertical velocity
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approximation of diffusion term

(uv)r = (U1, vi)7y + (U2, v2),

(2, va)7; =

5, s

o2=(Ka,L2)

dffz dUz




Proof of convergence, main steps

(75)nen sequence of grids, such that h, — 0 as n — +oco
(un, pn) satisfying the discrete equations on mesh 7,

@ Estimate on the discrete H& norm of the components of u, :

v=u, and ||v\|fz(n)d < C{v,v)7, imply (upun)z, < C

1
@ L[*(Q) estimate on p, : pn = divv, v, = o] / vV-n,
g o

@ Compactness : classical, consequence of Kolmogorov :
u, —ue Hy(Q)? in [3(Q)? and p,—p in L*(Q)

@ Passing to the limit in velocity terms : (Un, n)7, — / Vu : Vpdx
Q

@ Passing to the limit in divergence terms

/p,,divTcp,,dx—>/pdiv<pdx, /@ndivTundxe/apdivudXZO
Q Q Q Q

@ Strong convergence of p, in L?(Q) : convergence of / p2dx
Q




Passing to the limit / ppdivru,dx — / _
: Q Q

p € C(R), pk= mean value of p on K

0= 3 lolucoon = 3 loluslox — o)

KeT o€y o=K|L

(ex — 1)
= K, lus |o
= 3 IKelurlo 2

d
= —Z/ ug)ag';)go dx
i=1 /@

where

Gg)go(x) = |0|% for x€ K, and n, = e(i), o=K|L

conclusion thanks to weak convergence of 8%")4,0 and strong convergence of ug)




Stationary NS

ur € Hf

/ q divyudx =0, Vq € X1
Q

<U,V>T ol bT(uv U,V) - / p‘leVTV,VV €Hr (NST)

Q

I 11
Yu,v,w € Hr, br(u,v,w) = Z || o (TI,v — TIv) - M
U:U{EK{L}
with -
1 properties

Tz KN Ky ve —
K| JESZ | v if divzu=0

HKV = 1 K,ver bT(uyv’W) _ _bT(u7w7V)
IK| Z (KN K| vo and b7 (u,u,u) =0

TEEK hor

v =u in (NS)7 yields discrete H estimate in u

Passing to the limit in

d
3 / w9 29TDuY PPy dx

ij=1




the locally refined mesh

The 30° inclined driven cavity :
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The 30° inclined driven cavity, Reynolds=1000

Velocity components, Dg’

Generalized MAC scheme Demirdzic 92
card(Dg") card(D7") card(D3") card(D3") 102400

924 3698 14796 59190 (= 320%)

min (WD(ep)) | —1.86-10~"  —1.99-10~" —-1.99-10°" —1.98-10 ' | —1.98 10"
& 7.50 107! 7.83-1071 7.87-1071 7.81-107! 7.82-1071

min (W@ (ep)) | —2.14 - 102 —2.25-1002 —2.06-10"2 —201-10"° | —1.99-10"2
& 3.42.1071 3.24-.1071 3.146 - 1071 3.19-107! 3.17-1071
max (4 (1)) 1.36-10~° 1.36- 1072 1.25-.1072 1.21-1072 1.21-1072
& 7.85-1071 8.04-10! 8.26 - 107! 8.24-10! 8.26- 107!

Max and min of velocity components along the centerlines &; and &>.



A second extension to more general grids

ue Hr, peXr

(u, v)T —/ pdivrvdx + br(u,u,v) = / f-Ilvdx, Vv € Hf
Q Q

/ q divyudx =0, Vq € X1
Q

Hr ={u = (us)sce} set of normal velocities ‘ ‘ Xt ={p=(Px)keT} ‘

2nd order reconst. Ilsu such that Ilsu-n, = us H 1st order reconst. Ilxu

using SUSHI scheme :

d
(u, vy = 2:(1'Ig)u7 Hg)v>7

i=1

1
diVKUZ W Z |0'|Uo'no' ‘NK.o

o={K,L}

ocefk
bT(U, v, W) =
I1 II
S lolue(Tv — TIkv) - W
oc€E

u,, Il u



Transient Navier Stokes _

U™t e Hr, u=0u"" +(1-0)u", 0 € [%, 1], p€ Xr
IIu — ITu”
ittt

/Q ) ITvdx

+(u,v)yT — / pdivyvdx + br(u, u,v) = / £ . Tvdx, Vv € Hr
Q Q

/ q divrudx =0, Vq € X1
Q

MAC scheme in space, estimate with v = u and sum on n (it works since § > %)
0-scheme in time
Compactness in time?



Discrete Aubin-Simon’ Compactness Lemma

B a Banach, (Bn)nen family of finite dimensional subspaces of B
Il - lIx, and || - ||v, two norms on B, such that

o If (||wa|x,)nen is bounded, there exists w € B such that w, — w in B.
o If w, — win B and ||wy||y, — 0, then w = 0.
Xn = B, with norm || - ||x,, Y» = Bs with norm || - ||y, .
Let T > 0, ko > 0 and (un)nen be a sequence such that
e for all n, un(-,t) = u¥) € B, for t € ((p — 1)kn, pkn)
@ (Un)nen is bounded in L*((0, T), X),
@ (O kyUn)nen is bounded in L*((0, T), Ys).
Then Ju € L}((0, T), B) s.t., up to a subsequence, u, — u in L}((0, T), B).

Application to incompressible NS extended MAC scheme

B =1%(Q), B, = Hr,
1
Iwlix, = W]z, and [[wlly, = sup —1— / w v dx
1,7, JQ

veHT, \{0} [lv]




