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This project deals with the examination of similar properties of
two dissimilar types of spaces:
(1) For metric space (M, d), a distinguished point x0 ∈ M, and a
Banach space Y, let

Lip0(M, Y ) ≡ {f : M → Y | f is a Lipschitz function and f(x0) = 0},

endowed with the norm

f ⇝ Lip(f) ≡ inf{c ≥ 0 | ∥f(x)−f(y)∥ ≤ c·d(x, y), ∀x, y ∈ M, x ̸= y}.

(2) H∞(U, Y ) ≡ {f : U → Y | f is holomorphic and bounded},
where U is a subset of a complex Banach space, with norm

f ⇝ ∥f∥∞ = sup
z∈U

∥f(z)∥.

Both situations have been extensively and independently studied
with similar points of interest. In particular, both Lip0(M, Y ) and
H∞(U, Y ) are dual spaces, the situation regarding uniqueness of
predual being unclear in general. One standard notation for the
predual of Lip0(M, Y ) is F(M, Y ), the corresponding notation for
H∞(U, Y ) being G∞(U, Y ). (When Y = K, we just write Lip0(M)
and H∞(U).) These preduals, whose existence can be proved using
the Dixmier-Ng Theorem (see, e.g. [K-F Ng, “On a theorem of
Dixmier,” Math. Scand. 29 (1971), 279—280 (1972).]), are important
since they linearize the functions in question. Thus, we have the
following diagrams:
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M Y

F0(M)

δ

f ∈ Lip0(M, Y )

Tf

U Y

G∞(U)

δ

f ∈ H∞(U, Y )

Tf

In each case, δ(x) ≡ δx and the bounded linear mapping Tf lin-
earizes the Lipschitz, resp. bounded holomorphic, mapping f. As a
particular case, if Y = K = R or C respectively, then Lip0(M) ≃
F0(M)∗, respectively H∞(U) ≃ G∞(U)∗.

There is much evidence showing that properties of Lip0(M) and its
predual F0(M) depend heavily on the particular metric space (M, d).
The corresponding situation for H∞(U) is less clear, particularly since
a published proof from 2006 related to this question is incorrect.

In our work, we focussed on the following space: For complex
Banach spaces X and Y with B being the open unit ball of X, let

HL0(B, Y ) ≡ {f ∈ H∞(B, Y ) | f ∈ Lip0(B, Y )}.

It is not difficult to see that another representation of HL0(B, Y ) is

{f ∈ H∞(B, Y ) | df ∈ H∞(B, L(X, Y )) and f(0) = 0}.

The space HL0(B, Y ), which provides a good example of fruitful
research based on combining Lipschitz functions and holomorphic
functions, is a Banach space with norm f ⇝ ||df ||. An appeal to
the Dixmier-Ng result yields a predual G0(B) = span{δx | x ∈ B}.
In other words, G0(B) = {φ ∈ HL0(B)∗ | φ|BHL0(B)

is continuous for
the compact-open topology}.

Clearly, the most natural example is X = C. In this case, we have
G0(D) = span{δz | z ∈ D}, which in turn is equal to span{ez | z ∈ D},
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the closures being taken in HL0(D)∗. Here, ez(f) = f ′(z) for f ∈
H∞(D). Just as for H∞(D) itself, G0(D) is unique and, not surpris-
ingly, the uniqueness of the predual of HL0(B) is unknown when B
is the unit ball of Cn, n ≥ 2, with any norm. Note that the mapping
Φ : HL0(D) → H∞(D), Φ(f) = f ′, is a surjective isometry. Using
this and the standard notation NA(B) for the norm-attaining ele-
ments of B, it is straightforward that
Theorem NA(BHL0(D)) = Φ−1(NA(BH∞(D)).

Note that B ⊂ G0(B) via the canonical x ∈ B ⇝ δx ∈ G0(B). Using
the standard diagram at the top of page 2, with U = B, the unit ball
of X, Y = X, and f = id, we can conclude that X is isometric to a
1−complemented subspace of G0(B). It is worth noting that the result
continues to hold in the Lipschitz case for separable Banach spaces
X. However, this result is not true in general for the free Lipschitz
space F(X) when X is non-separable (See, e.g. G. Godefroy & N.
Kalton, “Lipschitz-free Banach spaces,” Studia Math. 159 (2003),
121-141.))

Our research has focussed on other basic properties of G0(B). Thus,
for example, we have shown the following.

Theorem A Banach space X has the metric approximation property
(MAP) if and only if G0(B) has the MAP.
On the other hand, we don’t know if the same result holds for the
bounded approximation property.

When X ⊂ Y, the relation between G0(BX) and G0(BY ) has at-
tracted our interest. Thus, in the particular (and easiest) case when
X is 1−complemented in Y, G0(BX) is in turn 1−complemented in
G0(Y ), A more interesting situation occurs if Y = X∗∗. Under the
additional hypothesis the X is symmetrically regular (see, e.g., Denny
H. Leung, “Some remarks on regular Banach spaces,” Glasgow Math.
J. 38 (1996), no. 2, 243—248), we have shown the following.
Theorem If X is symmetrically regular, then G0(BX) ⊂ G0(BX∗∗).
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While in Banff, the four participants met on a daily basis, with
Aron, Dimant, and Maestre in Banff and Garćıa-Lirola in Zaragoza,
Spain. (Because of family considerations, travel for Garćıa-Lirola
has been impossible from mid-July to the present.) Interestingly, we
have continued to zoom-meet on a weekly basis to the present day in
order to make further progress and prepare what we believe will be a
substantial contribution to the area.
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Vito Dumas 284, (B1644BID) Victoria, Buenos Aires, Argentina

Email address: vero@udesa.edu.ar

Manuel Maestre, Departamento de Análisis Matemático, Universidad de Valen-
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