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2) Quantum immanants and the dual canonical basis
3) An immanant formulation of the dual canonical basis of Clzy 1, ..., %]
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The quantum polynomial ring A(n;q)

Let A(n;q) = C[q%, q?)(z1.1, ..., %nn), modulo

Ti¢TjJ = TjkT; ¢ if1 <7, k< l,
1
Ti ¢Ti ) = q2%; T if £ </,
1 e :
TjkTik = Q2T T k it 1 < g,

1 - o :
T 0T g =T pTi0+(q2 — @)z vy fe<jg k<L

We have Oy (SL(n, )) = A(n;q)/(dety(z) — 1), Whelre
dety(z) = Z (—q ) )y, Lo Ty = Z (—g2)! ) e,

VEG,, vVEG,

DO —

span{z®? |v € G} = (quantum) immanant space.



Multigrading of A(n;q) and immanants

@@ALMTLQ

r>0 (
over r-element multisets L, M of [ ]

1
2 L 2 .
Ex: @] 9231232 — q2011%1 223 5 € A11331222(3; )

By relations, immanant space is
‘A[n],[n] (Tl, q) — Span{xul,vl “ o Luy,vp ‘ u,v c Gn}
= span{ 1y, - Tnu, |V € Gn}.



Natural basis of ALyM(n; q)

Let xp, pr be the L, M generalized submatrix of z.
Let generators I, J of &, stabilize x, /.

T11 12 T12 12 [ = {5y, 55}
T )
| T11 T12 T12 12 B
Fx: T1133,1222 = . J ={s2,53},
T3] 32 32 232 S -6,
/’n — .
231 32 32 32

Natural basis of Ap, pr(n;q) is {(zp pr)9" [v € WJ]F’J}, where

W[ = = {v € &, | v maximal in WyoW ;}.
Wi’ = {4132, 4321},
Ex:  (21133.192) 2% = 2y 0wy 1230050 = q%$1,1$1,2$§,2,
(21133,1922) 2 = 2y o1y 930231 = q%ﬂﬁizﬂis,lxsg-



Canonical bases

Modification U of Uy(sl(n, C)) has canonical basis.
This aids in construction of Uy(sl(n, C))-modules |L 90.

Modification A(n; q) of O¢(SL(n,C)) has dual canonical basis.
This aids in construction of Uy(sl(n, C))-modules [T 91, D 92].

Uq(sl(n,C)), Oy(SL(n,C)) are dual Hopf algebras.
U, A(n;q) are not Hopf algebras.

Explicit duality of bases not published |D, G-L|.
Some choices are involved.



Dual canonical basis of Ay y(n;q)

—1

Define the bar involution on A(n q) by g = ¢ and

(q2) a(a)—o(b),,.

La,by " Lap,b, ar,by " Laq,bys

where a(a) = #{(i. ) i < j.a; = a;).

Theorem: (L) Ay p/(n;q) has a unique bar-invariant basis
{B@LU’M(:U; q) | w € W]’J} satisfying

LM
By (x:q) € 5’7LM€U+ZQQZC]2 (xp a)"

w>v
Call this the dual canonical basis.

Specializations at ¢ = 1 have important nonnegativity properties
L, H, R-S, S] and applications [L-P-P].



Dual canonical basis of Ay, 1, (n;q)

Immanants in DCB are {Immy(z;q) |v € &}, where

Immv(a}; q) = Z €v,wy zlu v ’w(Q)ml,wl © Ty
w>v

(—1)tw) =)

Cv,w =
qQuw = (q%>€(w)—€(v)
Qo w( ) wow wOU<Q)

)

)

Nonquantum (g = 1) analogs in Clxy 1, ..., %nn| are

Immv(a?) — Z GU,va,w<1)x1,w1 o Inawy,

w>v
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4312 4231 3421

e el

4132 4213 3412 2431 3241

P

4123 1432 2413 3142 2341 3214

N T >

1423 1342 2143 3124 2314

i

1243 1324 2134

\\\\\\\\\\\L//////////

1234

The Bruhat order on Gg4.



-1 ~(1+q) -1
Pl e
1 1 1 1 1
PN ———vi
-1 -1 -1 -1
N o >
1

1
[mmoy43(7; q) = 21 902,103 4743 — 221 4T9 1739043 £ - - -



[mmoy43(7) = 21 202,173 4743 — 1 402,103 2743 £ - - -



Immanant formulation of DCB of (C[ZCLl, .. ,xn,n]

Theorem: (S 04) DCB consists of all nonzero polynomials in

U {Immy(zp, pr) |w € &p; L, M r-elt. multisets of |n]}.
r>0

Ex: Since Immsg143(y) = y1 2Y2.193.4Y43 — Y1 4Y2.1Y32Y43 £ - - -,
we have

T11 12 T12 12
11 12 12 T12
T31 32 T32 32
31 T32 32 T32|
= x1’2x1’1x§’2 — x1’2x1’1x§’2 + .-

Immoy43(21133 1222) = Immay43




Immanant formulation of DCB of A(n;q)?

Q: Does DCB consist of all nonzero polynomials in

U {Immyy(2p, pr;q) |w € Gp; L, M r-elt. multisets of [n]}?
r>0

Theorem: (L-S '10) We have single-parabolic identities

5q)

Imm, —1((zp )5 q

BL’M(:C' /) = Immv(ijM; q) for M mult.-free,
v | for L mult.-free,

and more generally,
By M (2:q) = B2

B0 (@0 = BOM (e ):



Since Immo143(y; q) = Y1,292,193,4Y4,3 — q%y1,4y2,1y3,2y4,3 ==

we have ) _

( T11 212 T13 T14 \

T11 12 T13 T14

T31 32 £33 T34
\ 31 X392 T33 T34 /

1

= X1 2T 173433 — 2T 472 1T32T33 L -+,

Immo143(21133,1234; ¢) = Immay43 ' q

Immoy43(1234,1222: ¢) = Immoy43((21934,1229); @)
SESRECRIEENIEIRE I
T192 292 T392 T42
T19 22 32 4.2

\ 192 X292 T32 T42 /
1
= 221212742732 — q2T4 1T1 2092032 L + - - .

= Immoy43 . q




For g, € A, define function 7)‘ S, — C by

1 A
=3 Y VWP,

wes,,

For f: G, — C, define generating function
Immf Z f :Ul rUl 'CCTL,’Un'

vEG,

Call a matrix totally nonnegative (TNN) if each of its minors is
nonnegative.

Call an element p(x) € Clxy1,...,7nyp] totally nonnegative if
p(A) > 0 for all TNN A.



Total nonnegativity table:

uasi known  combin.
Smm.) fn. J:Gn =L Immf(x) TNN?  interp?
hy nt = trivy ImmnA($) Y Y
e e = sgn Ty Imm_y(z) Y Y
sk ? 7 Y N
S) Y [mm y () Y N
P ™ Imm_x(z) Y Y
o ? ? N N
my o Imm s (z) N N
M, ? ? N N
Gy, ? ? N N
v W = €y wQuw(l) Immy(x) Y N




