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1. Superstability and Limit Models

2. Limit Models and the Generic Pairs Conjecture
3. Dependence in AECs

4. Splintering in Dependent (f.0.) theories
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Fix M a saturated model of cardinality’. M is
unigue up to isomorphism, bt may have several

non-isomorphic decompositions intd7; | i < A1)
eachM; of cardinalityA. The functionn,(7") counts
these.

Defn. (Shelah)

( FEis a club on\™ and

| (M; | i < AT)isaninc
(1) = min § |M;/ = | and continuous decom
\ of M
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Thm. LetT' be a complete first order theory. TFAE:
1. T Is superstable.
2. H(T) — N()-

3. Any increasing union of saturated models is
saturated.

4.ny(T) = 1for X regular and> |T'|™.
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Thm. LetT' be a complete first order theory. TFAE:
1. T Is superstable.
2. H(T) — N()-

3. Any increasing union of saturated models is
saturated.

4.ny(T) = 1for X regular and> |T'|™.

5. the existence of and uniqueness of limit models
cardinality\ for A > |T'|™.

2. = 5. 1s the result of Grossberg-V-Villaveces
restricted to FOL.
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Thm. LetT' be a complete first order theory. TFAE:
1. T Is superstable.
2. H(T) — N()-

3. Any increasing union of saturated models is
saturated.

4.ny(T) = 1for X regular and> |T'|™.

5. the existence of and uniqueness of limit models
cardinality\ for A > |T'|™.

2. = 5. 1s the result of Grossberg-V-Villaveces
restricted to FOL.

5. = 4. Sketch on board.
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Defn. M Is said to beauniversal overn\/, provided
that for everyN extending)M, of cardinality|| M|,
there exists &-mappingf : N — M; with

f T Mo = ud,.

M

o]

My ——=N
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Defn. M Is said to beauniversal overn\/, provided
that for everyN extending)M, of cardinality|| M|,
there exists &-mappingf : N — M; with

f T Mo = ud,.

M

o]

My ——=N

Defn. M* is a(u, a)-limit model overM provided
there exists & -increasing and continuous chain c
models(M; € K | 7 < «) such thatM, = M,

Uy Mi = M7, i+1 IS universal ove
M;.
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n)\(T) = 2.
The two generic models are a saturated model ant
(A, Rp)-limit model.
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Conj. (Shelah 877) Lef’ be a complete first order
theory. Suppose that= \<* > |T'| and2* = \™.
T has NIP iﬂ:n)\,)\(T) = 1.

Definen, ,(7") on board.

The unique pair of models in the cases that
n) ,(7) = 1is called thegeneric pair
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In light of significant progress on the GPC, we say
AEC K is A-dependenif and only if ny , () = 1.
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In light of significant progress on the GPC, we say
AEC K is A-dependenif and only if ny , () = 1.

Fact: A-stability (in the sense of counting
Galois-types) implies.-dependence.

In this case, the generic pair(8/;, M,) whereM, is
a (A, A)-limit model overM, and M, is also a

(A, A)-limit model. If A is regular, then these model:
are also saturated.
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Question.Does categoricity itk and few models in
AT imply the existence of a model if cardinality *?
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Question.Does categoricity itk and few models in
AT imply the existence of a model if cardinality *?

Some Propagand&xcellence and The Main Gap
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Question.Does categoricity itk and few models in
AT imply the existence of a model if cardinality *?
Thm. (Sh 576) LetkC be an AEC and\ > LS(K).

Suppose little more thatt* < 22" < 227 If K is
categorical im\ and\™ and in addition we know tha

1 < I\t K) < 22" thenK has a model of
cardinality \* .
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Question.Does categoricity itk and few models in
AT imply the existence of a model if cardinality *?
Thm. (Sh 576) LetkC be an AEC and\ > LS(K).

Suppose little more thatt* < 22" < 227 If K is
categorical im\ and\™ and in addition we know tha

1 < I\t K) < 22" thenK has a model of
cardinality \* .

Thm. (GrVaVi '08) Suppose thatt < 2* < 27, then
If ICis A\-dependent, the answer Is yes.
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Defn. Atypep = tp(a/M) is said to\-splinter over
N if and only if there are modeld’;, N, € IC\ and a
JC-mappingf satisfying:

o NV < N1, Ny, <xc M

o f: N1 =Ny

e f fixes NV setwise and
o tp(a/N) = tp(f(a)/N).
o f(pI N1i) #p [ Na.
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Defn. Atypep = tp(a/M) is said to\-splinter over
N if and only if there are modeld’;, N, € IC\ and a
JC-mappingf satisfying:

o NV < N1, Ny, <xc M

o f: N1 =Ny

e f fixes NV setwise and
o tp(a/N) = tp(f(a)/N).
o f(pI N1i) #p [ Na.

Strong-splitting— Splitting <~ Splintering
Compare this definition to splitting.
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Invariance
Monotonicity: with respect to the domain
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Invariance

Monotonicity: with respect to the domain

Existence:

Let (M, N) be a generic pair of cardinality and

p € S(M) non-algebraic so that the size;d$
conjugacy class with respect fait(M) is < A
(weaker than assuming invariant).

Then there existd/’ < M so that(M, N') is generic
andp does not\-splinter overN'.
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Uniqueness and ExtensioRorp € S(M) which doe:
not \-splinter overN, if (M, N') contains a copy of
the generic pair and/’ is an extension of/ of

cardinality \, then there is a uniquge S(M')
extendingp which does noi-splinter overN.
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Uniqueness and ExtensioRorp € S(M) which doe:
not \-splinter overN, if (M, N') contains a copy of
the generic pair and/’ is an extension of/ of
cardinality \, then there is a uniquge S(M')
extendingp which does noi-splinter overN.

Continuity: For (M; | © < a) an increasing chain of
models of length< \* so that each pair of models
contains a copy of the generic pair, then for

p e S(U,., M) if p | M; does not\-splinter over)M,
for every:, thenp does not\-splinter overi/,.
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